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abs, 168, 209, 851
abscissa, 837, 928
accumulate head tail, 641
acos, 217
acos2asin, 269
acos2atan, 269
acosh, 219

acot, 217

acsc, 217

add, 418
additionally, 83
additionally, 84
addtable, 288, 292
adjoint _matrix, 488
affix, 836

Airy Ai, 158
Airy Bi, 158
algsubs, 186
algvar, 573
altitude, 808

and, 83, 94

angle, 845, 932
angle radian, 55
angleat, 842
angleatraw, 842
animate, 623
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animate3d, 624 Beta, 156
animation, 625 betad, 692
ans, 73 betad cdf, 693
append, 410 betad icdf, 693
apply, 422 bezier, 616
approx, 721 Binary, 196
approx__mode, 55 binary, 108
arc, 827 binomial, 133, 677
arccos, 217 binomial _cdf, 678
arccosh, 219 binomial icdf, 679
archive, 82 bisection _solver, 730
arcLen, 230 bisector, 809
arcsin, 217 bit depth, 972
arcsinh, 219 bitand, 97
arctan, 217 bitor, 97
arctanh, 219 bitxor, 97
area, 605, 848 black, 584
areaat, 842 blackman harris window, 989
areaatraw, 842 blackman window, 990
areaplot, 606, 847 BlockDiagonal, 439
arg, 168, 851 blockmatrix, 441
args, 761 blue, 584
array, 277 bohman window, 992
as_function of, 223 boolean, 91
asc, 103 border, 444
asec, 217 box constraints, 393
asin, 217 boxcar, 978
asin2acos, 270 boxwhisker, 433, 468, 638
asin2atan, 270 break, 759, 773
asinh, 219 breakpoint, 773
assert, 747 brent solverbrent solver, 731
assign, 79 bvpsolve, 727
assume, 83, 287, 744, 788
at, 399, 400, 446 cloc2, 163
atan, 217 clop2, 163
atan2acos, 271 camembert, 644
atan2asin, 270 canonical form, 174
atanh, 219 cap_flat_line, 584
atrig2ln, 275 cap_round_line, 584
augment, 411, 444 cap_square_line, 584
auto_ correlation, 981 cas_setup, 60
autosimplify, 181 case, 756
azes, 587 cat, 104, 105

catch, 771
bar plot, 644 cauchy, 695
bareiss, 474 cauchy cdf, 696
bartlett hann window, 988 cauchy icdf, 697
barycenter, 170, 797, 891 cauchyd, 695
base, 109 cauchyd cdf, 696
basis, 477 cauchyd icdf, 697
batons, 647 cd, 88
begin, 745 cdf, 703

bernoulli, 142 ceil, 211
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Celsius2Fahrenheit, 740
center, 798
center2interval, 387
centered cube, 963
centered tetrahedron, 962
cfactor, 55, 176
cfsolve, 729, 732
changebase, 476
channel data, 972
channels, 972

char, 103

charpoly, 486
chinrem, 335
chisquare, 687
chisquare cdf, 688
chisquare icdf, 688
chisquaret, 712
cholesky, 494
chrem, 124

Ci, 149

Circle, 828

circle, 825, 924
circumcircle, 829
classes, 639
ClrDraw, 769
ClrGraph, 769
CIr1O, 750

cluster, 715

coeff, 305

coeffs, 305

col, 448

colDim, 471
coldim, 471

collect, 309
colNorm, 505
colnorm, 505

color, 784

color, 584

, 731

colspace, 479
colSwap, 466
colswap, 466

comb, 133, 133
combine, 283
comDenom, 360
comment, 70
comments, 70, 745
common_perpendicular, 904
companion, 489
compare, 748
complex, 7/8
complex mode, 55
complex variables, 56

complexroot, 345
concat, 411, 444

cone, 950

confrac, 139

conic, 538

conj, 169

conjugate equation, 261
conjugate gradient, 537
cont, 773

contains, 391, 427
content, 308
contourplot, 608

convert, 109, 277, 304, 315, 392, 740

convertir, 277, 315
convex, 254
convexhull, 824
convolution, 981
coordinates, 838, 929
copy, 81, 753
CopyVar, 82
correlation, 645

cos, 215

cos, 277, 283
cos2sintan, 272

cosh, 219
cosine_window, 993
cot, 215

cote, 929

count, 418, 466

count eq, 417, 467
count inf, 417, 467
count sup, 417, 467
courbe polaire, 617
covariance, 645
covariance correlation, 645
cpartfrac, 361
crationalroot, 349
createwav, 970

cross, 433
cross_correlation, 980
cross_point, 584
cross_ratio, 874
crossP, 433
crossproduct, 433

csc, 215

cSolve, 544

CST, 87

cube, 955

cumSum, 102, 419, 461
cumulated frequencies, 642
curl, 252

curvature, 579

curve, 725
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cyan, 584 division point, 873

cycle2perm, 161 divisors, 116

cycleinv, 165 divpe, 380

cycles2permu, 161 dnewton_solverdnewton solver, 734

cyclotomic, 336 do, 757

cylinder, 952 dodecahedron, 965
DOM_ COMPLEX, 7/8

dash_line, 584 DOM_FLOAT, 748

dashdot_line, 584 DOM FUNC, 748

dashdotdot_line, 584 DOM _IDENT, 7/8

dayofweek, 576 DOM INT, 748

debug, 773 DOM _LIST, 748

debugger, 745 DOM_RAT, 748

default, 756 DOM_STRING, 748

degree, 305 DOM_SYMBOLIC, 748

del, 85 domain, 225

delcols, 456 dot, 432

Delete, 196 dot paper, 777

DelFold, 90 dotP, 432

delrows, 456 dotprod, 432

deltalist, 425 double, 748

DelVar, 85 DrawFunc, 588

denom, 137, 359 DrawParm, 613, 615

densityplot, 609 DrawPol, 617

derive, 233, 249 DrawSlp, 603

deriver, 233, 249 droit, 544

deSolve, 557 DrwCtour, 608

desolve, 557 dsolve, 557

Det, 378 duration, 972

det, 370, 474

det_minor, 475 e, 76

dfc, 139 e2r, 303

dfc2f, 141 eged, 333

diag, 439 egv, 482

diff, 233, 249 egvl, 481

DIGITS, 54, 143, 721 Ei, 147

Digits, 54, 143, 721 eigenvals, 481

dim, 470 eigenvalues, 481

Dirac, 151 eigenvectors, 482

directories, 88 eigenvects, 482

Disp, 750 eigVe, 482

DispG, 63, 769 eigVl, 481

DispHome, 769 element, 799

display, 784 elif, 754

display, 584 eliminate, 187

distance, 844, 931 ellipse, 831, 925

distance2, 845, 932 else, 754

distanceat, 842 end, 745, 754

distanceatraw, 842 end_for, 757

div, 116 endfunction, 743

divergence, 252 envelope, 881

divide, 330 epsilon, 572

divis, 327 epsilon2zero, 572
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equal, 543 Factor, 377

equal2diff, 543 factor, 176, 370, 374

equal2list, 543 factor xn, 308

equation, 841, 930 factorial, 132

equilateral triangle, 813, 912 factoriser, 370

erase, 776 factors, 311

erf, 151 Fahrenheit2Celsius, 740

erfc, 152 FALSE, 91

ERROR, 771 false, 91

error, 771 falsepos_solver, 731

euler, 129 fclose, 763

euler gamma, 76 fcoeff, 362

euler lagrange, 256 fdistrib, 174

eval, 171 feuille, 200

eval level, 172 fieldplot, 619

evala, 173 filled, 584

evalb, 96 find minimum, 525

evalc, 167 findhelp, 47

evalf, 85, 135, 143, 575, 721 fisher, 689

evalm, 459 fisher cdf, 689

even, 119 fisher icdf, 690

evolute, 579 fisherd, 689

exact, 135, 575 fitdistr, 707

exbisector, 810 fitpoly, 324

excircle, 830 flatten, 412

exp, 214 float2rational, 135, 575

exp, 277, 283 floor, 210

exp2list, 95 fMax, 231

exp2pow, 281 fMin, 231

exp2trig, 271 foldl, 424

expand, 174 foldr, 424

expexpand, 278 fopen, 763

expln, 277 for, 757

exponential, 697 format, 768

exponential _cdf, 697 fourier, 288

exponential _icdf, 698 fourier an, 285

exponential regression, 653 fourier__bn, 285

exponential _regression_ plot, 653 fourier _cn, 286

exponentiald, 697 fPart, 211

exponentiald _cdf, 697 fprint, 763

exponentiald icdf, 698 frac, 211

export__mathml, 65 fracmod, 368

EXPR, 748 frame 2d, 776

expr, 106, 766 frame 3d, 886

expression, 748 frames, 780

expression editor, 70 frames, 623

expression tree, 71 frequences, 641

extract measure, 842 frequences cumulees, 642

extrema?, 529 frequencies, 641

ezged, 331 frobenius _norm, 504
from, 757

f2nd, 138, 359 froot, 361

faces, 961 fsolve, 729, 732
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fullparfrac, 277
FUNC, 748

func, 748
funcplot, 588, 953
function, 743
function diff, 228
fxnd, 138, 359

Gamma, 153
gammad, 691
gammad cdf, 691
gammad _icdf, 692
gauche, 544
gauss, 537

gauss_ seidel linsolve, 554

gaussian _window, 994
gaussjord, 548
gaussquad, 724
ghasis, 353

Ged, 110, 330, 331, 377

ged, 110, 330, 369
gedex, 333

genpoly, 356
geometric, 694
geometric_ cdf, 694
geometric_icdf, 695
getDenom, 137, 358
GetFold, 90

getKey, 747
getNum, 137, 357
getType, 748

GF, 372

giac, 41, 42
gl_material, 584
gl quaternion, 587
gl_rotation, 587

gl shownames, 587
gl texture, 587, 780
gl_texture, 584
gl x 587

gl _x_axis _name, 587
gl_x axis_unit, 587
gl_x_ tick, 587

gl_y, 587

gl _y axis name, 587
gl_y_axzis_unit, 587
gl _y tick, 587

gl z 587

gl _z azis_mame, 587
gl_z_amis_unit, 587
gl _z tick, 587

goto, 760

grad, 249

gramschmidt, 538
Graph, 588
graph2tex, 63
graph3d2tex, 63
graphe suite, 619
greduce, 355
greemn, 584

grid paper, 778
groupermu, 166

hadamard, 462

half cone, 951

half line, 802, 895

halftan, 273

halftan _hyp2exp, 274

halt, 773

hamdist, 98, 107

hamming window, 995

hann poisson window, 996
hann window, 997
harmonic_conjugate, 876
harmonic_ division, 875

has, 574

hasard, 659

head, 101, 398

Heaviside, 150

hermite, 350

hessenberg, 490

hessian, 251

heuged, 331

hexadecimal, 108

hexagon, 820, 920

hidden_name, 584

highpass, 985

hilbert, 440

histogram, 640

histogramme, 640

hold, 173

homothety, 855, 946

horner, 312

hybrid solverhybrid solver, 734
hybridj solverhybridj solver, 735
hybrids solverhybrids solver, 734
hybridsj solverhybridsj solver, 735
hyp2exp, 278

hyperbola, 833, 926

i, 76

i|], 387
iabcuv, 124
ibasis, 477
ibpdv, 245
ibpu, 247
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icas, 41

icdf, 704
ichinrem, 124
ichrem, 124
icomp, 131
icosahedron, 966
id, 212
identifier, 748
identity, 439
idivis, 116

idn, 439

ieged, 123

if, 754

ifactor, 114
ifactors, 114
ifourier, 288
IFTE, 93

ifte, 91

igamma, 155
iged, 110
igedex, 123
ihermite, 491
ilaplace, 564

im, 167

imag, 167
image, 477
implicitdiff, 235
implicitplot, 610
in, 773

in_ideal, 355
incircle, 829
indets, 572
inequationplot, 604
inertia, 501

inf, 76

infinity, 76
Input, 746
input, 746
InputStr, 746
insert, 409
inString, 104
Int, 239

int, 239

intDiv, 116
integer, 284, 748
integer, 84
integrate, 239
inter, 794, 890
interactive odeplot, 622
interactive plotode, 622
internal directories, 90
interp, 317
intersect, 391, 428
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interval, 277
interval2center, 386

inv, 368, 370, 474
Inverse, 379

inverse, 370

inversion, 859, 948
invisible_point, 584
invlaplace, 564

invztrans, 571

iPart, 210

iquo, 116

iquorem, 118

iratrecon, 368

irem, 117

is_ collinear, 862, 937
is_concyclic, 863, 937
is_conjugate, 871
is_coplanar, 934

is_ cospherical, 938
is_cycle, 162

is_element, 862, 933
is_equilateral, 864, 938
is__harmonic, 872
is_harmonic_circle bundle, 873
is_harmonic_line bundle, 873
is_inside, 863
is_isosceles, 865, 939
is_orthogonal, 870, 936
is_parallel, 869, 934
is_parallelogram, 868, 941
is_permu, 162
is_perpendicular, 870, 935
is prime, 121
is_pseudoprime, 120
is_rectangle, 866, 939
is_rhombus, 868, 940
is_square, 867, 940
ismith, 492

isobarycenter, 798, 892
isolve, 127

isom, 508

isopolygon, 821, 920
isosceles triangle, 811, 908
isposdef, 480

isPrime, 121

isprime, 121

jacobi equation, 261
jacobi_linsolve, 553
jacobi symbol, 131
jordan, 484
JordanBlock, 440
jusqua, 759
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kde, 704

ker, 478

kernel, 478

kernel density, 704
kill, 773

kmeans, 717
kolmogorovd, 700
kolmogorovt, 713
kovacicsols, 566

I1norm, 430, 505, 506
12norm, 430, 504, 506
label, 760

labels, 587

lagrange, 317
lagrange, 474
laguerre, 351

laplace, 292, 564
laplacian, 250
LaTeX, 63

latex, 63

lem, 113, 333

lcoeff, 306

ldegree, 306

1d1, 500

left, 100, 200, 388, 406, 544

legend, 784

legend, 587

legendre, 350
legendre symbol, 130
length, 100, 397
levenshtein, 107

lged, 112

lhs, 544

Li, 149

ligne polygonale, 649
limit, 226

lin, 279

Line, 802

line, 598, 800, 892
line inter, 793, 889
line paper, 778

line segments, 961
line_width_1, 584
line_width_2, 584
line_width_3, 584
line_width_4, 584
line_width_5, 584
line_width_6, 584
line_width_7, 584
linear interpolate, 649
linear regression, 651

linear regression plot, 651

LineHorz, 600
LineTan, 602

LineVert, 601

linfnorm, 505

linsolve, 550

linsolve, 474

LIST, 748

list, 277

list2exp, 95

list2mat, 425

listplot, 649

lists, 403

111, 502

In, 214

In, 277, 283

Iname, 572

Incollect, 280
Inexpand, 279

load, 89

local, 743

locus, 879

log, 214

log, 283

logl0, 214

logarithmic _regression, 654
logarithmic regression plot, 654
logb, 215
logistic_regression, 657
logistic_regression plot, 657
loi_normal, 683
lowpass, 984

Ipsolve, 514

LQ, 496

LSQ, 555

Isq, 555

LU, 498

lu, 497

lvar, 573

magenta, 584
make symbol, 764
makelist, 403, 762
makemat, 445
makesuite, 402
map, 422

Maple, 67
maple2xcas, 67
maple ifactors, 115
markov, 708
MAT, 748
mat2list, 426
MathML, 64
mathml, 64
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matpow, 485

matrix, 445

matrix, 277

matrix norm, 506
max, 208

maximize, 526
maxnorm, 430, 504
mearn, 433, 468, 633
median, 433, 468, 636
median _line, 807
member, 427

mgf, 702

mid, 101, 400
midpoint, 390, 797, 891
min, 209

minimax, 326
minimize, 526
minor_ det, 474
minus, 428

mkisom, 509

mksa, 739

mod, 117, 375
modged, 331

mods, 117
moving_average, 985
mRow, 464
mRowAdd, 464

mul, 420

mult c_conjugate, 169
mult _conjugate, 175
multinomial, 681
mustache, 638

ncols, 471

nCr, 133

nDeriv, 723

negbinomial, 679

negbinomial _cdf, 680

negbinomial icdf, 680

NewFold, 90

newlist, 404

newMat, 439

newton, 722
newton_solvernewton_solver, 731
newtonj solvernewtonj solver, 734
nextperm, 159

nextprime, 122

nlnt, 724

nlpsolve, 531

nodisp, 69, 786

noise removal, 1005

NONE, 748

nop, 402
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nops, 397

norm, 430, 430, 504, 506
normal, 179, 363-365, 367
normal cdf, 683

normal icdf, 684
normald, 683

normald cdf, 683
normald _icdf, 684
normalize, 168, 430, 851
normalt, 710

not, 94

nPr, 134

nprimes, 123

nrows, 471

nSolve, 729

nstep, 780

nstep, 588

nuage points, 647
Nullspace, 478
nullspace, 478

NUM, 748

numdiff, 237

numer, 137, 358

octahedron, 964

octal, 108

odd, 119

odeplot, 621

odesolve, 725, 726

op, 200, 402

open_ polygon, 823, 923
or, 83, 94

ord, 102

order size, 381

ordinate, 837, 928
orthocenter, 796
orthogonal, 902
osculating circle, 579
Output, 746

output, 746
Ox_2d_ unit_ vector, 776
Ox_3d_unit_vector, 886
Oy_2d_unit_vector, 776
Oy _3d_unit_vector, 886
Oz_3d_unit_vector, 886

ploc2, 163

plop2, 163

pa2b2, 126

pade, 384
parabola, 834, 927
parallel, 805, 898
parallelepiped, 958
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parallelogram, 818, 918
parameq, 841, 931
paramplot, 613, 615, 954
parfrac, 277

pari, 143

part, 188

partfrac, 361
partfrac, 277

parzen window, 998
Pause, 770

pear, 486
pcar__hessenberg, 487
pcoef, 314

pcoeft, 314
perimeter, 849
perimeterat, 842
perimeteratraw, 842
perm, 134

perminv, 165
permu2cycles, 160
permu2mat, 162
permuorder, 165
perpen_ bisector, 808, 905
perpendicular, 805, 901
peval, 307

phi, 129

pi, 76

PIC, 748

piecewise, 93
piecewise defined functions, 91
pivot, 550

plane, 904

playsnd, 971, 977
plot, 595

plot3d, 596

plotarea, 606, 847
plotcontour, 608
plotdensity, 609
plotfield, 619
plotfunc, 588
plotimplicit, 610
plotinequation, 604
plotlist, 649

plotode, 621
plotparam, 613, 615
plotpolar, 617
plotseq, 619
plotspectrum, 975
plotwav, 974
plus_point, 584
pmin, 170, 487

point, 789, 887
point2d, 792

point3d, 888
point__milieu, 606
point_point, 584
point polar, 792
point_width_1, 584
point_width_2, 584
point_width_3, 584
point_width_4, 584
point_width_5, 584
point_width_6, 584
point_width_7, 584
poisson, 681

poisson _cdf, 682
poisson _icdf, 682
poisson_ window, 1000
polar, 877

polar coordinates, 840
polar point, 792
polarplot, 617

pole, 877

polyl, 301

poly2symb, 302
polyEval, 307
polygon, 822, 922
polygonplot, 649
polyhedron, 960
polynom, 277, 315
polynomial regression, 656
polynomial regression plot, 656
poslbdLMQ), 348
Postfix, 196
posubLMQ), 347
potential, 253
pow2exp, 280

power _regression, 655
power _regression plot, 655
powermod, 367
powerpc, 830
powexpand, 280
powmod, 367

Prefix, 196

prepend, 411

preval, 188

prevperm, 159
prevprime, 122
primpart, 309

print, 750

printpow, 751

prism, 959

product, 420, 461, 462
program, 745
projection, 860, 950
proot, 735
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propFrac, 136
propfrac, 136, 360
Psi, 156

psrged, 331

ptayl, 312

purge, 83, 85, 287, 744
pwd, 88

pyramid, 957

q2a, 536

QR, 496

qr, 495

quadric, 540
quadrilateral, 819, 919
quandrantl, 584
quandrant?2, 584
quandrant3, 584
quandrant4, 584
quantile, 433, 468, 637
quartilel, 637
quartile3, 637
quartiles, 433, 468, 637
quest, 73

Quo, 327, 375

quo, 327, 365
quorem, 330, 366
quote, 99, 173

r2e, 302

radical axis, 831
radius, 850

rand, 659
randbetad, 664
randbinomial, 661
randchisquare, 663
randexp, 665
randfisher, 664
randgammad, 664
randgeometric, 665
randint, 659
randmarkov, 709
randMat, 674
randmatrix, 674
randmultinomial, 662
randNorm, 663
randnorm, 663
random, 659
random _variable, 665
randperm, 159
randpoisson, 662
randPoly, 316
randpoly, 316
RandSeed, 661

randseed, 661
randstudent, 663
randvar, 665
randvector, 673
range, 404

rank, 475

ranm, 317, 674
rat_jordan, 483
ratinterp, 322
rational, 748
rational_ det, 474
rationalroot, 348
ratnormal, 182
rdiv, 146

re, 167

read, 89

readrgb, 1008
readwav, 970, 976
real, 167, 7/8
realroot, 344
reciprocation, 878
rect, 978
rectangle, 817, 916
rectangle droit, 606
rectangle gauche, 606

rectangular coordinates, 840

red, 584

REDIM, 457
redim, 457

reduced _conic, 539
reduced quadric, 541
ref, 547

reflection, 853, 943
regroup, 179

Rem, 328, 376
rem, 328, 365
remain, 117
remove, 409
reorder, 316
repeat, 758
repeter, 759
REPLACE, 458
replace, 458
resample, 973
residue, 384
resoudre, 178, 249, 604
restart, 85
resultant, 341
return, 743

reverse rsolve, 556
revert, 383

revlist, 412
rhombus, 816, 915
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rhombus_point, 584
rhs, 544
riemann_window, 1001
right, 100, 200, 388, 406, 544
right triangle, 812, 910
risch, 241

rm_a_z, 85

rm_all vars, 85
rmbreakpoint, 773
rmbrk, 773

rms, 980

rmwatch, 774
rmwtch, 773
romberg, 724

root, 146

rootof, 313

roots, 313

rotate, 413

rotation, 854, 945
round, 210

row, 448

rowAdd, 463
rowDim, 471
rowdim, 471
rowNorm, 505
rownorm, 505
rowspace, 480
rowSwap, 465
rowswap, 465

Rref, 379

rref, 371, 548
rsolve, 190

sample, 659
samplerate, 972

scalar product, 432
scalarProduct, 432
SCALE, 464

scale, 464
SCALEADD, 464
scaleadd, 464
scatterplot, 647
SCHUR, 490

sec, 215

secant solversecant solver, 732
segment, 802, 803, 895
select, 406

semi augment, 443
seq, 394

seq|], 77, 393

seqplot, 619

seqsolve, 189

series, 381
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set|], 77, 426
SetFold, 90

shift, 414

shift phase, 266
shuffle, 159

Si, 150

sign, 209
signature, 164
similarity, 857, 947
simp2, 138, 360
simplex reduce, 511
simplify, 180, 268
simult, 549

sin, 215

sin, 277, 283
sin2costan, 272
sinc, 979

sincos, 271

sincos, 277

single inter, 793, 889
sinh, 219

size, 100, 397
sizes, 403

slope, 850

slopeat, 842
slopeatraw, 842
smith, 493

smod, 117
snedecor, 689
snedecor cdf, 689
snedecor _icdf, 690
snedecord, 689
solid_line, 584
solve, 178, 249, 544, 604
sommet, 200

sort, 414

SortA, 415

SortD, 416
sortperm, 416
soundsec, 977
specnorm, 506
sphere, 952

spline, 318

split, 176
spreadsheet, 73
sq, 212

sqrfree, 310

sqrt, 213

square, 815, 914
square_point, 584
srand, 661

sst, 773

sst_in, 773
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star_point, 584 tan, 277
stdDev, 635 tan2cossin2, 273
stddev, 433, 468 tan2sincos, 272
stddevp, 433, 635 tan2sincos2, 273
stdev, 634 tangent, 602, 806, 906
steffenson__ solver, 732 tanh, 219
step, 757 taylor, 381
stereo2mono, 972 tchebyshevl, 352
sto, 79 tchebyshev2, 353
Store, 79 tcoeff, 307
STR, 748 tCollect, 267
string, 7/8, 768 teollect, 267
string, 277 tetrahedron, 957
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Chapter 1

Introduction

1.1 Notations used in this manual

In this manual, the information that you enter is typeset in typewriter font. User input typically
takes one of three forms:

e Commands that you enter on the command line.
For example, to compute the sin of 7/4, you can type

sin(pi/4)

e Commands requiring a prefix key.
These are indicated by separating the prefix key and the standard key with a plus +. For example,
to exit an Xcas session, you can type the control key along with the q key, which will be denoted

Ctrl+Q

e Menu commands.
When denoting menu items, submenus are connected using ». For example, from within Xcas
you can choose the File menu, then choose the Open submenu, and then choose the File item.
This will be indicated by

File » Open » File

When describing entering a command, specific values that you enter for arguments are in typewriter
font, while argument placeholders that should be replaced by actual values are in italics. Optional
arguments will be enclosed by angle brackets. For example, you can find the derivative of an expression
with the diff command (see Section 5.19.4 p.233), which takes the form diff (ezpr(,z)/) where expr
is an expression and x is a variable or list of variables. If the optional variable is omitted, then it will
default to x. A specific example is diff (x*sin(x),x).

The index uses different typefaces for different parts of the language. The commands themselves
are written with normal characters, command options are written in 4talics and values of commands
or options are written in typewriter font. For example (as you will see later), you can draw a blue
parabola with the command

plotfunc(x"2,color = blue)
In the index, you will see
e plotfunc, the command, written in normal text.
e color, the command option, written in italics.

e blue, the value given to the option, written in typewriter font.
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1.2 Interfaces for the giac library

The giac library is a C++ mathematics library. It comes with two interfaces you can use directly; a
graphical interface and a command-line interface. All interfaces can do symbolic and numeric calcula-
tions, use giac’s programming language, and have a built in help function.

The graphical interface is called Xcas, and is the most full-featured interface. Xcas has additional
help features to make it easy to use, plus it has a built-in spreadsheet, it can do dynamic geometry and
it can do turtle graphics. The output given by this interface is typeset; for example:

Input:

sqrt(1/2)

Output:
V2

2
The command-line interface can be run inside a terminal, and in a graphical environment can also
draw graphs. The output given by this interface is in text form; for example:
Input:

sqrt(1/2)
Output:
sqrt(2)/2

There is also a web version, which can be run through a javascript-enabled browser (it works best
with Firefox), either over the internet or from local files. Other programs (for example, TeXmacs) have
interfaces for the command-line version. Some of these interfaces, such as the two mentioned here,
typeset their output.

1.2.1 The Xcas interface

How you start Xcas in a graphical environment depends on which operating system you are using.

e If you are using Unix, you can usually find an entry for the program in a menu provided your
desktop environment. Otherwise, you can start it from a terminal by typing

xcas &
If for some reason Xcas becomes unresponsive, you can open a terminal and type
killall xcas

This will kill any running Xcas processes. Xcas keeps an automatic backup files, so when you
restart Xcas, you will be asked if you want to resume where you left off.

e If you are running Windows, you can use the explorer to go to the directory where Xcas is installed.
In that directory is a file called xcas.bat. You can click on that file to start Xcas.

e If you are running Mac OS, you can use the Finder to go to the xcas_image.dmg file and double-
click it. Then double-click the Xcas disk icon. Finally, you can double-click the Xcas program to
launch Xcas.

When you start Xcas, a window will open with menu entries across the top, below that will be a
bar giving information about the current Xcas configuration, and below that will be an entry line you
can use to enter commands. This interface will be described in more detail later, but the menu item

HelpwInterface

will bring up an introduction.
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1.2.2 The command-line interface: icas giac

In Unix and MacOS you can run giac from a terminal with the command icas (the command giac
also works). There are two ways to use the command-line interface.

If you just want to evaluate one expression, you can give icas the expression (in quotes) as a
command line argument. For example, to factor the polynomial 22 — 1, you can type

icas ’factor(x”2-1)’
at a command prompt. The result will be
(x-1)*(x+1)

and you will be returned to the operating system command line.

If you want to evaluate several commands, you can enter an interactive giac session by entering the
command icas (or giac) by itself at a command prompt. You will then be given a prompt specifically
for giac commands, which will look like

0»
You can enter a giac command at this prompt and get the result.

0>> factor(x~2-1)
(x-1)*(x+1)
1>>

After the result, you will be given another prompt for giac commands. You can exit this interactive
session by typing Ctrl+D.

You can also run icas in batch mode; that is, you can have icas run giac commands stored in a
file. This can be done in Windows as well as Unix and Mac OS. To do this, simply enter

icas filename

at a command prompt, where filename is the name of the file containing the giac commands.

1.2.3 The Firefox interface

You can run giac without installing it by using a javascript-enabled web browser. Using Firefox for this
is highly recommended; Firefox runs giac several times faster than Chrome, for example, and Firefox
also supports MathML natively.

To run giac through Firefox, you can open the url https://www-fourier.ujf-grenoble.fr/
“parisse/giac/xcasen.html. At the top of this page will be a button which will open a quick tu-
torial; the tutorial also tells you how to install the necessary files to run giac through Firefox without
being connected to the internet.

1.2.4 The TeXmacs interface

TeXmacs (http://www.texmacs.org) is a sophisticated word processor with special mathematical fea-
tures. As well as being designed to nicely typeset mathematics, it can be used as a frontend for various
mathematics programs, including giac.

Once you’ve started TeXmacs, you can interactively run giac within TeXmacs with the menu
command Insert»SessionwGiac. Once started, you can enter giac commands as you would in the
command-line interface. You can later re-enter a giac entry line by choosing it with your arrow keys
or clicking on it with a mouse. The TeXmacs interface also has a menu containing giac commands.

Note that a giac session in TeXmacs may be started directly from a terminal using the script xgiac
available in the src subdirectory of the giac source.

Within TeXmacs, you can combine giac commands and their output with ordinary text. To enter
normal text within a giac session, use the menu item FocuspInsert Text Field Above.


https://www-fourier.ujf-grenoble.fr/~parisse/giac/xcasen.html
https://www-fourier.ujf-grenoble.fr/~parisse/giac/xcasen.html
http://www.texmacs.org
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You can also use mathematical input when entering commands, which allows for fast typing of
complex formulas. For details, see the giac plugin documentation in TeXmacs. Also, any command
output in a TeXmacs session (or a part of it) may be copied back to an input field, thanks to the
conversion routines between giac syntax and TeXmacs Scheme.

Graphics created by giac are converted to PDF and embedded into TeXmacs sessions. Note that
this requires the Ghostscript package to be installed on your system.

1.2.5 Checking the version of giac that you are using: version giac

The version (or giac) command returns the version of giac that is running. It doesn’t have any
arguments, but it does require parentheses.
Input:

version()
Output:

"giac 1.6.0, (¢) B. Parisse and R. De Graeve, Institut Fourier, Universite de Grenoble 1"



Chapter 2

The Xcas interface

2.1 The entry levels

The Xcas interface can run several independent calculation sessions, each session will be contained
in a separate tab. Before you understand the Xcas interface, it would help to be familiar with the
components of a session.

Each session can have any number of input levels. Each input level will have a number to the left
of it; the number is used to identify the level. Each level can have one of the following:

e A command line.
This is the default; you can open a new command line with ALt+N.
You can enter a giac command (or a series of commands separated by semicolons) on a command
line and send it to be evaluated by hitting enter. The result will then be displayed, and another
command line will appear. You can also scroll through the command history with Ctrl+Up and
Ctrl+Down.

If the output is a number or an expression, then it will appear in blue text in a small area below
the input region; this area will be an expression editor (see Section 3.3 p.70). There will be a
scrollbar and a small M to the right of this area; the M is a menu which gives you various options.

If the output is a graphic, then it will appear in a graphing area below the input region. To the
right of the graphic will be a control panel which you can use to manipulate the graphic (see
Section 7.2 p.584).

e An expression editor.
See Section 3.3 p.70. You can open an expression editor with ALt+E.

e A two-dimensional geometry screen.
See Section 7.2 p.584. You can open a two-dimensional geometry screen with Alt+G. This level
will have a screen, as well as a control panel, menus and a command line to control the screen.

e A three-dimensional geometry screen.
See Section 7.2 p.584. You can open a three-dimensional geometry screen with Al1t+H. This level
will have a screen, as well as a control panel, menus and a command line to control the screen.

e A turtle graphics screen.
You can open a turtle graphics screen with Alt+D. This level will have a screen, as well as a
program editor and command line.

e A spreadsheet.
See Section 3.5 p.73. You can open a spreadsheet with A1t+T. A spreadsheet can open a graphic
screen.

e A program editor.
See Section 12.1.1 p.743. You can open a program editor with A1t+P.
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e A comment line.
See Section 3.2 p.70. You can open a comment line with A1t+C.

Levels can be moved up and down in a session, or even moved to a different session.

The level containing the cursor is the current level. The current level can be evaluated or re-evaluated
by typing enter.

You can select a level (for later operations) by clicking on the number in the white box to the left
of the level. Once selected, the box containing the number turns black. You can select a range of levels
by clicking on the number for the beginning level, and then holding the shift key while you click on the
number for the ending level.

You can copy the instructions in a range of levels by selecting the range, and then clicking the middle
mouse button on the number of the target level.

2.2 The starting window

When you first start Xcas, you get a largely blank window.

File Edit Cfg Help Toolbox Expression Cmds Prg Graphic Geo Spreadsheet Phys Highschool Turtle |
Unnamed‘
?‘Save‘ Config : exact real RAD 12 xcas 6.2148M ‘ Kbd ﬁ

A

The first row will consist of the main menus; you can save and load Xcas sessions, configure Xcas and
its interface and run various commands with entries from these menus.

The second row will contains tabs; one tab for each session that you are running in Xcas. Each tab
will have the name of its session, or Unnamed if the session has no name. The first time you start Xcas,
there will be only one session, which will be unnamed.

The third row will contain various buttons.

e The first button, , opens the help index (The same as the Helpw»Index menu entry; see Sec-
tion 2.3 p.46). If there is a command on the command line, the help index will open at this
command.

e The second button, , saves the session in a file. The first time you click on it you will be
prompted for a file name ending in .xws in which to save the session. The button will be pink if
the session is not saved or if it has changed since the last change, it will be green once the session
is saved. The name in the title will be the name of the file used to save the session.

e The third button, which in the picture above is

)

Config: exact real RAD 12 xcas 6.2148M

is a status line indicating the current Xcas configuration (see Section 2.5 p.54). If the session is
unsaved, it will begin with Config:; if the session is saved in a file filename.zws, this button will
begin with Config filename.zws:. Other information on this status line:
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6.

. xcas, python “=%x*, python

. exact or approx

This tells you whether Xcas will give you exact values, such as v/2, when possible or gives
you decimal approximations, such as 1.4142135. (See Section 2.5.4 p.55.)

. real, cplx or CPLX.

When this shows real (for example), then Xcas will by default only find real solutions of
equations. When this shows cplx, then Xcas will find complex solutions of equations. When
this shows CPLX, then Xcas will regard variables as complex; for example, it won’t simplify
re(z) (the real part of the variable z) to z. (See sections 2.5.5 and 2.5.6.)

. RAD or DEG.

This tells you whether angles, as in trigonometric arguments, are measured in radians or
degrees. (See Section 2.5.3 p.55.)

. An integer.

This tells you how many significant digits will be used in floating point calculations. (See
Section 2.5.1 p.54.)

~

=xor, maple, mupad, or £ti89.
This tells you what syntax Xcas will use. Xcas can be set to emulate the languages of Python,
Maple, MuPAD, or the TI89 series of calculators. (See Section 2.5.2 p.54.)

The last item tells you how much memory Xcas is using.

Clicking on this status line button opens a window where you can configure the settings shown
on this line as well as some other settings; you can also open the window with the menu item
Cfgp»CAS Configuration (see Section 2.5.7 p.56).

e The fourth button, | STOP | (in red), is used to halt a computation which is running on too long.

e The fifth button, , toggles an on-screen scientific keyboard at the bottom of the window.

x |y [ ] = 0l | 5 | oo | inv |+ 7 8 9 esc X

z ‘ t ‘ ‘ i= ( ‘ . ‘ ) ‘ ‘ i ‘ sqrt > ‘ = | = 4 5 6 ctll i\n\scgs

= ‘ => ‘factor ‘ a ‘ sin ‘ a ‘ cos | a ‘ tan ~ & a 2 3 paste abc
simpli‘ prg | lim ‘ 1n ‘ exp ‘ logl0 ‘ 10" % ‘ / 0 E = 4

Along the right hand side of the keyboard are some keys that can be used to change the keyboard.

— The X key hides the keyboard, just like pressing the button again.

— The cmds key toggles a menu bar at the bottom of the screen which can be used as an

alternate menu or persistent submenu. This bar will contain buttons home, <<, some menu
titles, >>, var, cust and X.

The << and >> buttons scroll through menu items. Clicking on one of the menu buttons
will perform the appropriate action or replace the menu items by its submenu items. When
submenu items appear, there will also be a BACK button to return to the previous menu.
Clicking on the home button returns the menu buttons to the main menu.

After the menu buttons is a var button. This replaces the menu buttons by buttons rep-
resenting the variables that you have defined. After that is a cust button, which displays
commands that you store in a list variable CST (see section 4.4.10).

The last button, X, closes the menu bar.
The msg key brings up a message window at the bottom of the window which will give you

helpful messages; for example, if you save a graphic, it will tell you the name of the file it is
saved in and how to include it in a ITEX file.

— The abc key toggles the keyboard between the scientific keyboard and an alphabetic keyboard.

e The fifth button, , closes the current session.
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2.3 Getting help

Xcas is an extensive program, but using it is simplified with several different ways of getting help.
The help menu (see section 2.4.4) has several submenus for various forms of help, some of which are
mentioned below.

Tooltips

If you hover the mouse cursor over certain parts of the Xcas window, a temporary window will appear
with information about the part. For example, if you move the mouse cursor over the status line, you
will get a message saying Current CAS status. Click to modify.

If you type a function name in the Xcas command line, a similar temporary window will appear
with information about the function.

HTML help

If you press the F12 key, you will get a window which you can use to search the html version of the
manual. You can also open this window with the menu entry Help»Find word in HTML help.

The HTML help window has a search area; if you type a string in that area you will be given a list
of help topics that contain that string. If you choose a topic and click View, your web browser will show
the appropriate page of the manual.

The help index

If you click on the button on the status line you will get the help index. You can also get the help
index with the menu item Helpw»Index.
The help index is a list of the giac function and variable names.

oK | Cancel \ Details
Index Related
I,
]
I=
$
% Synonyms
DA)/
%/
%{%}
&& =

You can scroll through the help index items and click on the word that you want. There is also a line
in the help index window that you can use to search the index; you can enter some text and be taken
to the part of the index with the words that begin with that text. The ? button next to this search line
will open the HTML help window.

If you select a function or variable name, a list of related words (names of functions or variables)
and a list of synonymous words will appear in regions to the right.
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oK Cancel | Details |
Index Related
plot 2llplot =
plot3d plot3d
plotarea plotparam
plotcdf animate .
plotcontour animate3d =l
plotdensity Synonyms
plotfield \|funcplot
DrawFunc

plotimplicit Graph
plotinequation -|
2 [plotfunc

Plots a 1 variable or 2 variables expression with superposition.
plotfunc(Expr,[Var(x) or VectVar] ,[Intg(color)])

Exprl [((Var(x)) or Vectvar)]l
[Intg('color')]]

plotfunc

plotfunc(-2*x+1,x=1..2,color=red)
plotfunc([-2*x+1,x"2-2],x=-2..2,color=[red,yellow],xstep=0.2)
plotfunc(x”~2-y~2,[x,y],xstep=0.5,ystep=0.3)
plotfunc(x~2+y~2,[x=-1..1,y=-2..2],nstep=900)
plotfunc((x+i*y)~2,[x=-1..1,y=-2..2],nstep=900,affichage=rempli)

Below the search line, there will be an area which will have a brief description of the chosen term
as well as how to call it. If the term is a command name, the calling sequence will be given as the
command name with the arguments within parentheses separated by commas. Any optional arguments
will be shown within brackets. In the above example, the first argument to plotfunc is an expression,
representing the function to be graphed. There is an optional second argument, which is either a variable
name (which defaults to x) or a vector of variable names for multivariable functions. Finally, there is
an optional third argument which can be used to specify a color for the graph.

Below the brief description will be some entry fields that you can use to enter the arguments. If you
fill them out and press the enter key, the command with the arguments filled out will be put on the
command line.

Below the entry fields for the arguments will be a list of examples of the command being used. If
you click on one of these examples, it will be put on the command line.

A more thorough description of the function and its arguments is available with the Details button
at the top of the help index, which will open the relevant part of the manual in your browser. Alter-
natively, if you click on the button next to the search line, you will be taken to the HTML help
window.

You can also open the help index in the following ways:

e You can press the tab key while at the Xcas command line.
If you have entered part of a command name, you will be at the part of the index with words that
begin with the text that you entered.

e You can select a command from one of the menus. If Auto index help is chosen (see Section 2.5.9
p.59), then the help index will open with the command chosen.

findhelp

You can get help from Xcas by using the findhelp function. If you enter findhelp (function) (or
equivalently ?function) at the command input, where function is the name of a giac function, then
some notes on function will appear in the answer portion and the appropriate page of the manual will
appear in your web browser.

2.4 The menus

The menus provide different ways to work with Xcas and its sessions, as well as ways of inserting
functions and constants into the current session. Selecting a menu item corresponding to a function or
constant brings up the help index (see section 2.3) with the chosen function or constant selected.
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2.4.1 The File menu

The File menu contains commands that are used to save sessions, save parts of sessions, and load
previously saved sessions. This menu contains the following entries:

New Session

This creates and opens a new session.

The new session will be in a new tab, which will be labeled Unnamed until you save it (using the
menu item FilewSave or the keystroke A1t+S).

Open

This allows you to open a previously saved session.

There will be a submenu with a list of saved session files in the primary directory (see Section 4.6.1
p.88) that you can open, as well as a File item which will open a directory browser you can use
to find a session file. This directory browser can also be opened with A1t-0.

Import

This allows you to open a session that was created with the Maple CAS, a TI89 calculator or a
Voyage200 calculator. You can execute this session with the Edit»Execute Session menu entry,
but it may be better to execute the commands one at a time to see if any modifications need to
be done.

Clomne
This creates a copy of the current session in a Firefox interface; either using the server at http:
//www-fourier.ujf-grenoble.fr/ parisse/xcasen.html (Online) or a local copy (0ffline).

Insert
This allows you to insert a previously saved session, a link to a Firefox session, or a previously
saved figure, spreadsheet or program.

Save (Alt+S)
This saves the current session.

Save as
This saves the current session under a name that you choose.

Save all
This saves all of the sessions.

Export as

This allows you to save the current session in different formats; either in KhiCas (which is giac
ported to run on various calculators) format, standard Xcas format, Xcas with Python syntax
format, Maple format, MuPAD format or TI89 format.

Kill
This kills the current session.

Print

This allows you to create an image of the session in various ways.

The Preview menu item saves an image of the current session in a file that you name. The To
printer item sends an image of the current session to the printer. The Preview selected levels
item saves the images of the commands and outputs of the selected levels, each in a separate file.

LaTeX

This has submenu items that render the session in ITEX and give you the result in various ways.
The LaTeX preview menu item displays a compiled IXTEX version of the current session. The
LaTeX print item saves a copy of the session in IXTEX form, along with the compiled version in
various formats. The LaTeX print selection does the same as LaTeX print, but only for the
selected levels.


http://www-fourier.ujf-grenoble.fr/~parisse/xcasen.html
http://www-fourier.ujf-grenoble.fr/~parisse/xcasen.html
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e Screen capture
This creates a screenshot that is saved in various formats.

e (Quit and update Xcas
This quits Xcas after checking for a newer version.

e Quit (Ctrl+Q)
This quits Xcas.

2.4.2 The Edit menu

The Edit menu contains commands that are used to execute and undo parts of the current session.
This menu contains the following entries:

e Execute worksheet (Ctrl-F9)
This recalculates each level in the session.

e Execute worksheet with pauses
This recalculates each level in the session, pausing between calculations.

e Execute below
This recalculates the current level and each level below it.

e Remove answers below
This removes the answers to the current level and the levels below it.

e Undo (Ctrl+Z)
This undoes the latest edit done to the levels, including a deletion of a level. It can be repeated
to undo more than one edit.

e Redo (Ctrl+Y)
This redoes the undone editing.

e Paste
This pastes the contents of the system clipboard to the cursor position.

e Del selected levels
This deletes any entry levels that you have selected.

e selection -> LaTeX (Ctrl+T)
This puts a INTEX version of the selection (level, part of a level, or answer selected by clicking and
dragging the mouse) on the system clipboard.

e New entry (Alt+N)
This inserts a new entry level above the current one.

e New parameter (Ctrl+P)
This brings up a window in which you can enter a name and conditions for a new parameter.

e Insert newline
This inserts a newline below the cursor. Note that simply typing return will evaluate the current
entry rather than inserting a newline.

e Merge selected levels
This merges the selected levels into a single level.
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2.4.3 The Cfg menu

The Cfg menu contains commands that are used to set the behaviour of Xcas. This menu contains the
following entries:

Cas configuration
This opens a window that allows you to configure how Xcas performs calculations (see Section 2.5.7
p.56). This is the same window you get when you click on the status line.

Graph configuration

This opens a window that allows you to configure the default settings for a graph (see Section 2.5.8
p.58). This includes such things as the initial ranges of the variables. Each graph also has a cfg
button to configure the settings on a per graph basis.

General configuration
This opens a window that allows you to configure various non-computational aspects of Xcas,
such as the fonts, the default paper size, and the like (see Section 2.5.9 p.59).

Mode (syntax)
This changes the default syntax (see Section 2.5.2 p.54). By default, Xcas uses its own syntax,
but you can change it to Python syntax, Maple syntax, MuPAD syntax or TI89 syntax.

Show
This displays parts of Xcas.

— DispG
This shows the graphics display screen; which has all graphical commands from the session
together on one screen.

— keyboard
This shows the on-screen keyboard; the same as clicking on the Kbd button on the status line
(see Section 2.2 p.44, item 2.2).

— bandeau
This shows the menu buttons at the bottom of the window; the same as clicking on cmds on
the on-screen keyboard (see Section 2.2 p.44, item 2.2).

— msg
This shows the messages window; the same as clicking on msg on the on-screen keyboard (see
Section 2.2 p.44, item 2.2).

Hide
This hides the same items that you can show with Show.

Index language
This allows you to choose a language in which to display the help index.

Colors
This allows you to choose colors for various parts of the display.

Session font
This allows you to choose a font for the sessions.

All fonts
This allows you to choose fonts for the session, the main menu and the keyboard.

browser
This allows you to choose a browser that Xcas will use when needed. If this is blank, then Xcas
will use its own internal browser.
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Save configuration
This saves the configurations that you chose with the Cfg menu or chose by clicking on the status
line.

2.4.4 The Help menu

The Help menu contains commands that let you get information about Xcas from various sources. This
menu contains the following entries:

Index
This brings up the help index (see Section 2.3 p.46).

Find word in HTML help (F12)
This brings up a page which helps you search for keywords in the html documentation that came
with Xcas (see Section 2.3 p.46). The help will be displayed in your browser.

Interface
This brings up a tutorial for the Xcas interface. The tutorial will be displayed in your browser.

Reference card, fiches
This brings up a pdf reference card for Xcas. The card will be displayed in your browser.

Manuals
This allows you to choose from a variety of manuals for XCAS, which will appear in your browser.

— CAS reference
This brings up the manual for Xcas.
— Algorithmes (HTML)
This brings up a manual for the algorithms used by Xcas.
— Algorithmes (PDF)
This brings up a pdf version of the manual for the algorithms used by Xcas.

— Geometry
This brings up a manual for two-dimensional geometry in Xcas.

— Programmation
This brings up a manual for programming in Xcas.
— Simulation
This brings up a manual for statistics and using the Xcas spreadsheet.
— Turtle
This brings up a manual for using the Turtle drawing screen in Xcas.
— Exercices
This brings up a page of exercises that you can do with Xcas.
— Amusement
This brings up a page of mathematical amusements that you can work through with Xcas.

— PARI-GP
This brings up documentation for the GP/PARI functions.

Internet
The Internet menu contains menu items that take you to various web pages related to Xcas.
Among them are the following entries:

— Forum
This takes you to the Xcas forum.

— Update help
This installs updated help files (retrieved from the Xcas website).
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There are also several menu items that take you to Xcas related pages written in French; namely:

— Aide-memoire lycee
This takes you to a paper discussing Xcas and high school.

— Documents pedagogiques lycee
This takes you to a page on the Xcas website with a list of useful links.

— Documents algorithmique
This takes you to a page on the Xcas website with a list of links.

— Site Lycee de G. Connan
This takes you to a page about a free book written by Guillaume Connan teaching algorithms
to high school students.

— Site Lycee de L. Briel
This takes you to a website about Xcas for high school students.

— Calcul formel au lycee, par D. Chevallair
This takes you to a pdf file discussing the use of Xcas in high school.

— Site de F. Han
This takes you to a website by Frederic Han about Xcas and a QT frontent for giac.

— Ressources Capes
This takes you to a website with various external sources.

— Ressources Agregation externe
This takes you to a collection of external resources.

— Ressources Agregation interne

This takes you to a page on the Xcas website.

e Start with CAS
This menu has the following entries:

— Tutorial
This opens up the tutorial.
— Solutions

This opens up the solutions to the exercises in the tutorial.

e Tutoriel algo
This opens up a tutorial on algorithms and programming with Xcas.

e Rebuild help cache
This rebuilds the help index.

e About
This displays a message window with information about Xcas.

e Examples
This allows you to choose from a variety of example worksheets, which will then be copied to your
current directory and opened.

2.4.5 The Toolbox menu

The Toolbox menu contains commands that are used to insert operators into the session. This menu
includes the following entries:

e New entry (ALt+N)
This inserts a new level.
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e New comment (Alt+C)
This inserts a new comment level.

The other entries let you insert mathematical operations into the current level. If Auto index help is
chosen (see Section 2.5.9 p.59), then the help index will open help index (see Section 2.3 p.46) with the
chosen command selected.

2.4.6 The Expression menu

The Expression menu contains commands that are used to transform expressions. The first entry
is New expression (which is equivalent to Alt+E), which inserts a new level and brings up the on-
screen keyboard (see Section 2.2 p.44, item 2.2). The rest of the entries can be used to insert various
transformations.

2.4.7 The Cmds menu

The Cmds menu contains various giac functions and constants separated into categories. If Auto index
help is chosen (see Section 2.5.9 p.59), then when you select a function or constant, the help index (see
Section 2.3 p.46) opens with the function or constant selected, which can be used to insert the entry on
the command line. Otherwise, the constant or function will be inserted on the command line.

2.4.8 The Prg menu

The Prg menu contains commands that are used to write giac programs. The first entry, Prgp»New
program (equivalent to ALlt+P), inserts a program level and brings up the program editor (see Sec-
tion 12.1.1 p.743).The other entries are useful commands for writing giac programs.

2.4.9 The Graphic menu

The Graphic menu contains commands that are used to create graphs. The first entry, Graphic»Attributs
(equivalent to A1t+K), brings up a window containing different attributes of the graph (such as line width,
color, etc.). The other entries are commands for creating and manipulating graphs.

2.4.10 The Geo menu

The Geo menu contains commands that are used to work with two- and three-dimensional geometric
figures. The first two entries, GeowNew figure 2d (equivalent to Alt+G) and GeowNew figure 3d
(equivalent to A1t+H) create levels for two- and three-dimensional figures, respectively. (See Section 7.2
p.584.) The other menu items are for working with the figures.

2.4.11 The Spreadsheet menu

The Spreadsheet menu contains commands that are used to work with spreadsheets. (See See Sec-
tion 3.5 p.73.) The first menu item, Spreadsheet»New spreadsheet (equivalent to A1t+T), brings up a
window where you can set the size and other attributes of a spreadsheet, after which one will be created.
The submenus contain commands for working with spreadsheets. Notice that the spreadsheet itself will
have menus that are the same as these submenus.

2.4.12 The Phys menu

The Phys menu contains submenus with various categories of constants, as well as functions for con-
verting units.
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2.4.13 The Highschool menu

The Highschool menu contains computer algebra commands that are useful at different levels of high-
school. There is also a Program submenu with some program control functions.

2.4.14 The Turtle menu

The Turtle menu contains the commands that are used to create and control a Turtle screen. The
first menu item, TurtlepNew turtle, creates a Turtle drawing screen. The other menu items contain
commands for working with the screen.

2.5 Configuring Xcas

2.5.1 The number of significant digits: Digits DIGITS

By default, Xcas uses and displays 12 significant digits, but you can set the number of digits to other
positive integers. If you set the number of significant digits to a number less than 14, then Xcas will
use the computer’s floating point hardware, and so calculations will be done to more significant digits
than you asked for, but only the number of digits that you asked for will be displayed. If you set the
number of significant digits to 14 or higher, then both the computations and the display will use that
number of digits.

You can set the number of significant digits for Xcas by using the CAS configuration screen (see
Section 2.5.7 p.56). The number of significant digits is stored in the variable DIGITS or Digits, so you
can also set it by giving the variable DIGITS a new value, as in DIGITS:= 20. The value will be stored
in the configuration file (see Section 2.5.10 p.60), and so can also be set there.

2.5.2 The language mode: xcas_mode

Xcas has its own language which it uses by default, but you can have it use Python (with the option
having the ~ character represent either exponentiation or the exclusive or operator), the language used
by Maple, MuPAD or the TI89 calculator.

You can set which language Xcas uses in the CAS configuration screen (see Section 2.5.7 p.56). You
can also set the language with the xcas_mode command.

e The xcas_mode command takes one argument: an integer: 0, 1, 2, 3, 256 or 512.
— xcas_mode (0)

to use the Xcas language.

— xcas_mode (1)
to use the Maple language.

— xcas_mode (2)
to use the MuPAD language.

— xcas_mode (3)
to use the TI89 language.

— xcas_mode (256)
to use the Python language with ~ representing exponentiation.

— xcas_mode(512)

to use the Python language with ~ representing exclusive or.

The language you choose will be stored in the configuration file (see Section 2.5.10 p.60), and so can
also be set there.
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2.5.3 The units for angles: angle_radian

By default, Xcas assumes that any angles you use (for example, as the argument to a trigonometric
function) are being measured in radians. If you want, you can have Xcas use degrees.

You can set which angle measure Xcas uses in the CAS configuration screen (see Section 2.5.7 p.56).
Your choice will be stored in the variable angle_radian; this will be 1 if you measure your angles in
radians and 0 if you measure your angles in degrees. You can also change which angle measure you use
by setting the variable angle_radian to the appropriate value. The angle measure you want to use will
be stored in the configuration file (see Section 2.5.10 p.60), and so can also be set there.

2.5.4 Exact or approximate values: approx_mode

Some numbers, such as 7 and /2, can’t be written down exactly as decimal numbers. When computing
with such numbers, by default Xcas leaves them in exact, symbolic form. If you want, you can have
Xcas automatically give you decimal approximations for these numbers.

You can set whether or not Xcas gives you exact or approximate values by using the CAS configu-
ration screen (see Section 2.5.7 p.56). Your choice will be stored in the variable approx_mode, where a
value of 0 means that Xcas will give you exact answers when possible and a value of 1 means that Xcas
will give you decimal approximations. Your choice will be stored in the configuration file (see section
2.5.10), and so can also be set there.

2.5.5 Complex numbers: cfactor complex_mode

When factoring polynomials (see Section 5.12.10 p.176), by default Xcas won’t introduce complex num-
bers if they aren’t already being used. For example,

factor(x™2 + 2)

simply returns
2 +2
but if an expression already involves complex numbers then Xcas uses them;
factor(i*x"2 + 2x*i)
will return
(1‘ — 1\@) (i:c — \/§>
Xcas can also find complex roots when complex numbers are not present; for example, the command

cfactor (see Section 5.12.10 p.176) will factor over the complex numbers.
cFactor is a synonym for cfactor.

cfactor(x”"2 + 2)
returns
(x n i\/§> (a; . ix@)

If you want Xcas to use complex numbers by default, you can turn on complex mode. In complex
mode,

factor(x"2 + 2)
returns
(x n i\/§> (a; . ix@)

You can turn on complex mode from the CAS configuration screen (see Section 2.5.7 p.56). This
mode is determined by the value of the variable complex_mode; if this is 1 then complex mode is on, if
this is 0 then complex mode is off. This option will be stored in the configuration file (see Section 2.5.10
p.60), and so can also be set there.
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2.5.6 Complex variables: complex_variables

By default, new variables are assumed to be real; functions which work with the real and imaginary parts
of variables will assume that a variable is real. For example, re returns the real part of its argument
and im returns the imaginary part (see Section 5.10.2 p.167), and so

re(z)
returns
z
and
im(z)
returns
0

If you want variables to be complex by default, you can have Xcas use complex variable mode. You
can set this from the CAS configuration screen (see Section 2.5.7 p.56). Your choice will be stored in
the variable complex_variables, where a value of 0 means that Xcas will assume that variables are
real and and a value of 1 means that Xcas will assume that variables are complex. Your choice will be
stored in the configuration file (see Section 2.5.10 p.60), and so can also be set there.

2.5.7 Configuring the computations

You can configure how Xcas computes by using the menu item Cfgp-Cas configuration or by clicking
on the status line. This will open a window with the following options:

1.

Prog style (default: Xcas)

This has a menu from which you can choose a different language to program in; you can choose
from Xcas, Python “==#* (Python syntax, except that ~ will be the exponentiation operator as in
Xcas rather than the exclusive or operator as in Python), Python “==xor (Python syntax, where
" is the exclusive or operator), Maple, Mupad and TI89/92.

. eval (default: 25)

This has an input field where you can type in a positive integer specifying the maximum number
of recursions allowed when evaluating expressions.

. prog (default: 1)

This has an input field where you can type in a positive integer specifying the maximum number
of recursions allowed when executing programs.

. recurs (default: 100)

This has an input field where you can type in a positive integer specifying the maximum number
of recursive calls.

. debug (default: 0)

This has an input field where you can type in a 0 or 1. If this is 1, then Xcas will display
intermediate information on the algorithms used by giac. If this is 0, then no such information
is displayed.

. maxiter (default: 20)

This has an input field where you can type in an integer specifying the maximum number of
iterations to be used in Newton’s method.

. Float format (default: standard)

This has a menu from which you can choose how to display decimal numbers. Your choices will
be:
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e standard In standard notation, a number will be written out completely without using
exponentials; for example, 15000.12 will be displayed as 15000.12.

e scientific In scientific notation, a number will be written as a number between 1 and 10
times a power of ten; for example, 15000.12 will be displayed as 1.500012000000e+04 (where
the number after e indicates the power of 10).

e engineer In engineering notation, a number will be written as a number between 1 and 1000
times a power of ten, where the power of 10 is a multiple of three. For example, 15000.12
will be displayed as 15.00012e3.

8. Digits (default: 12)
This has an input field where you can type in a positive integer which will indicate the number of
significant digits that Xcas will use.

9. epsilon (default: le-12)
This has an input field where you can type in a floating point number which will be the value of
epsilon used by epsilon2zero, which is a function that replaces numbers with absolute value less
than epsilon by 0 (see Section 5.59.1 p.572).

10. proba (default: le-15)
This has an input field where you can type in a floating point number. If this number is greater than
zero, then in some cases giac can use probabilistic algorithms and give a result with probability
of being false less than this value. (One such example of a probabilistic algorithm that giac can
use is the algorithm to compute the determinant of a large matrix with integer coefficients.)

11. approx (default: unchecked)
This has a checkbox. If the box is checked, then exact numbers such as /2 will be given a floating
point approximation. If the box in unchecked, then exact values will be used when possible. (See
Section 2.5.4 p.55.)

12. autosimplify (default: 1)
This has an input field where you can type in 0, 1 or 2. A value of 0 means no automatic
simplification will be done, a value of 1 means grouped simplification will be automatic. A value
of 2 means that all simplification will be automatic.

13. threads (default: 1)
This has an input field where you can enter a positive integer to indicate the number of threads
(for a possible future threaded version).

14. Integer basis (default: 10)
This has a menu from which you can choose an integer base to work in; your choices will be 8, 10
and 16.

15. radian (default: checked)
This has a checkbox. If the box is checked, then angles will be measured in radians, otherwise
they will be measured in degrees.

16. Complex (default: unchecked)
This has a checkbox. If this box is checked, then giac will work in complex mode, meaning, for
example, that polynomials will be factored with complex numbers if necessary.

17. Cmplx_var (default: unchecked)
This has a checkbox. If this box is checked, then variables will by default be assumed to be
complex. For example, the expression re(z) won’t be simplified, it will return re(z). If this box
is unchecked, then variables by default will be assumed to be real, and so re(z) will be simplified
to z.
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18. increasing power (default: unchecked)
This has a checkbox. If this box is checked, then polynomials will be written out in increasing
powers of the variable; otherwise they will be written in decreasing powers.

19. A11_trig_sol (default: unchecked)
This has a checkbox. If this box is checked, then Xcas will give the complete solutions of trigono-
metric equations. For example, the solution of cos(z) = 0 will be given as [(2n_ Om + ) /2], where
ng can be any integer. If this box is unchecked, then only the primary solutions of trigonometric
equations will be given. For example, the solutions of cos(z) = 0 will be the pair [-7/2,7/2].

20. Sqrt (default: checked)
This has a checkbox. If this box is checked, then the factor command will factor second degree
polynomials, even when the roots are not in the field determined by the coefficients. For example,
factor(x”2 - 3) will return (w — \/§) ({L + \/§) If this box is unchecked, then factor(x"2 -
3) will return z? — 3.

This page also has buttons for applying the settings, saving the settings for future sessions, canceling
any new settings, and restoring the default settings.

2.5.8 Configuring the graphics

You can configure each graphics screen by clicking on the cfg button on the graphics screen’s control
panel to the right of the graph. You can also change the default graphical configuration using the the
menu item Cfgp-Graph configuration. You will then be given a window in which you can change the
following options:

e X- and X+
These determine the x values for which calculations will be done.

e Y- and Y+
These determine the y values for which calculations will be done.

e Z- and Z+
These determine the z values for which calculations will be done.

e t- and t+
These determine the ¢ values for which calculations will be done; when plotting parametric curves,
for example.

e WX- and WX+
These determine the range of x values for the viewing window.

e WY- and WY+
These determine the range of y values for the viewing window.

e TX and TY
These determine the tick ranges on the z- and y-axes.

e class_min
This determines the minimum size of a statistics class.

e class_size
This determines the default size of a statistics class.

e autoscale
When checked, the graphic will be autoscaled.

e ortho
When checked, all axes of the graphic will be scaled equally.
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e >W and W>
These are convenient shortcuts to copy the X-, X+, Y- and Y+ values to WX-, WX+, WY- and WY+, or
the other way around.

Note that the viewing window is not the same as the calculation window; if the calculation window is
larger than the visible window, then you can scroll to bring other parts of the calculation window into
view.

This page also has buttons for applying the settings, saving the settings for future sessions, or
canceling any new settings.

2.5.9 More configuration

You can configure other aspects of Xcas (besides the computational aspects and graphics) using the the
menu item Cfg»General configuration. You will then be given a window in which you can change
the following options:

e Font
This lets you choose a session font, the same as choosing the menu item CfghSession font.

e Level
This determines what type of level should be open when you start a new session.

e browser
This determines what browser Xcas will use when it requires one, for example when displaying
help. If this is empty, Xcas will use its built-in browser.

e Auto HTML help
If this box is checked, then whenever you choose a function from a menu, a help page for that
function will appear in your browser. Regardless of whether this box is checked or not, the help
page will also appear in your browser if you enter ?function from a command box.

e Auto index help If this box is checked, then whenever you choose a command from a menu, the
help index page for that function will appear. This is the same page you get when you choose the
command from the help index. (See Section 2.3 p.46.)

e Print format
This determines the paper size for printing and saving files. There is also a button you can use to
have the printing done in landscape mode; if this button is not checked, the printing will be done
in portrait.

e Disable Tool tips
If this box is checked, Xcas will stop displaying tool tips (see Section 2.3 p.46).

e rows and columns
These determine the default number of rows and columns for the matrix editor and spreadsheet
(see Section 3.5 p.73).

e PS view
This determines what program is used to preview Postscript files.

e Step by step
If this is checked, then Xcas will not save context information.

e Proxy
This sets a proxy server for updates.
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2.5.10 The configuration file: widget_size cas_setup xcas_mode xyztrange

When you save changes to your configuration, they are stored in a configuration file, which will be
.xcasrc in your home directory in Unix and xcas.rc in Windows. This file will have four functions
— widget_size, cas_setup, xcas_mode and xyztrange — which determine the configuration and which
are evaluated when Xcas starts.

The widget_size command sets properties of the opening Xcas window.

e widget_size takes between 1 and 12 arguments. The arguments (in order) are:

Font size. The first argument is a positive integer specifying the font size. Optionally, this
can be a bracketed list whose first number indicates the font and the second the font size.

Horizontal and vertical offset. The second and third arguments are horizontal and vertical
distances in pixels from the upper left hand corner of the screen. They specify where the
upper left corner of the Xcas window is when it opens.

Window size. The fourth and fifth arguments specify the width and height in pixels of the
Xcas window when it opens.

Keyboard (see Section 2.2 p.44, item 2.2). The sixth argument is either 0 or 1; a 1 indicates
that the on-screen keyboard will be open when Xcas starts, a 0 indicates that the keyboard
will be hidden.

Open browser. The seventh argument is either 0 or 1; a 1 indicates that the browser will be
automatically opened to display help for the selected command in the menu or index, a 0
indicates that the browser will not be automatically opened.

Message window (see Section 2.2 p.44, item 2.2). The eighth argument is either 0 or 1; a 1
indicates that Xcas will open with the message window, a 0 indicates that Xcas will open
without the message window.

The ninth argument is currently not used.

Browser name. The tenth argument is a string with the name of the browser to use to read
the help pages. A value of "builtin" means that Xcas will use a small browser built into
Xcas.

Starting level (see Section 2.1 p.43). The eleventh argument indicates what level Xcas will
start at; a 0 means command line, a 1 means program editor, a 2 means spreadsheet, and a
3 means a 2-d geometry screen.

Postscript previewer. The twelfth argument is a string with the name of a program for
postscript previews; for example, "gv".

The cas_setup command determines how computations will be performed.

e cas_setup takes nine arguments. The arguments (in order) are:

Approzimate mode (see Section 2.5.4 p.55). A 1 means Xcas works in approximate mode, a
0 means exact mode.

Complex variables (see Section 2.5.5 p.55). A 1 means Xcas works with complex variables, a
0 means real variables.

Complex mode (see Section 2.5.5 p.55). A 1 means Xcas works with in complex mode, a 0
means real mode.

Radian (see Section 2.5.3 p.55). A 1 means work in radians, a 0 means work in degrees.

Display format (see Section 2.5.7 p.56, item 7). A 0 means use the standard format to display
numbers, a 1 means use scientific format, a 2 means use engineering format, and a 3 means
use floating hexadecimal format (which is standardized with a non-zero first digit).

Epsilon (see Section 2.5.7 p.56, item 9). This is the value of epsilon used by Xcas.
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— Dugits. This is the number of digits to use to display a float.
— Tasks. This will be used in the future for parallelism.
— Increasing power. This is 0 to display polynomials in increasing power, 1 to display polyno-
mials in decreasing powers.
The xcas_mode command determines what computer language Xcas will use (see Section 2.5.2 p.54).
e The xcas_mode command takes one argument: an integer: 0, 1, 2, 3, 256 or 512.
— xcas_mode (0)
to use the Xcas language.

— xcas_mode (1)
to use the Maple language.

— xcas_mode (2)
to use the MuPAD language.

— xcas_mode(3)
to use the TI89 language.

— xcas_mode (256)
to use the Python language with “ representing exponentiation.

— xcas_mode (512)
to use the Python language with ~ representing exclusive or.
The xyztrange command sets or returns the values of the graphics configuration.

To set the values:
e xyztrange takes 12 arguments:

— - and z+, the beginning and the end of the x interval for which calculations will be done.
— y- and y+, the beginning and the end of the y interval for which calculations will be done.
— z- and z+, the beginning and the end of the z interval for which calculations will be done.

— {- and t+, the beginning and the end of the t interval for which calculations will be done,
when plotting parametric curves, for example.

— wz- and wz+, the beginning and the end of the x values for the viewing window.
— wy- and wy+, the beginning and the end of the y values for the viewing window.
— show_azes, to determine whether axes are shown or hidden (1 to show, 0 to hide).
— class_min, the minimum size of a statistics class.

— class_size, the default size of a statistics class.

e xyztrange (1-,2+,y-,y+,2-,2+,t-, b+, ws-, wr+,wy-,wy+,show_ axes,class_min,class_size) sets the pa-
rameters to the given values.

Note that the viewing window is not the same as the calculation window; if the calculation window is
larger than the visible window, then you can scroll to bring other parts of the calculation window into
view.

To return the values:
e xyztrange takes no arguments.

e xyztrange() returns a matrix where each row consists of a short description of the first twelve
arguments along with their values.
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2.6 Printing and saving

2.6.1 Saving a session

Each tab above the status line represents a session, the tab for the active session will be yellow. The
label of each tab will be the name of the file that the session is saved in; if the session hasn’t been saved
the tab will read Unnamed.

You can save your current session by clicking on the Save button on the status line. If the session
contains unsaved changes the Save button will be red; the button will be green when nothing needs to
be saved. The first time that you save a session you will be prompted for a file name; you should choose
a name that ends in .xws. Subsequent times that you save a session it will be saved in the same file; to
save a session in a different file you can use the menu item Filep»Save as.

If you have a session saved in a file and you want to load it in a tab, you can use the menu item
FilewOpen. From there you can choose a specific file from a list or open a directory browser that you
can use to choose a file. The directory browser can also be opened with A1t-0.

2.6.2 Saving a spreadsheet

If you have a spreadsheet in one of the levels, you can save it separately from the rest of the session.

When a spreadsheet is inserted it will have menus next to the level number. The Table menu
has items that let you save the spreadsheet in different formats, as well as insert previously saved
spreadsheets.

You can save a spreadsheet with the TablewSave sheet as text menu item. If you select that,
you will be prompted for a file name; you should choose a file name that ends in .tab. Once you save
a spreadsheet, there will be a button to the right of the menus which you can use to save any changes
you make. If you want to save the spreadsheet under a different name, you can use the TablepSave as
alternate filename menu entry.

You can save a spreadsheet in other formats. The TablewSave as CSV menu item will save a
spreadsheet in a comma-separated values file, and the TablewSave as mathml menu item will save the
spreadsheet in as a MathML file.

You can use the Table menu to insert previously saved spreadsheets; the menu item TablewInsert
will bring up a directory browser that you can use to select a file to enter.

2.6.3 Saving a program

You can open up a program editor (see Section 12.1.1 p.743) with the menu item Prg»New program or
with Alt-P. If you select this item, you will be prompted for information to fill out a template for a
program and then be left in the program editor.

At the top of the program editor are menus and buttons, at the far right will be a Save button that
you can press to save the program. The first time you save a program, you will be prompted for a file
name; you should choose a name ending in .cxx. Once a program is saved, the file name will appear to
the right of the Save button. If you want to save the program under a different name, you can use the
Progp»Save as item from the program editor menu.

To insert a previously saved program, you can use the Progw»Load item from the program editor
menu.

2.6.4 Printing a session

You can print a session with the File»Print»To printer menu item.

If you prefer to save the printed form as a file, you can use the FilepPrint»Preview menu item.
You will prompted for a file name to save the printed form in; the file will be a PostScript file, so the
name should end in .ps. If you only want to save certain levels in printable form, you can use the
FilepPrint»Preview selected levels menu item; this file will be encapsulated PostScript, so the
name should end in .eps.
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2.7 Translating to other computer languages

Xcas can translate a session, or parts of a session, to other computer languages; notably KIEX and
MathML.

2.7.1 Translating an expression to IXTEX: latex

The latex command translates expressions to KTREX.

e latex takes one argument:
erpr, an expression.

e latex(expr) returns the result of evaluating expr written in the INTEX typesetting language.

Example.
Input:

latex(1+1/2)
Output:

\frac{3}{2}

2.7.2 Translating the entire session to BTEX

To save your entire document as a complete INTEX file, you can use the menu item FilepLaTeXp»LaTeX
preview.

2.7.3 Translating graphical output to BTEX: graph2tex graph3d2tex

You can see all of your graphic output at once on the DispG screen, which you can bring up with the
command DispG(). (This screen can be cleared with the command line command erase().) On the
DispG screen there will be a Print menu; the Print»LaTeX print will give you several files DispG.tex,
DispG.dvi, DispG.ps and DispG.png with the graphics in different formats. To save it without using
the DispG() command you can use the graph2tex command.

The graph2tex command saves all current graphic output to a KTEX file.

e graph2tex takes one argument:
filename . tex, the name of a file.

e graph2tex("filename.tex") saves all graphic output in KTEX form to the file filename . tex.

Example.
Input:
graph2tex("myfile.tex")

results in a TEX file named myfile.tex with the graphs. To save a three-dimensional graph, you can
use the command graph3d2tex.

To save a single graph as a IXIEX file, you can use the M menu to the right of the graph. Selecting
Mp-Export PrintwPrint (with LaTeX) will save the current graph. You can also save a single graph
by selecting that level, then use the menu item FilewLaTeX»LaTeX print selection. This method
will save the graph in several formats; sessionname .tex, sessionname.dvi, sessionname.ps and ses-
stonname .png. If the session has not been saved and named, the files will begin with sessionn for
some integer n.



64 CHAPTER 2. THE XCAS INTERFACE

2.7.4 'Translating an expression to MathML: mathml
The mathml command translates expressions to MathML.

e mathml takes one argument:
erpr, an expression.

e mathml (expr) returns the result of evaluating expr written in MathML.

Example.
Input:

mathml(1/4 + 1/4)
Output:

<?xml version="1.0" encoding="is0-8859-1"7>

<!DOCTYPE html PUBLIC "-//W3C//DTD XHTML 1.1 plus MathML 2.0//EN"
"http://www.w3.org/TR/MathML2/dtd/xhtml-mathll-f.dtd" [

<!ENTITY mathml "http://www.w3.org/1998/Math/MathML">

1>

<html xmlns="http://www.w3.org/1999/xhtml">

<body>

<math mode="display" xmlns="http://www.w3.org/1998/Math/MathML">
<mfrac><mrow><mn>1</mn></mrow><mrow><mn>2</mn></mrow></mfrac>
</math><br/>

</body> </html>

which is the number 1/2 in MathML form, along with enough information to make it a complete HTML
document.

2.7.5 Translating a spreadsheet to MathML

You can translate an entire spreadsheet to MathML with the spreadsheet menu command TablewSave
as mathml.

2.7.6 Indent an XML string: xml_print

The xml_print command formats an XML string.

e xml_print takes one argument:
str, a string, assumed to contain XML.

e xml_print (str) returns a string with the XML code indented for better readability. The default
indentation is two spaces.
Example.
Input:

xml_print ("<?xml version=’1.0’7><root><child1l>some
content</child1><child2></child2><child3/></root>")

Output:



2.7. TRANSLATING TO OTHER COMPUTER LANGUAGES 65
<?xml version=’1.0°7>
<root>
<child1>some content</childi>
<child2></child?2>

<child3/>
</root>

2.7.7 Export to presentation or content MathML: export_mathml

You can translate the result of an expression into various types of MathML with the export_mathml
command.

e export_mathml takes one mandatory argument and one optional argument:

— expr, an expression.

— Optionally, format, which can be content or display, specifying what output format should
be used.

e export_mathml (expr ( ,format)) returns the result of evaluating expr written in MathML, with
a single math block which will be a semantics block.

— With no second argument, the semantics block will contain both presentation and content
MathML.

— With a second argument of content, the semantics block will only contain the content
MathML.

— With a second argument of display, the semantics block will only contain the presentation
MathML.

Examples.

o Input:

xml_print (export_mathml (a+2%b))

Qutput:
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<math xmlns=’http://www.w3.org/1998/Math/MathML’>
<semantics>
<mrow xref=’id5’>
<mi xref=’id1’>a</mi>
<mo>+</mo>
<mrow xref=’id4’>
<mn xref=’id2’>2</mn>
<mo>&it ;</mo>
<mi xref=’id3’>b</mi>
</mrow>
</mrow>
<annotation-xml encoding=’MathML-Content’>
<apply id=’id5’>
<plus/>
<ci id=’id1’>a</ci>
<apply id=’id4’>
<times/>
<cn id=’id2’ type=’integer’>2</cn>
<ci id=’id3’>b</ci>
</apply>
</apply>
</annotation-xml>
<annotation encoding=’giac’>a+2*b</annotation>
</semantics>
</math>

o Input:

xml_print (export_mathml (a+2*b,content))

Output:

<math xmlns=’http://www.w3.org/1998/Math/MathML’>
<apply id=’id5’>
<plus/>
<ci id=’idil’>a</ci>
<apply id=’id4’>
<times/>
<cn id=’id2’ type=’integer’>2</cn>
<ci id=’id3’>b</ci>
</apply>
</apply>
</math>

o Input:

xml_print (export_mathml (a+2*b,display))

Qutput:
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<math xmlns=’http://www.w3.org/1998/Math/MathML’>
<mrow>
<mi>a</mi>
<mo>+</mo>
<mrow>
<mn>2</mn>
<mo>&it ;</mo>
<mi>b</mi>
</mrow>
</mrow>
</math>

o Input:

s:=export_mathml (1/(x"2+1) ,display):;
xml_print(s)

Qutput:

<math mode=’display’ xmlns=’http://www.w3.org/1998/Math/MathML’>
<mfrac>
<mn>1</mn>
<mrow>
<msup>
<mi>x</mi>
<mn>2</mn>
</msup>
<mo>+</mo>
<mn>1</mn>
</mrow>
</mfrac>
</math>

2.7.8 Translating a Maple file to Xcas: maple2xcas
The maple2xcas command translates a file of Maple commands to the Xcas language
e maple2xcas takes two arguments:

— Maplefile, the name of the Maple input file.

— XcasFile, the file where you want to save the Xcas commands.

e maple2xcas("MapleFile"," XcasFile") results in an Xcas file named XcasFile with the Maple
commands in MapleFile translated to the Xcas language.
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Chapter 3

Entry in Xcas

3.1 Suppressing output: nodisp :;

If you enter a command into Xcas, the result will appear in the output box below the input.

enter
a:= 2+2

then

will appear in the output box.

The nodisp command is used to evaluate an expression and suppress the output.

e nodisp takes one argument:
erpr, an expression.

e nodisp(expr) evaluates expr but displays Done in place of the result.

Example.

Input:
nodisp(a:= 2+2)
Output:
Done

and a will be set to 4.

An alternate way of suppressing the output is to end the input with : ;.

Example.
Input:
b:= 3+3:;
Output:
Done

and b will be set to 6.

69

If you
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3.2 Entering comments: comment

You can annotate an Xcas session by adding comments. You can enter a comment on the current line
at any time by typing Alt+C. The line will appear in green text and conclude when you type Enter.
Comments are not evaluated and so have no output. If you have started entering a command when you
begin a comment, the command line with the start of the command will be pushed down so that you
can finish it when you complete the comment.

You can open the browser using a comment line by entering the web address beginning with the @
sign. If you enter the comment line

The Xcas homepage is at
Quww-fourier.ujf-grenoble.fr/“parisse/giac.html

then the browser will open to the Xcas home page.
To add a comment to a program, rather than a session, you can use the comment command.

e comment takes one argument:
str, a string.

e comment (str) makes str a comment.
Alternatively, any part of a program between // and the end of the line is a comment. So both
bs():= {comment("Hello"); return "Hi there!";}

and

bs():= { // Hello
return "Hi there!";}

are programs with the comment "Hello".

3.3 Editing expressions

You can enter expressions on the command line, but Xcas also has a built-in expression editor that
you can use to enter expressions in two dimensions, the way they normally look when typeset. When
you have an expression in the editor, you can also manipulate subexpressions apart from the entire
expression.

3.3.1 Entering expressions in the editor: an example

The expression
x4+ 2

x2—4
can be entered on the command line with

(x+2)/(x72-4)

You also can use the expression editor to enter it visually, as 4+ 2 on top of 2 — 4. To do this, you
can start the expression editor with the A1t+E keystroke (or the Expression » New Expression menu
command). There will be a small M on the right side of the expression line, which is a menu with
some commands you can use on the expressions. There will also be a 0 selected on the expression line
and an on-screen keyboard at the bottom (see Section 2.2 p.44, item 2.2). If you type x + 2, it will
overwrite the 0. To make this the top of the fraction, you can select it with the mouse (you can also
make selections with the keyboard, as will be discussed later) and then type /. This will leave the x +
2 on the top of a horizontal fraction bar and the cursor on the bottom. To enter 2 — 4 on the bottom,
begin by typing x. Selecting this x and typing "2 will put on the superscript. Finally, selecting the x?
and typing - 4 will finish the bottom. If you then hit Enter, the expression will be evaluated and will
appear on the output line.
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3.3.2 Subexpressions

Xcas can operate on expressions in the expression editor or subexpressions of the expression. To under-
stand subexpressions and how to select them, it helps to know that Xcas stores expressions as trees.

A tree, in this sense, consists of objects called nodes. A node can be connected to lower nodes,
called the children of the node. Each node (except one) will be connected to exactly one node above it,
called the parent node. One special node, called the root node, won’t have a parent node. Two nodes
with the same parent nodes are called siblings. Finally, if a node doesn’t have any children, it is called
a leaf. This terminology comes from a visual representation of a tree,

which looks like an upside-down tree; the root is at the top and the leaves are at the bottom.

Given an expression, the nodes of the corresponding tree are the functions, operators, variables and
constants. The children of a function node are its arguments, the children of an operator node are its
operands, and the constants and variables will be the leaves. For example, the tree for sin(2 * x + y)
will look like

A subexpression of an expression will be a selected node together with the nodes below it. For example,
both 2 % x and 2 * x + y are subexpressions of sin(2 x x 4+ y), but « 4+ y is not.

A subexpression of the contents of the expression editor can be selected with the mouse; the selection
will appear white on a black background. A subexpression can also be chosen with the keyboard using
the arrow keys. Given a selection:

e The up arrow will go to the parent node.
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The down arrow will go to the leftmost child node.

The right and left arrows will go to the right and left sibling nodes.

The control key with the right and left arrows will switch the selection with the corresponding
sibling.

If a constant or variable is selected, the backspace key will delete it. For other selections, backspace
will delete the function or operator, and another backspace will delete the arguments or operands.

You can use the arrow keys to navigate the tree structure of an expression, which isn’t always
evident by looking at the expression itself. For example, suppose you enter x*y*z in the editor. The
two multiplications will be a different levels; the tree will look like

If you select the entire expression with the up arrow and then go to the M menu to the right of the line
and choose eval, then the expression will look the same but, as you can check by navigating it with the

arrow keys, the tree will look like

3.3.3 Manipulating subexpressions

If a subexpression is selected in the expression editor, then any menu command will be applied to that
subexpression.
For example, suppose that you enter the expression

(x+1) * (x+2) *(x-1)

in the expression editor. Note that you can use the abilities of the editor to make this easier. First,
enter x+1. Select this with the up arrow, then type * followed by x+2. Select the x+2 with the up
arrow and then type * followed by x-1. Using the up arrow again will select the x-1. Select the entire
expression with the up arrow, and then select eval from the M menu. This will put all factors at the
same level. Suppose you want the factors (x+1)*(x+2) to be expanded. You could select (x+1)* (x+2)
with the mouse and do one of the following:

e Select the Expression»Miscpnormal menuitem. You will then have normal ((x+1)*(x+2))*(x-1)
in the editor. If you hit enter, the result (22 + 3z + 2) * (z — 1) will appear in the output window.

e Select the Expressionp»Miscrnormal menu item, so again you have normal ((x+1)* (x+2))*(x-1)
in the editor. Now if you select eval from the M menu, then the expression in the editor will become
the result (22 + 3z + 2) * (x — 1), which you can continue editing.
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e Choose normal from the M menu. This will apply normal to the selection, and again you will have
the result (22 + 3z + 2) * (x — 1) in the editor.

There are also keystroke commands that you can use to operate on subexpressions that you've
selected. There are the usual Ctrl+Z and Ctrl+Y for undoing and redoing. Some of the others are given
in the following table.

Key Action on selection

Ctrl+D differentiate

Ctrl+F factor

Ctrl+L limit

Ctrl+N normalize

Ctrl+P partial fraction

Ctrl+R integrate

Ctrl+S simplify

Ctrl+T copy ITEX version to clipboard

3.4 Previous results: ans

The ans command returns the results of previous commands.

e ans takes one optionaly argument:
Optionally, n, an integer (the number of the command beginning with 0).

e ans((n)) returns the corresponding result; in particular, ans(-1) returns the previous result.

Example.

If the first command that you enter is:

Input:
245
resulting in
Output:
7

then later references to ans(0) will evaluate to 7.

Note that the argument to ans doesn’t correspond to the line number in Xcas. For one thing, the
line numbers begin at 1. What’s more, if you go back and re-evaluate a previous line, then that will
become part of the commands that ans keeps track of.

If you give ans a negative number, then it counts backwards from the current input. To get the
latest output, for example, you can use ans(-1). With no argument, ans() will also return the latest
output.

Similarly, the quest command returns the previous inputs. Since these will often be simplified to
be the same as the output, quest (n) sometimes has the same value as ans(n).

You can also use Ctrl plus the arrow keys to scroll through previous inputs. With the cursor on the
command line, Ctrl+uparrow will go backwards in the list of previous commands and display them on
the current line, and Ctrl+downarrow will go forwards.

3.5 Spreadsheet

3.5.1 Opening a spreadsheet

You can open a spreadsheet (or a matrix editor) with the Spreadsheet»New Spreadsheet menu item
or with the key A1t+T.
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When you open a new spreadsheet, you will be given a configuration screen with the following
options:

e Variable This has a input field where you can type in a variable name; the spreadsheet will be
saved as a matrix in this variable.

e Rows and Columns These have input fields where you can type in positive integers specifying the
number of rows and columns in the spreadsheet.

e Eval This has a checkbox. If the box is checked, then the spreadsheet will be re-evaluated every
time you make a change to it. If it is not checked, it won’t be re-evaluated when changes are made,
but you can still re-evaluate the spreadsheet with the eval button on the spreadsheet menu bar.

e Distribute This has a checkbox. If it is checked, then entering a matrix will distribute the
contents across an appropriate array of cells. If it is not checked, then the matrix will be put in
one cell.

e Landscape This has a checkbox. If it is checked, then the graphical representation of the spread-
sheet will be displayed below the spreadsheet. If it is not checked, then it will be displayed to the
right of the spreadsheet.

e Move right This has a checkbox. If it is checked, then the cursor will move to the cell to the right
of the current cell when data is entered. If this is not checked, the cursor will be moved to the
cell below the current cell.

e Spreadsheet This has a checkbox. If it is checked, the spreadsheet will be formatted as a spread-
sheet. If it is not checked, it will be formatted as a matrix.

e Graph This has a checkbox. If it is checked, the graphical representation of the spreadsheet will
be displayed. If it is not checked, the graphical representation will not be displayed.

e Undo history This has an input field where you can type in a postive integer, specifying how
many undo’s can be performed at a time.

The configuration screen can be reopened with the Edit»Configuration»Cfg window menu attached
to the spreadsheet.

3.5.2 The spreadsheet window

When you open a spreadsheet, the input line will become the spreadsheet.

Table Edit Maths | eval | val [ init [ 2-d [ 3d | Save SpreadsheetName.tab
A0
Sheet config: - Spreadsheet SpreadsheetName R40C10 auto down fill F
A | B \ C \ D \ E
0 [0 |0 0 0 0
10 0 0 0 0
2o 0 0 0 0
3]0 0 0 0 0
4]0 0 0 0 0
50 0 0 0 0
6|0 0 0 0 0
710 0 0 0 0
8]0 0 0 0 0 | |
9 0 0 0 0 0
1N N n n n n
0 1 |2 13 |4 =

il

on

The top will be a menu bar with Table, Edit and Maths menus as well as eval, val, init, 2-d and
3-d buttons. To the right will be the name of the file the spreadsheet will be saved into. Below the
menu bar will be two boxes; a box which displays the active cell (and can be used to choose a cell) and
a command line to enter information into the cell. Below that will be a status line, you can click on
this to return to the configuration screen.
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CAS building blocks

4.1 Numbers

Xcas works with both real and complex numbers. The real numbers can be integers, rational numbers,
floating point numbers or symbolic constants.

You can enter an integer by simply typing the digits.
Input:

1234321

Output:
1234321

Alternatively, you can enter an integer in binary (base 2) by prefixing the digits (0 through 1) with Ob,
in octal (base 8) by prefixing the digits (0 through 7) with 0 or 0o, and in hexadecimal (base 16) by
prefixing the digits (0 through 9 and a through f) with 0x. (See Section 5.4.1 p.108.)

Input:

Oxabl2
Output:
43794
You can enter a rational number as the ratio of two integers.
Input:
123/45
Output:
41
15
The result will be put in lowest terms. If the top is a multiple of the bottom, the result will be an
integer.
Input:
123/3
Output:
41

A floating point number is regarded as an approximation to a real number. You can enter a floating
point number by writing it out with a decimal point.
Input:

123.45

I6)
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Output:
123.45

You can also enter a floating point number by entering a sequence of digits, with an optional decimal
point, followed by e and then an integer, where the e represents “times 10 to the following power.”
Input:

1234e3

Oultput:
1234000.0

Floating point numbers with a large number of digits will be printed with e notation; you can control
how other floats are displayed (see Section 2.5.7 p.56, item 7). An integer or rational number can be
converted to a floating point number with evalf (see Section 5.8.1 p.143).

A complex number is a number of the form a+bi, where a and b are real numbers. The numbers a
and b will be the same type of real number; one type will be converted to the other type if necessary
(an integer can be converted to a rational number or a floating point number, and a rational number
can be converted to a floating point number).

Input:

3+ 1.1

Output:
34+ 1.14

4.2 Symbolic constants: e pi infinity inf i euler_gamma

Xcas has the standard constants given by built-in symbols, given in the following table.

’ Symbol ‘ Value
e (or %e) the number exp(1)
pi (or %pi) the number 7
infinity unsigned oo
+infinity (or inf) +o0
-infinity (or -inf) —00
i (or %i) the complex number 4
euler_gamma Euler’s constant v; namely,
limy, 00 (g —1n(n))

Since these numbers cannot be written exactly as standard decimal numbers, they are necessarily
left unevaluated in exact results (see Section 2.5.4 p.55).

Input:
2#%pi
Output:
27
Input:
2.0%pi
Output:

6.28318530718

You can also use evalf (see Section 5.8.1 p.143), for example, to approximate one of the real-valued
constants to as many decimal places as you want.
Input:

evalf (pi,50)

Output:
3.1415926535897932384626433832795028841971693993751
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4.3 Sequences, sets and lists

4.3.1 Sequences: seqll O

A sequence is represented by a sequence of elements separated by commas, without delimiters or with
either parentheses (( and )) or seq[ and ] as delimiters, as in:

Input:

1,2,3,4
or:

(1,2,3,4)
or:
seql1,2,3,4]

Output:

1,2,3,4

Note that the order of the elements of a sequence is significant. For example, if B:=(5,6,3,4) and
C:=(3,4,5,6), then B==C returns false.

(A value can be assigned to a variable with the := operator; see Section 4.4.1 p.79. Also, == is the test
for equality; see Section 5.1.2 p.91.)

Note also that the expressions seql[...] and seq(...) are not the same (see Section 5.39.2 p.394 for
information on seq(...)). For example, seq([0,2])=(0,0) and seq([0,1,1,5])=[0,0,0,0,0] but
seql0,2]1=(0,2) and seq[0,1,1,5]=(0,1,1,5)

See Section 5.39 p.393 for operations on sequences.

4.3.2 Sets: set[]

To define a set of elements, put the elements separated by commas, with delimiters %{ and %} or set[
and J.

Input:
set[1,2,3,4]
or:
%{1,2,3,4%%}
Output:
[1,2,3,4]

In the Xcas output, the set delimiters are displayed as [ and ] in order not to confuse sets with lists (see
Section 4.3.3 p.78). For example, [1,2,3 |is the set %{1,2,3%2}, unlike [1,2,3] (normal brackets) which is
the list [1,2,3].

Input:

A:=%{1,2,3,4%4}
or:

A:=set[1,2,3,4]
Output:

[1,2,3,4]

Input:
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B:=%{5,5,6,3,4%}

or:
B:=set[5,5,6,3,4]
Output:
[5,6,3,4]
Remark.

The order in a set is not significant and the elements in a set are all distinct. If you input B:=%{5,5,6,3,4%}
and C:=%{3,4,5,3,6%}, then B==C will return true.
See Section 5.41 p.426 for operations on sets.

4.3.3 Lists: [ ]

A list is delimited by [ and ], its elements must be separated by commas. For example, [1,2,5] is a
list of three integers. Lists are also called vectors in Xcas.

Lists can contain lists (for example, a matrix is a list of lists of the same size, see Section 5.44 p.438).
Lists may be used to represent vectors (lists of coordinates), matrices, or univariate polynomials (lists
of coefficients by decreasing order, see Section 5.27.1 p.301).

Lists are different from sequences, because sequences are flat: an element of a sequence cannot be a
sequence. Lists are different from sets, because for a list, the order is important and the same element
can be repeated in a list (unlike in a set where each element is unique). See Section 5.40 p.403 for
operations on lists.

In Xcas output:

e list delimiters are displayed as [,],
e matrix delimiters are displayed as [,
e polynomial delimiters are displayed as [, |

e set delimiters are displayed as [, |.

4.3.4 Accessing elements

The elements of sequences and lists are indexed starting from 0 in Xcas syntax mode and from 1 in all
other syntax modes (see Section 2.5.2 p.54). To access an element of a list or a sequence, follow the list
with the index between square brackets.

Examples.
o Input:
L:= [2,5,1,4]
Oulput:
[2,5,1,4]
o Input:
L[1]
Qutput:
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e To access the last element of a list or sequence, you can put -1 between square brackets.
Input:

L[-1]

Qutput:
4

If you want the indices to start from 1 in Xcas syntax mode, you can enter the index between double
brackets.

Example.
Input:
L{[1]1]
Output:
2

4.4 Variables

4.4.1 Variable names

A variable or function name is a sequence of letters, numbers and underscores that begins with a letter.
If you define your own variable or function, you can’t use the names of built-in variables or functions
or other keywords reserved by Xcas.

4.4.2 Assigning values: := => = assign sto Store

You can assign a value to a variable with the := operator. For example, to give the variable a the value
of 4, you can enter

a:= 4

Alternatively, you can use the => operator; when you use this operator, the value comes before the
variable;

4 => a

The function sto (or Store) can also be used; again, the value comes before the variable (the value is
stored into the variable);

sto(4,a)

After any one of these commands, whenever you use the variable a in an expression, it will be replaced
by 4.
You can use sequences or lists to make multiple assignments at the same time. For example,

(a,b,c):= (1,2,3)

will assign a the value 1, b the value 2 and c the value 3. Note that this can be used to switch the
values of two variables; with a and b as above, the command

(a,b):= (b,a)

will set a equal to b’s original value, namely 2, and will set b equal to a’s original value, namely 1.
Another way to assign values to variables, useful in Maple mode, is with the assign command. If
you enter
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assign(a,3)
or
assign(a = 3)
then a will have the value 3. You can assign multiple values at once; if you enter
assign(fa = 1, b = 2])

then a will have the value 1 and b will have the value 2. This command can be useful in Maple mode,
where solutions of equations are returned as equations. For example, if you enter (in Maple mode)

sol:= solve([x + y =1, y = 2], [x,y])

(see Section 5.55.6 p.544) you will get
[x=—-1,y =2]

If you then enter
assign(sol)

the variable x will have value -1 and y will have the value 2. This same effect can be achieved in
standard Xcas mode, where

sol:= solve([x +y =1, y = 2],[x,y])

will return
[[-1,2]
In this case, the command

[x,y]:= sol[0]

will assign x the value -1 and y the value 2.

4.4.3 Assignment by reference: =<

A list is simply a sequence of values separated by commas and delimited by [ and ] (see Section 5.39
p-393). Suppose you give the variable a the value [1,1,3,4,5],

a:= [1,1,3,4,5]
If you later assign to a the value [1,2,3,4,5], then a new list is created. It may be better to just change
the second value in the original list by reference. This can be done with the =< command. Recalling
that lists are indexed beginning at 0, the command

al1] =< 2

will simply change the value of the second element of the list instead of creating a new list, and is a
more efficient way to change the value of a to [1,2,3,4,5].
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4.4.4 Copying lists: copy

If you enter
listl:= [1,2,3]
and then
list2:= listl

then listl and 1list2 will be equal to the same list, not simply two lists with the same elements. In
particular, if you change (by reference) the value of an element of 1ist1, then the change will also be
reflected in 1ist2. For example, if you enter

list1[1] =< 5

then both 1listl and list2 will be equal to [1,5,3].
The copy command creates a copy of a list (or vector or matrix) which is equal to the original list,
but distinct from it. For example, if you enter

listl:= [1,2,3]
and then
list2:= copy(listl)
then list1l and 1ist2 will both be [1,2,3], but now if you enter
listi1[1] =< 5

then list1 will be equal to [1,5,3] but 1list2 will still be [1,2,3].

4.4.5 Incrementing variables: += -= *= /=

You can increase the value of a variable a by 4, for example, with
a:=a + 4

If beforehand a were equal to 4, it would now be equal to 8. A shorthand way of doing this is with the
+= operator;

a+=4

will also increase the value of a by 4.
Similar shorthands exist for subtraction, multiplication and division. If a is equal to 8 and you enter

then a will be equal to 6. If you follow this with
a *= 3

then a will be equal to 18, and finally

will end with a equal to 2.
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4.4.6 Storing and recalling variables and their values: archive unarchive

The archive command stores the values of variables for later use in a file of your choosing.
e archive takes two arguments:

— filename, a filename in which to store values.

— wars, a variable or list of variables.

e archive("filename" ,vars) saves the values of vars (or the values of the variables in the list) in
file filename.

For example, if the variable a has the value 2 and the variable bee has the value "letter" (a string),
then entering

archive("foo", [a,bee])
will create a file named “foo” which contains the values 2 and "letter'" in a format meant to be
efficiently read by Xcas.

The unarchive command will read the values from a file created with archive.

e unarchive takes one argument:
filename, the filename.

e unarchive ("filename") returns the value or list of values stored in filename.

Example.

With the file “foo” as above:
Input:

unarchive("foo")

Output:
[2, "letter"]

If you want to reassign these values to a and bee, you can enter

[a,bee] := unarchive("foo")

4.4.7 Copying variables: CopyVar

The CopyVar command copies the contents of one variable into another, without evaluating the contents.
e CopyVar takes two arguments:

— fromwar, the name of a variable to copy from.

— towar, the name of a variable to copy to.

e CopyVar (fromwvar,tovar) copies the unevaluated contents of fromwar into tovar.
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Example.
Input:
a:=c
c:=b
CopyVar(a,b)
Output:
c
then:
b
Output:
5
Changing the value if ¢ will also change the output of b, since b contains c.
Input:
c:=10:;
b
Output:
10

4.4.8 Assumptions on variables: about additionally assume purge supposons and or

If variable is a purely symbolic variable (i.e., it doesn’t have a value or any assumptions made about
it), then

abs(variable)

will return
|variable|

since Xcas doesn’t know what type of value the variable is supposed to represent.

The assume (or supposons) command lets you tell Xcas some properties of a variable without giving
the variable a specific value. The additionally command can be used to add assumptions to a variable.
The about command will display the current assumptions about a variable, and the purge command
will remove all values and assumptions about a variable.

assume (or supposons) takes one mandatory argument and one optional argument:

e assumptions, statements about a variable (such as equalities and inequalities, possibly combined
with and and or, and domains).

e Optionally, additionally, which indicates that the assumptions are to be added to previous
assumptions, as opposed to replace them.

assume (assumptions (,additionally)) places the assumptions on the variable. With no second argu-
ment, it will remove any previous assumptions.

e additionally takes one argument:
assumplions as above.

e additionally(assumplions) adds the assumptions to a variable without removing assumptions.
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e about takes one argument:
var, the name of a variable.

e about (var) returns the current assumptions on the variable.

e purge takes one argument:
var, a variable name or a sequence of variable names.

e purge(var) removes any assumptions you have made about the variable var (or about all the
variables in the sequence).

For example, if you enter
assume (variable > 0)
then Xcas will assume that variable is a positive real number, and so
abs(variable)

will be evaluated to
variable

You can put one or more conditions in the assume command by combining them with and and or.
For example, if you want the variable a to be in [2,4) U (6, 00), you can enter

assume((a >= 2 and a < 4) or a > 6)

If a variable has attached assumptions, then making another assumption with assume will remove
the original assumptions. To add extra assumptions, you can either use the additionally command or
give assume a second argument of additionally. If you assume that b > 0 with

assume(b > 0)
and you want to add the condition that b < 1, you can either enter
assume(b < 1, additionally)
or
additionally(b < 1)

As well as equalities and inequalities, you can make assumptions about the domain of a variable. If
you want n to represent an integer, for example, you can enter

assume(n, integer)
If you want n to be a positive integer, you can add the condition
additionally(n > 0)

You can also assume a variable is in one of the domains real, integer, complex or rational (see
Section 12.2.5 p.748).

You can check the assumptions on a variable with the about command. For the above positive
integer n,
Input:

about (n)
Output:

assume [integer, [1ine[0,+infinity]], [0]]
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The first element tells you that n is an integer, the second element tells you that n is between 0 and
+infinity, and the third element tells you that the value 0 is excluded.
If you assume that a variable is equal to a specific value, such as

assume(c = 2)

then by default the variable ¢ will remain unevaluated in later levels. If you want an expression involving
¢ to be evaluated, you would need to put the expression inside the evalf command (see Section 5.8.1
p.143). After the above assumption on ¢, if you enter

evalf(c™2 + 3)

then you will get
7.0

Right below the assume(c = 2) command line there will be a slider; namely arrows pointing left and
right with the value 2 between them. These can be used to change the values of c. If you click on the
right arrow, the assume (¢ = 2) command will transform to

assume(c=[2.2,-10.0,10.0,0.0])

and the value between the arrows will be 2.2. Also, any later levels where the variable c is evaluated
will be re-evaluated with the value of ¢ now 2.2. The output to evalf(c”2 + 3 will become

7.84

The -10.0 and 10.0 in the assume line represent the smallest and largest values that ¢ can become
using the sliders. You can set them yourself in the assume command, as well as the increment that the
value will change; if you want ¢ to start with the value 5 and vary between 2 and 8 in increments of
0.05, then you can enter

assume(c = [5,2,8,0.05])

Recall the purge command removes assumptions about a variable.
Input:

purge(a)

then a will no longer have any assumptions made about it.
Input:

purge(a,b)

then a and b will no longer have any assumptions made about them.

4.4.9 Unassigning variables: VARS purge DelVar del restart rm_a_z rm_all_vars

Xcas has commands that help you keep track of what variables you are using and resetting them if
desired. The VARS command will list all the variables that you are using, the purge, DelVar and del
commands will delete selected variables, and the rm_a_z and rm_all_vars commands will remove classes
of variables.

e VARS takes no arguments.

e VARS() returns a list of the variables that you have assigned values or made assumptions on.
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Example.
Input:
a:=1
anothervar:= 2
then:
VARS ()
Output:

[a, anothervar]

The purge command will clear the values and assumptions you make on variables (see Section 4.4.8
p.83). For TI compatibility there is also DelVar, and for Python compatibility there is del.

e The purge command takes one argument:
var, the name of a variable.

e purge (var) clears the variable var of all values and assumptions.

e The DelVar (and del) commands take one argument:
var, the name of a variable.

e Delvar var (or del war) removes the values attached to war. (Note that they do not take their
argument in parentheses.

Example.

To clear the variable a:

Input:

purge(a)
or (for TI compatibility):
Input:

DelVar a
or (for Python compatibility):
Input:

del a

The rm_all_vars and restart commands clear the values and assumptions you have made on all
variables you can use.

e rm_all_vars takes no arguments.

e rm_all_vars() removes all the values that you have attached to variables.

e restart takes no arguments.

e restart removes all the values that you have attached to variables. (Note that it does not use
parentheses.)

The rm_a_z command clears the values and assumptions on all variables with single lowercase letter
names.

e rm_a_z takes no arguments.

e rm_a_z() purges all variables whose names are one letter and lowercase.
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Example.

If you have variables names A,B,a,b,myvar, then after:
Input:

rm_a_z()

you will only have the variables named A,B,myvar.

4.4.10 The CST variable

The menu available with the cust button in the bandeau on the onscreen keyboard (see Section 2.2
p.44, item 2.2) is defined with the CST variable. It is a list where each list item determines a menu item;
a list item is either a builtin command name or a list itself consisting of a string to be displayed in the
menu and the input to be entered when the item is selected.

For example, to create a custom defined menu with the builtin function diff, a user defined function
foo, and a menu item to insert the number 22/7, you can:
Input:

CST:= [diff,["foo",fool,["My pi approx",22/71]

Note that if the input to be entered is a variable and the variable has a value when CST is defined,
then CST will contain the value of the variable. For example,
Input:

22/7
[diff, ["foo",fool,["My pi approx",appl]

app:
CST:

will be equivalent to the previous definition of CST. However, if the variable does not have a value when
CST is defined, for example:
Input:

CST:
app:

[diff, ["foo",fool,["My pi approx",appl]
22/7

then CST will behave as the previous values to begin with, but in this case if the variable app is changed,
the the result of pressing the My pi approx button will change also.

Since CST is a list, a function can be added to the cust menu with the concat command (see
Section 5.40.13 p.411);
Input:

CST:= concat (CST,evalc)

will add the evalc command to the cust menu.

4.5 Functions

4.5.1 Defining functions

Similar to how you can assign a value to a variable (see Section 4.4.2 p.79), you can use the := and =>
operators to define a function; both

f(x):= x"2
and

x"2 => f(x)
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give the name f to the function which takes a value and returns the square of the value. In either case,
if you then enter:

Input:
£(3)
you will get:
Output:
9

You can define an anonymous function, namely a function without a name, with the -> operator;
the squaring function can be written

X -> x72
You can use this form of the function to assign it a name; both
f:=x -> x72
and
x ->x"2 =1

are alternate ways to define £ as the squaring function.
You can similarly define functions of more than one variable. For example, to define a function
which takes the lengths of the two legs of a right triangle and returns the hypotenuse, you could enter

hypot(a,b):= sqrt(a”2 + b~2)
or

hypot:= (a,b) -> sqrt(a™2 + b"2)

4.6 Directories

4.6.1 Working directories: pwd cd

Xcas has a working directory where it stores files that it creates; typically this is the user’s home
directory. The pwd command will tell you what the current working directory is, and and the cd
command lets you change it.

e pud takes no arguments.

e pwd() returns the name of the current working directory.

Example.
Input:
pwd )
Output: might be something like:
/home/username

e The cd command takes one argument:
dirname, the name of a directory (a string).

e cd(dirname) changes the working directory to dirname.
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Example.

If you enter:
Input:

cd("foo")

or (on a Unix system):
Input:

cd (" /home/username/foo")

then the working directory will change to the directory foo, if it exists. Afterwards, any files that you
save from Xcas will be in that directory.

To load or read a file, it will need to be in the working directory. Note that if you have the same
file name in different directories, then loading the file name will load the file in the current directory.
4.6.2 Reading files: read load

Information for Xcas can be stored in a file; this information can be read with the read or load command,
depending on the type of information.

The read command reads a file containing Xcas information, such as a program that you saved (see
Section 2.6.3 p.62) or simply commands that you typed into a file with a text editor. The file should
have the suffix .cxx.

e read takes one argument:
filename, the name of a file (a string) containing a saved program (see Section 2.6.3 p.62) or other
commands.

e read(filename) reads the content of the file.

Example.

If you have a file named myfunction.cxx,
Input:

read ("myfunction.cxx")

will read in the file, as long as the directory is in the current working directory. If the file is in a different
directory, you can still read it by giving the path to the file,
Input:

read("/path/to/file/myfunction.cxx")

The load command reads in a saved session (see Section 2.6.1 p.62), which will end in .xws.

e load takes one argument:
filename, the name of a file (a string) containing a saved session.

e load(filename) loads the session stored in filename.

Example.

If you have a session saved in the file mysession.zxws,
Input:

load("mysession.xws")

loads mysession.xws.
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4.6.3 Internal directories: NewFold SetFold GetFold DelFold VARS

You can create a directory that isn’t actually on your hard drive but is treated like one by Xcas with
the command NewFold.

e NewFold takes one argument: MylntDir, a variable name (see Section 4.4.1 p.79).

e NewFold(MylntDir) creates a new internal directory named MylntDir. (Note that quotation
marks are not used.)

Internal directories will be listed with the VARS() command (see Section 4.4.9 p.85).
To actually use this directory, you’ll have to use the SetFold command.

e The SetFold command takes one argument:
MylIntDir, the variable name of an internal directory created with NewFold.

e SetFold(MylntDir) makes MylIntDir the working directory (see Section 4.6.1 p.88).
Finally, you can print out the internal directory that you are in with the GetFold command.
e GetFold takes no arguments.

e GetFold() returns the name of the current internal directory.

Example.
Input:

GetFold()

will display the current internal directory.

The DelFold command will delete an internal directory.

e DelFold takes one argument:
MuylIntDir, the variable name of an internal directory.

e DelFold (MylntDir) will delete the directory if it is empty.
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The CAS functions

5.1 Booleans

5.1.1 Boolean values: true false

The symbols true and false are booleans, and are meant to indicate a statement is true or false.
These constants have synonyms:

e true is the same as TRUE or 1.
e false is the same as FALSE or O.

A function which returns a boolean is called a test (or a condition or a boolean function).

5.1.2 Tests: == 1= > >= < =<

The usual comparison operators between numbers are examples of tests. In Xcas, they are the infixed
operators:

a==b tests the equality between a and b and returns 1 if a is equal to b and 0 otherwise.

Look out !

Note that a=b is not a boolean!!!! This form is used to state that the expression is an equality,
perhaps with the intent to solve it. To test for equality, you need to use a==b, which is a boolean.

a'=b returns 1 if ¢ and b are different and 0 otherwise.

>=
a>=b returns 1 if a is greater than or equal to b and 0 otherwise.
>
a>b returns 1 if a is strictly greater than b and 0 otherwise.
<=
a<=b returns 1 if a is less than or equal to b and 0 otherwise.
<

a<b returns 1 if a is strictly less than b and O otherwise.

5.1.3 Defining functions with boolean tests: ifte 7: when

You can use boolean tests to define functions not given by a single simple formula. Notably, you can
use the ifte command or ?: operator to define piecewise-defined functions.

91
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e ifte takes three arguments:

— condition, a boolean condition.
— true-result, the result to return if condition is true.

— false-result, the result to return if condition is false.

o ifte(condition, true-result, false-result) returns true-result if condition is true and returns false-
result if condition if false.

Example.

You can define your own absolute value function with:
Input:

myabs(x):= ifte(x >= 0, x, -1xx)

Afterwards, entering:

Input:

myabs (-4)
will return:

4

However, myabs will return an error if it can’t evaluate the condition.
Input:

myabs(x)
Output:

Ifte: Unable to check test Error: Bad Argument Value

The ?: construct behaves similarly to ifte, but is structured differently and doesn’t return an error
if the condition can’t be evaluated.

e The 7: construct takes three arguments:

— condition, a boolean condition.

true-result, the result to return if condition is true.

— false-result, the result to return if condition is false.

o condition?true-result : false-result returns true-result if condition is true and returns false-result if
condition if false.

Example.

You can define your absolute value function with
myabs(x):= (x >= 0)7 x: -1#%x
If you enter
myabs(-4)

you will again get
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but now if the conditional can’t be evaluated, you won’t get an error.
Input:

myabs (x)
Output:

((x>=0)7 x: -x)

The when and IFTE commands are prefixed synonyms for the ?: construct.
e when (and IFTE) take three arguments:

— condition, a boolean condition.
— true-result, the result to return if condition is true.

— false-result, the result to return if condition is false.

e when (condition, true-result, false-result) (and IFTE(condition, true-result, false-result)) return
true-result if condition is true and returns false-result if condition if false.

(condition)? true-result: false-result
when (condition, true-result, false-result)

and
IFTE(condition, true-result, false-result)

all represent the same expression.
If you want to define a function with several pieces, it may be simpler to use the piecewise function.

e piccewise takes an unspecified (odd) number of arguments:
— condy, returny, conds, returng, ..., cond,, return,, an arbitrary number of pairs of conditions
and corresponding return values.
— default, a result to return if none of the conditions are true.

e piecewise(condy, returni, ..., cond,, return,, default) returns returny if condy is the first true
condition, or default if none of the conditions are true.

Example.

To define
-2 ifx <=2
3r+4 if —2<zx<-1
1 if —1<z<0
z+1 x>0

you can enter:
Input:

f(x):= piecewise(x < -2, -2, x < -1, 3*x+4, x < 0, 1, x + 1)
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5.1.4 Boolean operators: or xor and not

Booleans can be combined to form new booleans. For example, with and: the statement “boolean I and
boolean 27 is true if both boolean 1 and boolean 2 are true, otherwise the statement is false.
Xcas has the standard boolean operators, as follows (a and b are two booleans):

or (or I1)
These are infixed operators. (a or b) (or (a || b)) returns 0 (or false) if a and b are both
equal to 0 (or false) and returns 1 (or true) otherwise.

Xor
This is an infixed operator. It is the “exclusive or” operator, meaning “one or the other but not
both”. (a xor b) returns 1 if a is equal to 1 and b is equal to 0 or if a is equal to 0 and b is equal
to 1, and returns 0 if a and b are both equal to 0 or if @ and b are both equal to 1.

and (or &&)

These are infixed operators. (a and b) (or (a && b)) returns 1 (or true) if a and b are both
equal to 1 (or true) and returns 0 (or false) otherwise.

not
This is a prefixed operator. not(a) returns 1 (or true) if a is equal to 0 (or false), and O (or
false) if a is equal to 1 (or true).

Examples.

o Input:
1>=0 or 1<0
Output:
1
o Input:
1>=0 xor 1>0
Qutput:
0
o Input:
1>=0 and 1>0
Qutput:
1
o Input:
not (0==0)
Qutput:
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5.1.5 Transforming a boolean expression to a list: exp2list

The exp2list command can transform certain booleans into a list.

e exp2list takes one argument: egseq, a sequence of equalities (or inequalities) connected with ors,
such as (x = a1) or ...or (x =ay,).

e exp2list(egseq) returns the list [aq,...,a,] of right-hand sides of the (in)equalities.

The exp2list command is useful in TI mode for easier processing of the answer to a solve command.

Examples.
o Input:
exp2list ((x=2) or (x=0))
Oulput:
[2,0]
o Input:
exp2list ((x>0) or (x<2))
Oulput:
[0,2]
e In TT mode
Input:
exp2list (solve((x-1)*(x-2)))
Qutput:

[1,2]

5.1.6 Transforming a list into a boolean expression: list2exp

The list2exp command is the inverse of exp2list; it takes lists and tranforms them into boolean
expressions. It can do this in two ways.
The first way:

e list2exp takes two arguments:

— L, a list of values of the form [ay,...,a,]

— x, a variable name.

e list2exp(L,x) returns the boolean expression ((z =a1) or ...(x =ay)).
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Examples.
o Input:
list2exp([0,1,2],a)
Qutput:
a=0Va=1Va=2
o Input:
list2exp(solve(x~2-1=0,x%) ,x)
Output:
r=—-1VvVz=1
Alternatively:

e list2exp takes two arguments:

— L, a list where each element of L it itself a list of n values of the form [a, ..., ay].

— wars, a list [x1,...,x,] of n variable names.
In this case:

e list2exp(L,vars) returns a boolean expression of the form ((z1 = a1) and ...and (z, = ay)
for each list of n values in the first argument, combined with ors.

Example.
Input:
list2exp([[3,9], [-1,111, [x, yI)
Output:
r=3Ny=9Ve=—-1Ay=1

5.1.7 Evaluating booleans: evalb

The Maple command evalb evaluates a boolean expression (see Section 5.1 p.91). Since Xcas evaluates
booleans automatically, it includes a evalb command only here for compatibility and is equivalent to
eval (see Section 5.12.1 p.171).

e evalb takes one argument:
bool, a boolean expression.

e evalb()bool) returns 1 if bool is true and returns 0 otherwise.

Examples.

o Input:
evalb(sqrt(2)>1.41)
or:

sqrt(2)>1.41
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Qutput:
1
o Input:
evalb(sqrt(2)>1.42)
or:
sqrt(2)>1.42
Output:

5.2 Bitwise operators

5.2.1 Basic operators: bitor bitxor bitand

Bitwise operators operate on the base 2 representations of integers, even if they are not presented in base
2. For example, the bitwise or (see Section 5.1.4 p.94) operator will take two integers and and return
an integer whose base 2 digits are the logical ors of the corresponding base two digits of the inputs (see
Section 5.1.4 p.94). Thus, to find the bitwise or of 6 and 4, look at their base 2 representations, which
are Ob110 (the Ob prefix indicates that it’s in base 2, see Section 4.1 p.75) and 0b100, respectively. The
logical or or their rightmost digits is 0 or 0=0. The logical or of their next digits is 1 or 0=1, and
the logical or of their remaining digits is 1 or 1=1. So the bitwise or of 6 and 4 is Ob110, which is 6.

To work with bitwise operators, it isn’t necessary but it may be useful to work with integers in a
base which is a power of 2. The integers can be entered in binary (base 2), octal (base 8) or hexadecimal
(base 16) (see Section 5.4.1 p.108). To write an integer in binary, prefix it with 0b; to write an integer in
octal, prefix it with 0 or Oo; and to write a integer in hexadecimal (base 16), prefix it with 0x. Integers
may also be output in octal or hexadecimal notation (see Section 2.5.7 p.56, item 14).

There are bitwise versions of the logical operators or, xor and and; they are all prefixed operators
which take two arguments, which are both integers.

e bitor is bitwise logical inclusive or.

Input:
bitor(0x12,0x38)
or:
bitor(18,56)
Qutput:
58
because:

18 is written 0x12 in base 16 or 0b010010 in base 2,
56 is written 0x38 in base 16 or 0b111000 in base 2,
hence bitor (18,56) is 0b111010 in base 2 and so is equal to 58.

e bitxor is bitwise logical exclusive or.
Input:

bitxor (0x12,0x38)
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or:
bitxor(18,56)
Qutput:
42
because:

18 is written 0x12 in base 16 and 0b010010 in base 2,
56 is written 0x38 in base 16 and 0b111000 in base 2,
bitxor(18,56) is written 0b101010 in base 2 and so, is equal to 42.

e bitand is bitwise logical and.

Input:
bitand(0x12,0x38)
or:
bitand(18,56)
Output:
16
because:

18 is written 0x12 in base 16 and 0b010010 in base 2,
56 is written 0x38 in base 16 and 0b111000 in base 2,
bitand(18,56) is written 0b010000 in base 2 and so is equal to 16.

5.2.2 Bitwise Hamming distance: hamdist

The Hamming distance between two integers is the number of differences between the bits of the two
integers. The hamdist operator finds the Hamming distance between two integers.

e hamdist takes two arguments:
m and n, both integers.

e hamdist(m,n) returns the Hamming distance between m and n.

Example.
Input:
hamdist (0x12,0x38)
or:
hamdist (18,56)
Output:
3
because:

18 is written 0x12 in base 16 and 0b010010 in base 2,
56 is written 0x38 in base 16 and 0b111000 in base 2,
hamdist (18,56) is equal to 1+0+1+0+1+0 and so is equal to 3.
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5.3 Strings

5.3.1 Characters and strings: "

Strings are delimited with quotation marks, ". A character is a string of length one.
Do not confuse " with * (or quote) which is used to prevent evaluation of an expression (see Section 5.12.4
p.173). For example, "a" returns a string with one character but ’a’ or quote(a) returns the variable
a unevaluated.

When a string is entered on a command line, it is evaluated to itself, hence the output is the same
string. You can use + to concatenate two strings or a string and another object (where the other object
will be converted to a string, see Section 5.3.12 p.105).

Examples.
e Input:
"Hello"
Qutput:
"Hello"
o Input:
"Hello"+", how are you?"
Output:
"Hello, how are you?"
e Input:
"Hello"+ 123
Qutput:
"Hello123"

You can refer to a particular character of a string using index notation, like for lists (see Section 5.40
p.403). Indices begin at 0 in Xcas mode, 1 in other modes.

Example.
Input:
"Hello"[1]
Output:
et

5.3.2 The newline character: \n

A newline can be inserted into a string with \n.



100 CHAPTER 5. THE CAS FUNCTIONS

Example.
Input:
Hello\nHow are you?
Output:
Hello
How are you?
5.3.3 The length of a string: size length

The size command can find the length of a string (as well as the length of lists in general, see Sec-
tion 5.39.3 p.397).
length is a synonym for size.

e size takes one argument:
str, a string.

e size(str) returns the length of the string.

Example.
Input:
size("hello")

Output:

5.3.4 The left and right parts of a string: left right

The left and right commands can find the left and right parts of a string. (See Section 5.15.3 p.200,
Section 5.37.1 p.385, Section 5.38.2 p.388, Section 5.40.6 p.406, Section 5.55.4 p.544 and Section 5.55.5
p.544 for other uses of left and right.)

e left takes two arguments:

— str, a string.

— n, a non-negative integer.

e left(str,n) returns the first n characters of the string str.

Example.
Input:

left("hello",3)
Output:

I|he1||

e right takes two arguments:

— str, a string.

— n, a non-negative integer.

e right(str,n) returns the last n characters of the string str.
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Example.
Input:

right ("hello",4)
Output:

llelloﬂ

5.3.5 First character, middle and end of a string: head mid tail
The head command finds the first character of a string.

e head takes one argument:
str, a string.

e head(str) returns the first character of the string str.

Example.
Input:
head("Hello")
Output:
ngn
The mid command finds a selected part from the middle of a string.
e mid takes three arguments:

— str, a string.
— p, an integer for the starting index of the result.

— g, an integer ¢ for the length of the string.
e mid(str,p,q) returns the part of the string str starting with the character at index p with length
g. (Remember that the first index is 0 in Xcas mode.)
Example.
Input:
mid("Hello",1,3)
Output:

I|ellll

The tail command removes the first character of a string.

e tail takes one argument:
str, a string.

e tail(str) returns the string str without its first character.
Input:
tail("Hello™)
Output:
"ello"
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5.3.6 Concatenation of a sequence of words: cumSum

The cumSum command works on strings like it does on expressions by doing partial concatenation (see
Section 5.40.27 p.419).

e cumSum takes one argument:
L, a list of strings.

e cumSum(L) returns a list of strings where the element of index k is the concatenation of the strings
in L with indices 0 to k.

Example.

Input:
cumSum("Hello, ","is ","that ","you?")
Output:

"Hello, ","Hello, is ","Hello, is that ","Hello, is that you?

5.3.7 ASCII code of a character: ord

The ord command finds the ASCII code of a character.

e ord takes one argument:
str, a string (or a list of strings). ord(str) returns the ASCII code of the first character of sir (or
the list of the ASCII codes of the first characters of the elements of the list str).

Example.
Input:
ord("a")

Output:

97
Input:

ord("abcd")

Output:

97
Input:

ord(["abcd","cde"])
Output:
[97,99]
Input:
ord(["a","b","c","d"])

Output:

97, 98,99, 100]
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5.3.8 ASCII code of a string: asc
The asc command finds the ASCII codes of all the characters in a string.

e asc takes one argument:
str, a string.

e asc(str) returns the list of the ASCII codes of the characters of s.

Examples.
e Input:
asc("abcd")
Output:
[97, 98,99, 100]
o Input:
asc("a")
Qutput:
[97]

5.3.9 String defined by the ASCII codes of its characters: char
The char command translates ASCII codes to strings.

e char takes one argument:
¢, an integer representing an ASCII code or a list of ASCII codes.

e char(c) returns the string whose character has ASCII code ¢ or whose characters have ASCII
codes the elements of the list c.

Example.
Input:
char([97,98,99,100])
Output:
"abed"
Input:
char (97)
Output:
o

Note that there are 256 ASCII codes, 0 through 255. If asc is given an integer ¢ not in that range,
it will use the integer in that range which equals ¢ modulo 256.
Input:

char(353)
Output:

”a”

because 353 — 256 = 97.
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5.3.10 Finding a character in a string: inString
The inString command tests to see if a string contains a character.

e inString takes two arguments:

— str, a string.
— ¢, a character.

e inString(sir,c) returns the index of its first occurrence of the character ¢ in the string str, or -1
if ¢ does not occur in str.

Examples.
o Input:
inString("abcded","d")
Output:
3
o Input:
inString("abcd","e")
Output:

—1

5.3.11 Concatenating objects into a string: cat
The cat command transforms a sequence of objects into a string.

e cat takes one argument:
seq, a sequence of objects.

e cat(seq) returns the concatenation of the string representations of these objects as a single string.

Examples.
o Input:
cat("abed",3,"d")
Qutput:
"abcd3d"
o Input:
c:=b
cat("abcd",c,"e")
Qutput:
"abcdbe"
o Input:
purge(c)
cat(15,¢,3)
Output:

"15¢3"
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5.3.12 Adding an object to a string: +

The ’+° command can be used like cat (see Section 5.3.11 p.104), and the + operator is the infixed
version. (See Section 5.16.1 p.202 for other uses of + and *+7.)

e ’+’ takes one argument:
seq, a sequence of objects, at least one of which is a string.

e ’+7(seq) returns the concatenation of the string representations of the objects in seq.

Warning.
+ is infixed and ’+’ is prefixed.

Examples.
o Input:
2+ ("abed",3,"d")
or:
"abcd"+3+"d"
Qutput:
"abced3d"
o Input:
c:=5
then:
"abcd"+c+"d"
or:
742 ("abed", c,"d")
Oulput:

"abcdbd"

5.3.13 Transforming a real number into a string: cat +

The cat command (see Section 5.3.11 p.104) can also be used to transform a real number into a string,
as can + (see Section 5.3.12 p.105).
If cat has a real number as an argument, the result will be a string.

Example.
Input:
cat(123)
Output:
123"

Similarly, if you add a real number to an empty string, the result will be a string.
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Example.
Input:
"n+123
Output:
123"

5.3.14 Transforming a string into a number: expr

The expr command transforms a string representing a valid Xcas statement into the actual statement.

e expr takes one argument:
str, a string corresponding to an Xcas statement.

e expr(str) evaluates the statement.

Examples.
o Input:
expr("a:=1")
Output:
1
Then:
Input:
a
Qutput:
1
In particular, expr can transform a string representing a number into the number (see Section 4.1
p.75).
o Input:
expr("123")
Oulput:
123
o Input:
expr ("0123")
Qutput:

83
since 0123 represents a base 8 integer (see Section 5.4.1 p.108) and 1-82 +2-8 +3 = 83.

o Input:

expr("0x12f")
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Qutput:
303

since 0x12f represents a base 16 number and 1 * 162 + 2 % 16 4 15 = 303.

e Input:
expr("123.4567")
Qutput:
123.4567
o Input:
expr("123e-5")
Qutput:

0.00123

5.3.15 Levensthein distance: levenshtein

The levenshtein command computes the Levenshtein distance between two words, which is the min-
imum number of single-character edits (insertions, deletions or substitutions) required to change one
word into the other.

levenshtein takes two arguments:

e 51, a vector or string.
® 3o, a vector or string.

levenshtein returns the minimum number n of edits required to transform sp into so.

Example.

o Input:
levenshtein("kitten","sitting")

o Qutput:

5.3.16 Hamming distance between sequences: hamdist

The hamdist command computes the Hamming distance between two sequences of equal lengths, which
is defined to be the number of elements at same positions which do not match.
hamdist takes two arguments:

e 51, a vector or string.
® 5o, a vector or string.

hamdist returns the number n of characters in s; that are different than the corresponding characters
n So.
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Example.

o Input:
hamdist ("cats","dogs")

o Quiput:

5.4 Writing an integer in a different base

5.4.1 Writing an integer in base 2, 8 or 16

Integers are typically entered and displayed in base 10. You can also enter an integer in base 2 (binary),
base 8 (octal) or base 16 (hexadecimal).

You can enter a number in base 2 by prefixing it with Ob; the remaining digits have to be 0 or 1
since it is binary.

Example.
Input:
Ob101
Output:
5

since 101 in binary is the same as 1-14+0-2+1-22 =5 in decimal.

You can enter a number in octal by prefixing it with 0 or Oo; the remaining digits have to be 0
through 7 since it is base 8.

Example.
Input:
0512
Output:
330

since 512 in base 8 is the same as 2-1+1-8 + 5 - 82 = 330 in decimal.

You can enter a number in hexademical by prefixing it with 0x; the remaining digits have to be 0

through 9 or a through f (where a is 10, bis 11, ..., f is 15).
Example.
Input:
0x2£3
Output:
755

since 2f3 in base 16 is the same as 3 -1+ 15-16 + 2 - 16%> = 755 in decimal.

You can have Xcas print integers in octal or hexadecimal, as well as the default decimal. To change
the base used for display, you can click on the red CAS status button and choose from the Integer
basis menu (see Section 2.5.7 p.56, item 14). If you have Xcas set to display in hexadecimal, you will
get the following:

Input:
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15
Output:
Oz F
Input:
0x15
Output:
0x15

5.4.2 Writing an integer in an arbitrary base b: convert

The convert command does various kinds of conversions depending on the option given as the second
argument (see Section 5.23.26 p.277). convertir is a synonym for convert.

One thing that convert can do is convert integers to arbitrary bases and back to the default base,
both with the option base.

To convert an integer into the list of its “digits” in base b:

e convert takes three arguments:
— n, an integer.
— base, the symbol verbatim.

— b, a positive integer, the value of the base.

e convert(n,base,b) returns the list of digits of the integer n when written in base b. The list of
digits will start with the 1s term, then the bs term, the b? term, etc.

Example.
Input:
convert(123,base,8)

Oultput:
3,7,1]

To check the answer, input 0173 (see Section 5.4.1 p.108) or horner(revlist([3,7,1]1),8) (see Sec-
tion 5.27.19 p.312 and Section 5.40.15 p.412) or convert([3,7,1],base,8). The result will be 123.

The base used for convert can be any integer greater than 1.

Example.
Input:
convert(142,base,12)

Output:
10, 11]

To convert the its “digits” in base b into a base 10 integer:
e convert takes three arguments:

— L, a list of integers representing the digits of the integer in base b, assumed to go in order of
increasing significance.

— base, the symbol verbatim.

— b, a positive integer, the value of the base.

e convert(L,base,b) returns the integer which, in base b, has the digits given in L.
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Examples.
o Input:
convert ([3,7,1] ,base,8)
Qutput:
123
o Input:
convert([10,11] ,base,12)
Oulput:

142

5.5 Integers (and Gaussian Integers)

Xcas can manage integers with unlimited precision, such as the following (see Section 5.6.1 p.132):
Input:

factorial(100)
Output:

9332621544394415268169923885626670049071596826438162
1468592963895217599993229915608941463976156518286253
697920827223758251185210916864000000000000000000000000

Gaussian integers are numbers of the form a + b, where a and b are in Z. For most functions in this
section, you can use Gaussian integers in place of integers.

5.5.1 GCD: gcd iged Ged

The ged command finds the greatest common divisor (GCD) of a set of integers or polynomials. (See
also Section 5.28.5 p.330 for polynomials.) It can be called with one or two arguments.
tgced is a synonym for ged.

With one argument;:

e gcd takes one argument:
seq, a sequence or list of integers or polynomials.

e gcd(seq) returns the GCD of the elements of seq.

Examples.
o Input:
gcd(18,15)
Qutput:
3
o Input:

gcd(18,15,21,36)
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Qutput:
3
o Input:
gcd([18,15,21,36]1)
Qutput:
3
e Input:
gcd(-5-12%i,11-10%i)
Qutput:

3+ 2i

With two arguments:

e gcd takes two arguments:

s and t, two lists of the same length containing integers or polynomials (alternatively, a matrix m
with two rows whose elements are integers or polynomials).

e gcd(s,t) (or gcd(m)) returns the list whose kth element is the GCD of the kth elements of s and
t (or the kth column of m).

Examples.
o Input:
gecd([6,10,12],[21,5,8])
or:
ged([[6,10,12],[21,5,8]])
Oulput:
[3,5,4]
e Find the greatest common divisor of 4n + 1 and 5n 4 3 when n € N.
Input:
f(n) :=gcd (4*n+1,5%n+3)
then input:

essai(n):={
local j,a,L;
L:=NULL;
for (j:=-n;j<n;j++) {
a:=f(j);
if (a'=1) {
L:=L, [j,al;
}
}
return L;

3
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then input:
essai(20)

Oulput:
[—16,7],]-9,7],[-2,7],[5,7],[12,7],[19, 7]

From this information, a reasonable conjecture would be that ged(4n+1,5n+3) =Tifn =Tk —2

for some k € Z and ged(4n + 1,5n + 3) = 1 otherwise.

Since ged(a, b) = ged(a, b—c-a) for integers a,b and c¢; we have ged(4n+1,5n+3) = ged(4n+1, 5n+
3—(4n+1)) =ged(dn+1,n+2) = ged(dn+1—-4(n+2),n+2) = ged(—7,n+2) = ged(7,n+2),
and so ged(4n + 1,5n + 3) = 7 if 7 divides n + 2, namely n + 2 = Tk or n = Tk — 2, and

ged(4n + 1,5n + 3) = 1 otherwise. This proves the conjecture.

The Ged command is the inert form of gcd; namely, it evaluates to ged, for later evaluation.

Examples.
o Input:
Ged(18,15)
Qutput:
ged (18,15)
o Input:
eval(Ged(18,15))
Qutput:
3

(See Section 5.12.1 p.171.)

5.5.2 GCD of a list of integers: 1gcd

The 1gcd command also finds the GCD of a list of integers or polynomials.

e lgcd takes one argument:
L, a list of integers (or polynomials).

e 1gcd(L) returns the GCD of all the integers (or polynomials) in the list L.

Example.
Input:
lged([18,15,21,36])
Output:
3
Remark.

1gcd does not accept two lists as arguments (even if they have the same size).
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5.5.3 The least common multiple: 1cm

The 1cm command finds the least common multiple (LCM) of a set of integers or polynomials. (See also
Section 5.28.8 p.333 for polynomials.)

With one argument:

e lcm takes one argument:
seq, a sequence or list of integers or polynomials.

e lcm(seq) returns the LCM of the elements of s.

Examples.
o Input:
lcm(18,15)
Output:
90
o Input:
lem(-5-12%i,11-10%1i)
Qutput:
—53 + 8i
o Input:
lcm(18,15,21,36)
Qutput:
1260
o Input:
lcm([18,15,21,36])
Output:

1260

With two arguments:

e lcm takes two arguments:
s and t, two lists of the same length containing integers or polynomials (alternatively, a matrix m
with two rows whose elements are integers or polynomials).

e lcm(s,t) (or lem(m)) returns the list whose kth element is the LCM of the kth elements of s and
t (or the kth column of m).

Example.
Input:
lem([6,10,12],[21,5,8])
or:
lem([[6,10,12],[21,5,8]])
Output:

[42, 10, 24]
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5.5.4 Decomposition into prime factors: ifactor

The ifactor command factors an integer into its prime factors. (Note that a prime factor of a Gaussian
integer is only determined up to a factor of £1 or =+i.)

e ifactor takes one argument:
n, an integer or a list of integers.

e ifactor(n) returns n in factored form (or a list of the integers in factored form).

Examples.
o Input:
ifactor(90)
Qutput:
5.2.3?
o Input:
ifactor(-90)
Qutput:
~5.2.3
o Input:
ifactor(14+23%i)
Qutput:
(2 -1)° (5420
o Input:
ifactor([36,52])
Qutput:

[2% 3,13 - 2%

5.5.5 List of prime factors: ifactors

The ifactors command decomposes an integer into prime factors.

e ifactors takes one argument:
n, an integer or a list of integers.

e ifactors(n) decomposes the integer n (or the integers of the list) into prime factors, given as a
list (or a list of lists) in which each prime factor is followed by its multiplicity.
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Examples.
o Input:
ifactors(90)
Qutput:
2,1,3,2,5,1]

since 90 = 213251,

o Input:
ifactors(-90)
Oulput:
[-1,1,2,1,3,2,5,1]
e Input:
ifactors(31+22*i)
Output:
i,1,2—1,1,4 —1,2]
e Input:
ifactors([36,52])
Qutput:

2 2 3 2
2 2 13 1
5.5.6 Matrix of factors: maple_ifactors

The maple_ifactors command decomposes an integer into prime factors, and returns the result in
Maple syntax.

e maple_ifactors takes one argument:
n, an integer or a list of integers.

e maple_ifactors(n) decomposes the integer n (or the integers of the list) into prime factors, given
as a list following the Maple syntax; namely, a list starting with +1 or -1 (for the sign), then a
matrix with 2 columns whose rows are the prime factors and their multiplicity (or a list of such
lists).

Examples.

o Input:
maple_ifactors(90)

Output:

—_
Tt W N
—_ N =
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o Input:
maple_ifactor([36,52])
Qutput:
St
]

5.5.7 The divisors of a number: idivis divisors

The idivis command finds the divisors of an (ordinary) integer.
divisors is a synonym for idivis.

e idivis takes one argument:
n, an integer or list of integers.

e idivis(n) returns the list of the divisors of the integer n (or of a list of such lists).

Examples.
o Input:
idivis(36)
Output:
[1,2,3,4,6,9,12,18, 36]
o Input:
idivis([36,22])
Output:

[[1,2,3,4,6,9,12,18,36], [1,2, 11, 22]]

5.5.8 The integer Euclidean quotient: iquo intDiv div

The quotient and remainder of ordinary integers a and b are respectively integers ¢ and 7, where
a=bxg+rand 0<r <hb.
The quotient and remainder of Gaussian integers a and b are respectively Gaussian integers g and r
where r = a — b * ¢ is as small as possible. It can be proven that r can be found so that |r|? < |b]?/2.
The iquo command finds the integer quotient of two integers.
intDiv is a synonym for iquo.

e iquo takes two arguments:
a and b, integers.

e iquo(a,b) returns the quotient ¢ of a and b.
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Examples.
o Input:
iquo(148,5)
Output:
29
o Input:
iquo(factorial(148),factorial(145)+2 )
Qutput:
3176375
o Input:
iquo(25+12#%i,5+7%1i)
Output:

3—2i
Herer =a—bxq=—4+iand | —4+i> =17 <[5+ T*i|?/2=74/2 =37

The div operator is the infixed version of iquo.

Example.
Input:
148 div b
Output:
29

5.5.9 The integer Euclidean remainder: irem remain smod mods mod %

The irem command finds the remainder of two integers (see Section 5.5.8 p.116).
remain is a synonym for irem.

e irem takes two arguments:
a and b, integers.

e irem(a,b) returns the remainder r of a divided by b.

Examples.
o Input:
irem(148,5)
Qutput:
3
o Input:

irem(factorial(148),factorial(45)+2 )
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ot 111615339728229933018338917803008301992120942047239639312
o Input:
irem(25+12*3i ,5+7*1i)
Qutput:

—4 41
Herer =a—bxq=—4+iand |—4+i>=17< |5+ 7*i|?/2="T74/2 =37
The smod command finds the symmetric remainder of two (ordinary) integers.
mods is a synonym for smod.

e smod takes two arguments:
a and b, integers.

e smod(a,b) returns the symmetric remainder s of the Euclidean division of a and b; namely, the
value s with a =b* ¢+ s and —b/2 < s <b/2.
Example.
Input:
smod (148,5)

Output:
-2

The mod operator is an infixed operator which takes an integer to a modular integer.
% is a synonym for mod.

e mod has two operands: a and b, ordinary integers.

e a mod breturns r%b in Z/bZ, where r is the remainder of the Euclidean division of the arguments

a and b.
Example.
Input:
148 mod b5
or:
148 % 5
Output:
(=2) %5

Note that the result -2 % 5 is not an integer (-2) but an element of Z/5Z (see Section 5.34 p.363 for
the possible operations in Z/57).

5.5.10 Euclidean quotient and Euclidean remainder of two integers: iquorem

The iquorem command finds both the quotient and remainder of two integers (see Section 5.5.8 p.116).

e iquorem takes two arguments:
a and b, integers.

e iquorem(a,b) returns the list [g, 7], where ¢ is the quotient and r the remainder of a divided by
b.
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Examples.
o Input:
iquorem(148,5)
Oulput:
29, 3]
o Input:
iquorem(25+12%1i,5+7%1)
Output:

[3—2i,—4+1i]

5.5.11 Test of evenness: even

The even command tests an integer to see if it is even. (A Gaussian integer a + ib is even exactly when
a and b are both even and odd otherwise.)

e even takes one argument:
n, an integer.

e even(n) returns 1 if n is even and returns 0 if n is odd.

Examples.
o Input:
even(148)
Output:
1
o Input:
even(149)
Qutput:
0
o Input:
even (2+4%1)
Qutput:
1

5.5.12 Test of oddness: odd

The odd command tests an integer to see if it is odd.

e odd takes one argument:
n, an integer.

e odd(n) returns 1 if n is odd and returns 0 if n is even.
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Examples.
o Input:
0dd(148)
Qutput:
0
o Input:
odd (149)
Oulput:
1

5.5.13 Test of pseudo-primality: is_pseudoprime

A pseudo-prime is a number with a large probability of being prime (cf. Rabin’s Algorithm and Miller-
Rabin’s Algorithm in the Algorithmic part (menu Help»Manuals»Programming)). For numbers less
than 10, pseudo-prime and prime are equivalent.

The is_pseudoprime command is a test for a pseudo-prime.

e is_pseudoprime takes one argument:
n, an integer.

e is_pseudoprime(n) returns 0, 1 or 2.

— If it returns 0, then n is not prime.
— If it returns 1, then n is a prime.

— If it returns 2, then n is pseudo-prime (most probably prime).

Examples.
o Input:
is_pseudoprime (100003)
Output:
1
o Input:
is_pseudoprime (9856989898997)
Qutput:
2
o Input:
is_pseudoprime(14)
Output:
0
o Input:
is_pseudoprime (9856989898997789789)
Output:
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5.5.14 Test of primality: is_prime isprime isPrime

The is_prime, isprime and isPrime commands are tests for primality.

e is_prime takes one argument:
n, an integer.

e is_prime(n) returns 1 if n is prime and 0 if n is not prime.

isprime and isPrime are the same as is_prime, except they return true or false.

Examples.
o Input:
is_prime(100003)
Qutput:
1
o Input:
isprime (100003)
Qutput:
true
o Input:
is_prime(98569898989987)
Output:
1
o Input:
is_prime(14)
Qutput:
0
o Input:
isprime(14)
Output:
false

You can use the command pari("isprime",n,1) (see Section 5.7.10 p.143) to get a primality certifi-
cate (see the documentation PARI/GP with the menu Help»-Manuals»PARI-GP) and pari("isprime",n,2)
to use the APRCL test.
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Examples.
o Input:
isprime (9856989898997789789)
Qutput:
true
o Input:
pari("isprime'",9856989898997789789,1)
Oulput:
2 21
19 2 1
941 2 1
1873 2 1

which are the coefficients giving the proof of primality by the p — 1 Selfridge-Pocklington-Lehmer
test.

5.5.15 The smallest pseudo-prime greater than n: nextprime

The nextprime command finds pseudo-primes larger than a given target.

e nextprime takes one argument:
n, an integer.

e nextprime(n) returns the smallest pseudo-prime (or prime) greater than n.

Example.
Input:
nextprime(75)
Output:
79

5.5.16 The greatest pseudo-prime less than n: prevprime

The prevprime command finds pseudo-primes less than a given target.

e prevprime takes one argument:
n, an integer greater than 2.

e prevprime(n) returns the largest pseudo-prime (or prime) less than n.

Example.
Input:
prevprime(75)

Output:
73
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5.5.17 The nth pseudo-prime number: ithprime
The ithprime command finds pseudo-primes.

e ithprime takes one argument:
n, a positive integer.

e ithprime(n) returns the nth pseudo-prime number.

Examples.
o Input:
ithprime(75)
Output:
379
o Input:
ithprime(k) $ (k=1..20)
Qutput:

2,3,5,7,11,13,17,19, 23,29, 31, 37, 41, 43, 47,53, 59, 61, 67, 71

5.5.18 The number of pseudo-primes less than or equal to n: nprimes
The nprimes command counts the number of pseudo-primes.

e nprimes takes one argument:
n, a non-negative integer.

e nprimes(n) returns the number of pseudo-primes (or primes) less than or equal to n.

Examples.
o Input:
nprimes (5)
Qutput:
3
o Input:
nprimes(10)
Output:
4

5.5.19 Bézout’s Identity: iegcd igcdex

Bézout’s Identity states that for any integers a and b, there exist integers v and v such that ged(a,b) =
au + bv. The ieged command computes the coefficients v and v.
igcdex is a synonym for iegcd.

e iegcd takes two arguments:
a and b, integers.

e iegcd(a,b) returns the list [u,v,d], where au 4+ bv = d and d = ged(a, b).
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Example.
Input:
iegcd(48,30)
Output:
[2, -3, 6]

In other words:
248 + (—3)-30 =6
5.5.20 Solving au + bv = c in Z: iabcuv

The iabcuv solves a linear Diophantine equation in two variables.

e The iabcuv command takes three arguments:
a, b and c, integers.

e iabcuv(a,b,c) returns the list [u,v] where au + bv = c.

Note that ¢ must be a multiple of ged(a,b) for the existence of a solution.

Example.
Input:
iabcuv(48,30,18)

Output:
[67 _9]

5.5.21 Chinese remainders: ichinrem ichrem chrem

The Chinese Remainder Theorem states that if py, pa, ..., pn are relatively prime, then for any integers
ai, ag, ...ay there is a number ¢ such that ¢ = a1 (mod p1), ¢ = ag (mod p2),...,c = a, (mod p,).
The ichinrem command will find this value of c.

ichrem is a synonym for ichinrem.

e ichinrem takes one or more arguments:
Each argument is a pair of integers ay, and py, either as a list [ag, px] or as a modular integer ay%py.

e ichinrem([ai,pi],[a2,p2], . .. ,[an, pn]) if possible returns a list [c, L], where L = lem(p1, p2, - .., pn)
and c satisfies ¢ = a; (mod pg) for k=1,...,n.

Note that any multiple of L = lem(p1, p2, ..., pn) can be added to ¢ and the equalities will still be true.
If the pg are relatively prime, then by the Chinese remainder theorem a solution ¢ will exist; what’s
more, any two solutions will be congruent modulo the product of the pgs.
If all of the arguments are given as modular integers, then the result will also be given as a modular
integer c%l.

The chrem command does the same thing as ichinrem, but the input is given in a different form.

e chrem takes two arguments:
[a1,...,a,] and [p1,...,pnl, lists of integers of the same size.

e chrem([ay,...,ay],[p1,...,pn]) returns [c, L], as for ichinrem.

BE CAREFUL with the order of the parameters, indeed:
chrem([a,b], [p,ql)=ichrem([a,p], [b,q]l)=ichinrem([a,p], [b,ql)
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Examples.
e Solve:
=3 (mod5)
x=9 (mod 13)
Input:
ichinrem([3,5],[9,13])
or:
ichrem([3,5],[9,13])
Qutput:

[48, 65]
S0 x=48 (mod 65)
You can also input:
ichrem(3%5,9%13)
Oulput:
(—17) % 65

(note that 48 = —17 (mod 65)).
Recalling that chrem takes its arguments in a different form, you can also enter:

Input:
chrem([3,9],[5,13])
Output:
[48, 65]
e Solve:
r=3 (mod5)
r=4 (mod7)
z=1 (mod9)
Input:
ichinrem([3,5],[4,7],[1,9])
Output:

[298, 315]
hence x=298 (mod 315)
Alternative input:
ichinrem([3%5,4%7,1%9])
Qutput:
(—=17) % 315

(note that 298 = —17 (mod 315)).
Again, with the arguments in a different form, you can also enter:
Input:
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chrem([3,4,1],[5,7,9])

Output:
[298, 315]

Remark.

These three commands, ichinrem, ichrem and chrem, may also be used to find the coefficients of a
polynomial whose equivalence classes are known modulo several integers by using polynomials with
integer coefficients instead of integers for the ay.

For example, to find ax + b modulo 315 =5 x 7 x 9 under the assumptions

a=3 (mod5)
a=4 (mod7)
a=1 (mod?9)
and
b=1 (mod5)
b=2 (mod?7)
b=3 (mod?9)
Example.
Input:
ichinrem((3x+1)%5, (4x+2) %7, (x+3)%9)
Output:

((=17) % 315) = + 156 % 315

hence a=-17 (mod 315) and b=156 (mod 315).
As before, chrem takes the same input in a different format.
Input:

chrem([3x+1,4x+2,x+3],[5,7,9])

Output:
[298x + 156, 315]

(note that 298 = —17 (mod 3)15).

5.5.22 Solving a® + b*> = p in Z: pa2b2

Any prime number congruent to 1 modulo 4 can be written as a sum of two squares. The pa2b2
command finds such a decomposition.

e pa2b2 takes one argument:
p, a prime number which is congruent to 1 modulo 4.

e pa2b2(p) returns a list of integers [a,b], where p = a? + b?.

Example.
Input:
pa2b2(17)
Output:
[4,1]

indeed, 17 = 42 + 12.
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5.5.23 Solving Diophantine equations: isolve

The isolve command attempts to solve the given equations over the integers. Note that it automatically
solves for all of the indeterminates present in the equations.

e isolve takes one mandatory argument: an equation or list of equations.
e isolve also takes the following optional arguments:

— a (sequence or list of) symbol(s), which are used as the names for global variables present in
the solution, can be passed as the second argument. These names default to 70, Z1,...
for general integers and to _NO, N1,... for positive integers.

— seqg=false, which makes isolve return only particular/fundamental solution(s) found by
the solver. By default, seq=true, which makes isolve return sequences (classes) of solutions
whenever possible.

e isolve can solve the following types of equations:

— (systems of) linear equation(s)
— general quadratic equations with two indeterminates
— equations of the type Q(z,y, z) = 0, where @ is a ternary quadratic form

— equations of the type f(x) = g(y), where f, g € Z[X] are monic polynomials with degrees m
and n such that ged(m,n) > 1 and f(z) — g(y) is irreducible in Q[X, Y]

Examples.

e Linear equations and systems can be solved.

Input:
isolve (5x+42y+8=0)
Qutput:
[t=—-104+42 70,y =1—-5_Z0]
Input:
isolve ([x+y-z=4,x-2y+3z=3] ,m)
Qutput:

[t =m,y =—4m+ 15,z = —3m + 11]

e Here we find the general solution to Pell-type equation z? — 23y = 1.
Input:

sol:=isolve(x"2-23y~2=1,n)
Qutput:

(24+5v23)" + (24— 5v23)"  (24+5v23)" — (24 - 5v/23)"
2 = 223

To check that it is indeed the solution, enter:

€Tr =

gsimplify(subs(x”"2-23y°2-1,s801))
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Qutput:
0

Now to obtain e.g. the first four solutions, enter:
simplify (apply (unapply (apply(rhs,sol),n),[1,2,3,4]1))

Qutput:
(24, 5], [1151, 240], [55224, 11515], [2649601, 552480]]

To obtain only the fundamental solution, enter:

isolve(x"2-23y"2=1,seq=false)

Output:
[z =24,y =5
e The following two examples demonstrate solving quadratic equations with two indeterminates.
Input:
isolve(x"2-bx*y+4y~2=16)
Oulput:
[ x=—-4, y=-51
x =0, y=—2
T =4, y=20
z =10, Yy =
=21, Y=
T =4, y=>5
=0, Y=
xr=-4, y=0
r=-10, y=-2
[ z=-21, y=-5 ]
Input:
isolve(x"2-3x*y+y~2-x=2,n)
Oulput:
n n
(¥52) (-15v5-33)  (=2=2)" (15v5-33)
= = 10 * 10 T 5
V5-3\" —v5-3\"
(452) (-3v5-0) . (542)" (3v5-6) 3y
V= 5 5 5
Input:
isolve (8x"2-24x*y+18y " 2+5x+7y+16=0)
Qutput:

x=—174 712 4+17 71 -2, y=—116_Z1>+21_71 -2
x=—174 712 4+41 71 -4, y=—116_Z1>+37_ 71 —4

e Integral zeros of ternary quadratic forms can be found.
Input:
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isolve(x"2+11y~2+6x*y-32"2=0,a,b,c)

Qutput:
[w =c (—44a2 + 1262) Yy =2¢ (13a2 —3b* — 6ab) ,Z2=2¢C (—lla2 —3v% + 2ab)]

The components of the above solution can be divided by the GCD of —44a?+12b%, 13a® —3b*> —6ab,
and —11a® — 3b? + 2ab, thus producing a parametrization for the pairwise-coprime solutions given
c=1.

e Certain polynomial equations of the type f(z) = g(y) can be fully solved, as in the following

example.
Input:
isolve(x"2-3x+5=y"8-y 7+9y " 6-7y " b+dy~4-y~3)
Qutput:
[ x= -3, y=-—117

z =06, y=-—1

xz =0, y=1

T =3, y=1

xr =660, y=2>5
| ©=—657, y=>5

The above list contains all integer solutions to the given equation.

5.5.24 The Euler indicatrix: euler phi

The Euler phi function (also called the Euler totient function) finds the number of positive integers less
than a given integer and relatively prime. The euler command computes the Euler phi function.

e culer takes one argument:
n, a non-negative integer.

e culer(n) returns the number of integers larger than 1, less than n and relatively prime to n.

Example.
Input:
euler(21)
Output:
12

In other words the set of integers less than 21 and coprime with 21, {1,2,4,5,8,10,11, 13,16, 17,19, 20},
has 12 elements.
The little Fermat theorem states:

If p is a prime number, then for any integer a, a?~! = 1 mod p.
Euler introduced his phi function to generalize the little Fermat theorem:

euler(n)

If @ and n are relatively prime, then a =1 mod n.
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Example.
Input:
powmod(5,12,21)

(see section Section 5.34.10 p.367)
Output:

5.5.25 Legendre symbol: legendre_symbol
If n is prime, the Legendre symbol of a is written (%) and defined by:

a 0 ifa=0 modn
(—)z 1 if a # 0 mod n and if a = b mod n
K —1 if a # 0 mod n and if a # b*> mod n

The Legendre symbol satisfies the following properties.

o If n is prime:

1 q—1

<p> . (q) = (=1)"7 .(=1)"z if p and ¢ are odd and positive
q p

Q) - o
) - o

The legendre_symbol command computes the Legendre symbol.

e legendre_symbol takes two arguments:
a and n, integers.

e legendre_symbol(a,n) returns the Legendre symbol ( )

a
n

Examples.
o Input:
legendre_symbol(26,17)
Qutput:
1
o Input:
legendre_symbol(27,17)
Qutput:
-1
o Input:
legendre_symbol(34,17)
Output:
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5.5.26 Jacobi symbol: jacobi_symbol

The Jacobi symbol is a generalization of the Legendre symbol (%) for when n isn’t prime. Let
n=pl"...pp*

be the prime factorization of n. The Jacobi symbol of a is defined by:

G -GG

Where the left hand side is the Jacobi symbol and the right hand side contains Legendre symbols. The
jacobi_symbol command computes the Jacobi symbol.

e jacobi_symbol takes two arguments:
a and n, integers.

e jacobi_symbol(a,n) returns the Jacobi symbol (%)

Examples.
o Input:
jacobi_symbol(25,12)
Output:
1
o Input:
jacobi_symbol(35,12)
Qutput:
-1
o Input:
jacobi_symbol(33,12)
Qutput:

5.5.27 Listing all compositions of an integer into %k parts: icomp

A composition of a positive integer n is an ordered set of non-negative integers which sum to n. For
example, three compositions of 4 are

4=1+3
4=3+1
4=1+1+2

These compositions have two, two and three elements, respectively. The icomp command finds all
compositions of an integer with a given number of elements.

e icomp accepts two mandatory arguments and one optional argument:

— n, a positive integer.
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— k, a positive integer not larger than n.

— Optionally, either zeros=true or zeros=false.

e icomp(n,k (,zeros=bool)) returns the list of all compositions of n into k parts, where a part can
be 0. This is equivalent to the optional argument with bool equal to true. With bool equal to
false, icomp(n,k,zeros=false) returns the list of all compositions of n into k parts, where each
part is nonzero (positive).

Examples.
o Input:
icomp(4,2)
Qutput:
4 0
3 1
2 2
1 3
0 4
o Input:
icomp(6,3,zeros=false)
Qutput:
4 1 17
3 21
2 31
1 4 1
3 1 2
2 2 2
1 3 2
2 1 3
1 2 3
L1 1 4 ]

5.6 Combinatorial analysis

5.6.1 Factorial: factorial !

The factorial command computes the factorial of a number.
The postfix operator ! is equivalent.

e factorial takes one argument:
n, an integer.

e factorial(n) returns n!.

Example.
Input:
factorial(10)

or:
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10!

Output:
3628800

The I' function (see Section 5.8.13 p.153) can be used to extend the factorial function to complex
numbers. The I' function is defined for all complex numbers except for zero and the negative integers,
and it satisfies I'(n 4+ 1) = n! for all non-negative integers n. So the factorial can be extended to all
complex numbers except the negative integers by n! =I'(n + 1).

Examples.
o Input:
factorial(1/2)
Output:
T
2
o Input:
factorial(i)
Output:

0.5—-0.2i

5.6.2 Binomial coefficients: binomial comb nCr

The comb command computes the binomial coefficients.
nCr is a synonyms for comb.

e comb takes two arguments:
n and p, integers.

e comb(n,p) returns (2) = CP.

Example.
Input:
comb(5,2)
Output:
10
Remark.

The binomial command (see Section 8.4.3 p.677) can also compute the binomial coefficients, but unlike
comb and nCr it can take an optional third argument, a real number a, to compute the binomial
distribution. In this case binomial(n,p,a) returns (Z) aP(1 — a)" P, the probability of p successes in
n independent Bernoulli trials, where each trial has a probability a of success.

Example.
Input:

binomial(5,2,0.5)

Output:
0.3125
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5.6.3 Permutations: perm nPr

The perm command computes numbers of permutations.
nPr is a synonym for perm.

e perm takes two arguments:
n and p, integers.

e perm(n,p) returns P}, the number of permutations of n objects taken p at a time.

Example.
Input:
perm(5,2)
Output:
20

5.6.4 Wilf-Zeilberger pairs: wz_certificate
The Wilf-Zeilberger certificate R(n, k) is used to prove the identity

Z U(n, k) = Cres(n)
k

for some constant C (typically 1) whose value can be determined by evaluating both sides for some
value of k. To see how that works, note that the above identity is equivalent to

> F(n,k)
k

being constant, where F(n, k) = U(n, k)/res(n). The Wilf-Zeilberger certificate is a rational function
R(n, k) that make F(n, k) and G(n, k) = R(n, k)F(n,k) a Wilf-Zeilberger pair, meaning

o F(n+1,k)— F(n,k) = G(n,k+1) — G(n, k) for integers n > 0, k.
e limy , 1. G(n,k) =0 for each n > 0.

To see how this helps, adding the first equation from k& = —M to k = N gives you chv:_M(F(n +
1,k)—F(n,k)) = __ N(G(n,k+1) — G(n,k)). The right-hand side is a telescoping series, and so
the equality can be written

N N
Y Fn+1,k)— > F(nk)=G(n,N+1) - G(n,—M).
k=—M k=—M

Taking the limit as NV, M — oo and using the second condition of Wilf-Zeilberger pairs, you get
Y Fn+1,k)=> F(n,k)
k k

and so ) ;. F(n,k) does not depend on n, and so is a constant.
The wz_certificate command computes Wilf-Zeilberger pairs.

e wz_certificate takes four arguments:
— U(n, k), an expression in two variables.

— res(k), an expression in one of the variables.

— n and k, the variables.

o wz_certificate(U(n,k),res(k),n,k) returns the Wilf-Zeilberger certificate R(n, k) for the iden-
tity ZZL:JCE%O U(n, k) = res(n).
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Example.
To show k
n\ (2 2n
e () (5)e= ()
k
Input:
wz_certificate((-1) "k*comb(n,k)*comb(2k,k)*4" (n-k),comb(2n,n),n,k)

Output:

2k —1

2n+1

This means that R(n,k) = (2k —1)/(2n + 1) is a Wilf-Zeilberger certificate; in other words F(n, k) =
(—=D*(}) (Qkk)éln k/(%?) and G(n,k) = R(n,k)F(n,k) are a Wilf-Zeilberger pair. So ), F(n,k) is a
constant. Since F'(0,0) =1 and F(0,k) =0 for k>0, >, F(0,k) =1 and so ), F(n, k) =1 for all n,

showing
St () ()=

5.7 Rational numbers

5.7.1 Transform a floating point number into a rational: exact float2rational

Rational numbers can be approximated by floating point numbers, but since floating point numbers
are not exact, they can’t typically be converted back to the original rational number. However, the
float2rational command will try convert a floating point to a nearby rational number.

exact is a synonym for float2rational.

e float2rational takes one argument:
d, a floating point number.

e float2rational(d) returns a rational number ¢ close to d; namely such that |d — ¢| <epsilon,
where epsilon is defined in the cas configuration (Cfg menu, see Section 2.5.7 p.56, item 9) or
with the cas_setup command (see Section 2.5.10 p.60).

Examples.

o Input:
float2rational (0.3670520231)

Output (when epsilon=1e-10):

127
346
o Input:
evalf (363/28)
Qutput:
12.9642857143
o Input:

float2rational(12.9642857143)
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Qutput:
363
28
e If two representations are mixed, for example:
Input:
1/2+0.7
the rational is converted to a float.
Qutput:
1.2
o Input:
1/2+float2rational(0.7)
Output:

6
5

5.7.2 Integer and fractional part: propfrac propFrac

Rational numbers are often broken up into integer and fractional parts, where the fractional part has
absolute value less than 1; i.e., the absolute value of the top integer is smaller than that of the bottom
integer. Such a fraction is called a proper fraction. The propfrac command writes a fraction as an
integer plus a proper fraction.

propFrac is a synonym for propfrac.

e propfrac takes one argument:
r, a rational number.

e propfrac(r) returns
q—f—% with 0<r<b

a
where r = — is in lowest terms and and a = bg + 7.

(For rational expressions, see Section 5.32.8 p.360.)

Examples.
o Input:
propfrac(42/15)
Output:
4
94 =
+ 5
o Input:
propfrac(43/12)
Qutput:
7
3+ —

12
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5.7.3 Numerator of a fraction after simplification: numer getNum

The numer command finds the numerator of a fraction.
getNum is a synonym for numer.

e numer takes one argument:
r, a fraction.

e numer (r) returns the numerator of r after it has been reduced to lowest terms. (For rational
expressions, see Section 5.32.2 p.358 and Section 5.32.1 p.357.)

Examples.
o Input:
numer (42/12)
or:
getNum(42/12)
Output:
7

e To avoid simplification, the argument must be quoted (see Section 5.12.4 p.173).
(For rational fractions see 5.32.1).

Input:
numer (’42/127)
or:
getNum(’42/12”)
Oulput:
42

5.7.4 Denominator of a fraction after simplification: denom getDenom

The denom command finds the denominator of a fraction.
getDenom is a synonym for denom.

e denom takes one argument:
r a fraction.

e denom(r) returns the denominator of r after it has been reduced to lowest terms. (For rational
expressions see Section 5.32.4 p.359).
Example.
Input:
denom(42/12)
or:

getDenom(42/12)
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Output:
2

To avoid simplification, the argument must be quoted (see Section 5.12.4 p.173).
(For rational expressions see Section 5.32.3 p.358).

Input:
denom(’42/127)
or:
getDenom(’42/127)
Output:
12

5.7.5 Numerator and denominator of a fraction: f2nd fxnd

The £2nd command finds the numerator and denominator of a fraction.
fxnd is a synonym for £2nd.

e f2nd takes one argument:
r, a fraction.

e f2nd(r) returns the list of the numerator and denominator of r after it has been reduced to lowest
terms. (For rational expressions see Section 5.32.5 p.359).

Example.
Input:
£2nd (42/12)
Output:
[7,2]

5.7.6 Simplifying a pair of integers: simp2

The simp2 command reduces a fraction to lowest terms, where the fraction is given as a separate
numerator and denominator. (See also Section 5.32.6 p.360.)

e simp2 takes one or two arguments:
[a,b], a list of two integers or simply the two integers a,b.

e simp2([a,b]) or simp2(a,b) returns the integers after they have been divided by their greatest
common divisor; i.e., the corresponding fraction will be in lowest terms.

Examples.
o Input:
simp2(18,15)
Qutput:
[6, 5]
o Input:
simp2([42,12])
Output:

[7,2]
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5.7.7 Continued fraction representation of a real: dfc

Any real number a can be written as a continued fraction:

N 1
a=a
0 . 1
a
! 1
ag + ——
, which is often abbreviated [ag; a1, a2, as,...]. The dfc command writes a real number as a continued

fraction.
e dfc takes one mandatory argument and one optional argument:

— a, a real number.

— Optionally, n an integer or epsilon, a positive real number.

e dfc(a) returns the list of the continued fraction representation of a with precision epsilon, which
is given by Section 2.5.7 p.56, item 9.

e dfc(a,epsilon) returns the list of the continued fraction representation which approximates a or
evalf (a) with the specified precision epsilon.

e dfc(a,n) returns the list of the continued fraction representation of a of order n.

Remarks.

e The convert command with the option confrac (see Section 5.23.26 p.277) has a similar func-
tionality: in that case the value of epsilon is the value defined in the cas configuration and the
answer may be stored in an optional third argument.

o If the last element of the result is a list, the representation is ultimately periodic, and the last
element is the period. It means that the real is a root of an equation of order 2 with integer
coefficients. So If dfc(a)=[a0,al,a2, [b0,b1]] then:

a=al+

bt o

o if the last element of the result is not an integer, it represents a remainder 7 (a = a0+ 1/... +
1/an+1/r). So if dfc(a)=[a0,al,a2,r] then:

a=al0+

1
al+ a2+

T

Be aware that this remainder has lost most of its accuracy.

Examples.

o Input:
dfc(sqrt(2),5)

Oulput:
[1,2,[2]

o Input:
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dfc(evalf(sqrt(2)),1e-9)

or:
dfc(sqrt(2),1e-9)
Output:
1,2,2,2,2,2,2,2,2,2,2 2 2]
o Input:

convert (sqrt(2),confrac, ’dev?’)
Output (if in the cas configuration epsilon=1e-9):
1,2,2,2,2,2,2,2,2,2,2, 2 2]
and [1,2,2,2,2,2,2,2,2,2,2,2,2] is stored in dev.
e Input:

dfc(9976/6961,5)

Qutput:
43
1,2,3,4,5, —
[ ) ) 7 b b 7 ]

Input (to verify):
1+1/(2+1/(3+1/(4+1/(5+7/43))))

Oulput:
9976

6961

o Input:
convert (9976/6961,confrac,’1?)

Output (if in the cas configuration epsilon=1e-9):

[1,2,3,4,5,6,7]

and [1,2,3,4,5,6,7] is stored in 1.

o Input:
dfc(pi,5)
output 1137 + 355
—113m +
31,15,1,292, 331027 — 103993

o Input:

dfc(evalf (pi),5)
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Output (if floats are hardware floats, e.g. for Digits=12):

[3,7,15,1,292,1.57581843574]

o Input:
dfc(evalf (pi),le-9)
or:
dfc(pi,le-9)
or (if in the cas configuration epsilon=1e-9):
convert(pi,confrac,’11’)

Qutput:
[3,7,15,1,292]

and [3,7,15,1,292] is stored in 11.

5.7.8 Transforming a continued fraction representation into a real: dfc2f

The dfc2f command transforms a continued fraction into a real number.

e dfc2f takes one argument:
L, a list representing a continued fraction, which can be:
— a list of integers for a rational number.

— a list whose last element is a list for an ultimately periodic representation, i.e. a quadratic
number, that is a root of a second order equation with integer coefficients.

— a list with a remainder r as last element (a =a0+1/...+ 1/an+ 1/r).

e dfc2f (L) returns the rational number or the quadratic number whose continued fraction repre-
sentation is L.

Examples.
o Input:
dfc2f([1,2,[2]1])
Output: 1

After simplification with normal:

o Input:
dfc2f([1,2,3])

Qutput:
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o Input:
normal (dfc2f ([3,3,6,[3,611))
Qutput:
V11
o Input:
dfc2f([1,2,3,4,5,6,7])
Qutput:
9976
6961

Input (to verify):

1+1/(2+1/(3+1/(4+1/(5+1/(6+1/7)))))

Output:
9976
6961
o Input:
dfc2f([1,2,3,4,5,43/7])
Output:
9976
6961

Input (to verify):
1+1/(2+1/(3+1/(4+1/(5+7/43))))

Qutput:
9976

6961

5.7.9 The n-th Bernoulli number: bernoulli

The Bernoulli polynomial B, is defined by:
1
By =1, B, (z)=nB,_1(), / By (z)dz =0
0
The nth Bernoulli number is B,, = B,(0), and is also given by the formula:
+
T B,
et —1 n!
n=0

The bernoulli command computes the Bernoulli numbers.

e bernoulli takes one argument:
n, an integer.

e bernoulli(n) returns the n-th Bernoulli number, B,,.
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Example.
Input:
bernoulli(6)
Output:
1
42

5.7.10 Accessing to PARI/GP commands: pari

PARI/GP (https://pari.math.u-bordeaux.fr/) is a computer algebra system which focuses on num-
ber theory. Xcas can use the PARI/GP functions with the pari command.
The arguments of pari depends on the PARI/GP function it is using.

e pari with a string as first argument (the PARI command name) executes the corresponding PARI
command with the remaining arguments. For example pari("weber",1+i) executes the PARI
command weber (1+1i).

e pari without any argument exports all PARI/GP functions to Xcas with the prefix pari_. If the
name of a PARI function is not also the name of an Xcas command, that function will also be
exported without the prefix.

For example, after calling pari(), the commands pari_weber(1+i) and weber (1+i) will execute the
PARI command weber (1+1).
The documentation of PARI/GP is available with the menu Helpw»Manuals.

5.8 Real numbers

5.8.1 Evaluating a real at a given precision: evalf Digits DIGITS

A real number is an exact number and its numeric evaluation at a given precision is a floating number
represented in base 2. The precision of a floating number is the number of bits of its mantissa, which is
at least 53 (hardware float numbers, also known as double).

Floating numbers are displayed in base 10 with a number of digits controlled by the user either by
assigning the Digits variable or by modifying the Cas configuration (see Section 2.5.7 p.56, item 8).
By default Digits is equal to 12.

The number of digits displayed controls the number of bits of the mantissa; if Digits is less than
15, 53 bits are used, if Digits is strictly greater than 15, the number of bits is a roundoff of Digits
times log,(10).

An expression can be coerced into a floating number with the evalf command (see Section 5.8.1
p.143). The evalf command may have an optional second argument which will specify the precision to
use.

Note that if an expression contains a floating number, evaluation will try to convert other arguments
to floating point numbers in order to coerce the whole expression to a single floating number.

Examples.
o Input:
1+1/2
Output:
3
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o Input:
1.0+1/2
Output:
1.5
o Input:
exp(pi*sqrt (20))
Output:
e27r\/5

With evalf, input:

evalf (exp(pi*2*sqrt(5)))

Oulput:
1263794.75367
o Input:
1.1720
Output:
6.72749994932
o Input:
sqrt(2) 21
Qutput:
V2 . 210
o Input (for a result with 30 digits):
Digits:=30

ﬂ'\/ﬁ) :

Input (for the numeric value of e
evalf (exp(pi*sqrt(163)))

Output:
0.262537412640768743999999999985 x 10°

Note that Digits is now set to 30. If you didn’t want to change the value of Digits, you could
have entered:
Input:

evalf (exp(pi*sqrt(163)),30)

5.8.2 The standard infixed operators on real numbers: + - x / ~

The +, -, *, /, and ~ operators are the usual infixed operators to do addition, subtraction, multiplication,
division and raising to a power.
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Examples.
o Input:
3+2
Qutput:
)
o Input:
3-2
Qutput:
1
o Input:
3*2
Output:
6
o Input:
3/2
Output:
3
2
o Input:
3.2/2.1
Output:
1.52380952381
o Input:
372
Qutput:
9
o Input:
3.272.1
Qutput:
11.5031015682
Remark.

You can use the square key or the cube key if your keyboard has one; for example: 32 returns 9.

Remarks on non integral powers.

If x is not an integer, then a® = exp(zIn(a)), hence if x is not rational, then a” is well-defined only for
a > 0. If z is rational and a < 0, the principal branch of the logarithm is used, leading to a complex
number. Note the difference between {/a and aw when n is an odd integer.
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Example.
To draw the graph of y = v/a3 — 22:
Input:

plotfunc(ifte (x>0, (x"3-x72)"(1/3),
-(x"2-x73)"(1/3)) ,x,xstep=0.01)

You might also input:
plotimplicit(y~3=x"3-x"2)

but this is much slower and much less accurate.

5.8.3 Prefixed division on reals: rdiv

The rdiv command is the prefixed form of the usual division operator.

Examples.
o Input:
rdiv(3,2)
Output:
3
2
o Input:
rdiv(3.2,2.1)
Output:

1.52380952381

5.8.4 n-th root: root

The root command finds roots of numbers.

e root takes two arguments:
n and a, numbers.

e root(n,a) returns the nth root of a (i.e. a'/™). If a < 0, the n-th root is a complex number with
argument 27 /n.

Examples.
o Input:
root(3,2)
Qutput:
93
o Input:

root(3,2.0)
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Qutput:
1.25992104989
o Input:
root(3,sqrt(2))
Output:

[\]
o=

5.8.5 The exponential integral function: Ei

The exponential integral Ei is defined for non-zero real numbers x by

Fi(z) — /t boee®),

=—00 t
For = > 0, this integral is improper but the principal value exists. This function satisfies Ei(0) =
—00, Fi(—00) = 0.
Since
exp(z) 1 r a2

=—4+14+—=4+—=+4...
x ZE+ +2!+3!+ ’

the Ei function can be extended to C — {0} (with a branch cut on the positive real axis) by

2 3
2-2!+3-3!

Ei(z) =In(z) +v+ 2z + +...

where v = 0.57721566490. .. is Euler’s constant.
The Ei command takes one or two arguments.
With one argument, the Ei command computes the exponential integral.

e Ei takes one argument:
z, a complex number.

e Ei(2) returns the value of the exponential integral at z.

Examples.
o Input:
Ei(1.0)
Qutput:
1.89511781636
o Input:
Ei(-1.0)
Qutput:
—0.219383934396
o Input:

Ei(1.)-Ei(-1.)
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Qutput:
2.11450175075
o Input:
int ((exp(x)-1)/x,x=-1..1.)
Qutput:
2.11450175075
e The input:
Input:

evalf (Ei(-1)-sum((-1) "n/n/n',n=1..100))

approximates the Euler’s constant ~
Output:
0.577215664902

Another type of exponential integral is

Ei(z) _/OO expi_t)dt_/loo Wdt

which satisfies
Ei(z) = —Ei(—x)

E,(x)= /100 exp(;tm)”dt

This can be generalized to

These functions satisfy
E,(z) = —Ei(x)
Ey(z) =e* +zEi(—x) =€ ¥ —x % Ei(x)

and, for n > 2,
En(z) = (7" —zE,1(2))/(n—1)

With two arguments, the Ei command computes this version of the exponential integral.

e Ei takes two arguments:

— z, a complex number.

— n, a positive integer.

e Ei(z,n) returns the value of E,(z).

Examples.
o Input:
Ei(1.0,1)
Output:
0.219383934396
o Input:
Ei(3.0,2)
Output:

0.0106419250853
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5.8.6 The logarithmic integral function: Li

The logarithmic integral function is defined by
. ' exp(z) 1

t=0

The Li command computes the logarithmic integral.

e Li takes one argument:
z, a complex number.

e Li(2) returns the value of the logarithmic integral Li(z).

Example.
Input:
Li(2.0)

Output:
1.04516378012

5.8.7 The cosine integral function: Ci

The cosine integral function is defined by

Ci(z) = / cos(t)

too L

:ln(t)—i—’y—&—/x COS(tgdt

=0 t
and Ci(0) = —oo, Ci(—o0) = im and Ci(+o0) = 0.
The Ci command computes the cosine integral function.

e Ci takes one argument:
z, a complex number.

e Ci(z) returns the value of the cosine integral function Ci(z).

Examples.
o Input:
Ci(1.0)
Output:
0.337403922901
o Input:
Ci(-1.0)
Output:
0.337403922901 + 3.14159265359i
o Input:
Ci(1.0) - Ci(-1.0)
Qutput:

—3.14159265359i

149
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5.8.8 The sine integral function: Si

The sine integral function is defined by

t

Si(z) = /0 "eint)

and Si(0) =0, Si(—o0) = —7/2 and Si(+0c0) = 7/2. Note that Si is an odd function.
The Si command computes the sine integral function.

e Si command takes one argument:
z, a complex number.

e Si(z) returns the value of the sine integral function Si(z).

Example.
Input:

S5i(1.0)
Output:

0.946083070367

Input:

Si(-1.0)
Output:

—0.946083070367

5.8.9 The Heaviside function: Heaviside
The Heaviside function is the step function

f
H(az):{o orx <0

1 forz>0

The Heaviside command computes the Heaviside function.

e Heaviside takes one argument:
x, a real number.

e Heaviside(z) returns the value of the Heaviside function H ().

Examples.
o Input:
Heaviside(2)
Qutput:
1
o Input:
Heaviside(-4)
Output:
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5.8.10 The Dirac distribution: Dirac

The Dirac § distribution is the distributional derivative of the Heaviside function. This means that

/_ Z 5(z)dz = 1

/b5<x)dx: {1 if 0 € [a, b]

1 otherwise

and, in fact,

The defining property of the Dirac distribution is that
| 8@ @y = f0)

and consequently

as long as ¢ is in [a, b].
The Dirac command represents the Dirac distribution.

Examples.
o Input:
int (Dirac(x)*sin(x),x,-1,2)
Qutput:
sin (0)
o Input:
int(Dirac(x-1)*sin(x),x,-1,2)
Output:

sin (1)

If you have Dirac compute a value:

e Dirac it takes one argument:
x, a real number.

e Dirac(x) returns oo if z = 0, it returns 0 otherwise.

5.8.11 Error function: erf

The error function erf is defined by:

2 x
erf(x) = ﬁ/o €7t2dt

where the constant —= is chosen so that
v

erf(4+o00) =1, erf(—o0) = —1

“+o0o
/ e dt = ﬁ
0 2

The erf command computes the error function.

since

e orf takes one argument:
a, a number.

e erf (a) returns the value of erf(a).
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Examples.
o Input:
erf (1)
Output:
erf (1)
o Input:
erf(1.0)
Output:
0.84270079295
o Input:
erf(1/(sqrt(2)))*1/2+0.5
Qutput:
0.841344746069
Remark.

The relation between erf and normal_cdf (see Section 8.4.7 p.683) is:

1 1
normal_cdf(x) = B + ferf(i)

2 s

Indeed, making the change of variable t = u % v/2 in

1 1 T
normal cdf(z) = = 4+ / e V2t
- 2 V21 Jo

gives:

normal cdf(z) = % + \/17? /0\/E e " du = % + ;erf(\j%)
Check:
Input:
normal_cdf(1.0)
Output:

0.841344746069

5.8.12 Complementary error function: erfc

The complementary error function is defined by

2 [t
erfc(z) = f/ e Pdt=1- erf(z)
™ T

Hence erfc(0) = 1, since

+00
/ e dt = ﬁ
0 2

The erfc command computes the complementary error function.

e erfc takes one argument:
a, a number.

e erfc(a) returns the value of the complementary error function erfc(a).
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Examples.
o Input:
erfc(1)
Qutput:
1 —erf(1)
o Input:
1- erfc(1/(sqrt(2)))*0.5
Qutput:
0.841344746069
Remark.

The relation between erfc and normal_cdf (see Section 8.4.7 p.683) is:

normal_cdf(z) =1— ;erfc(\%)
Check:
Input:
normal_cdf (1.0)
Output:

0.841344746069

5.8.13 The I" function: Gamma

The Gamma function is defined by
+o0
I(z) = / e~ tat, if 2 >0
0

If x is a positive integer, I' is computed by applying the recurrence:
MNz+1)=z«T(x), T1)=1

Hence:
F(n+1)=n!

and the Gamma function is used to generalize the factorial (see Section 5.6.1 p.132).
The Gamma command computes the Gamma function.

e Gamma takes one argument:
a, a number.

e Gamma(a) returns the value I'(a).
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Examples.
o Input:
Gamma (5)
Qutput:
24
o Input:
Gamma (0.7)
Qutput:
1.29805533265
o Input:
Gamma (-0.3)
Qutput:

—4.32685110883

Indeed: Gamma(0.7)=-0.3*Gamma (-0.3)

o Input:
Gamma (-1.3)

Qutput:
3.32834700679

Indeed Gamma(0.7)=-0.3*Gamma(-0.3)=(-0.3)*(-1.3)*Gamma(-1.3)

5.8.14 The upper incomplete v function: ugamma

The upper incomplete v function is defined by
+oo
[(a,b) = / e 'ttt
b

The ugamma command computes the upper incomplete v function.
e ugamma takes two arguments:

— a, a number.

— b, a positive real number.

e ugamma(a,b) returns the value of I'(a, b).
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Examples.
o Input:
ugamma(3.0,2.0)
Output:
1.35335283237
o Input:
ugamma(-1.3,2)
Oulput:

0.0142127568837

5.8.15 The lower incomplete v function: igamma

The lower incomplete ~ function is defined by

b
'y(a,b):/ e 'ttt
0

The igamma command computes the lower incomplete + function.
e igamma takes two mandatory arguments and one optional argument:

— a, a number.
— b, a positive real number.

— Optionally, the number 1.

e igamma(a,b) returns v(a,b).

e igamma(a,b,1) returns a normalized version of the function; namely v(a,b)/I'(a).

Examples.
o Input:
igamma(4.0,3.0)
Qutput:
2.11660866731
o Input:
igamma(4.0,3.0,1)
Qutput:

0.352768111218
since I'(4) = 6 and 2.11660866731/6 = 0.352768111218.
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5.8.16 The [ function: Beta
The g function is defined by

1
_ 1 _ (=) = I(y)
B(z,y :/ P -y =
(z,y) ; (1-1) Tl 1)
This is defined for x and y positive reals (to ensure the convergence of the integral) and by extension

for x and y if they are not negative integers.
Remarkable values:

1 1
1,1)=1 1) == 2) =
UL =1 A= Bm2= o
The Beta command computes the 8 function.

e Beta takes two arguments:
a and b, real numbers.

e Beta(a,b) returns the value of the 8(a,b).

Examples.
o Input:
Beta(5,2)
Qutput:
1
30
o Input:
Beta(x,y)
Qutput:
()T (y)
I'(z+vy)
o Input:
Beta(5.1,2.2)
Qutput:

0.0242053671402

5.8.17 Derivatives of the DiGamma function: Psi
The DiGamma function is the derivative of the logarithm of the I" function (see Section 5.8.13 p.153),

b(e) = () = 1

This function is used to evaluated sums of rational functions having poles at integers.
The Psi function computes the DiGamma function and its derivatives.

e Pgsi takes one mandatory argument and one optional argument:

— a, a real number.

— Optionally, n, a non-negative integer.
e Psi(a) returns the value of the DiGamma function ¢ (a).

e Psi(a,n) returns the nth derivative of the DiGamma function at x = a.
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Examples.
o Input:
Psi(3)
Output:
3_
B Y
o Input:
evalf (Psi(3))
Qutput:
0.922784335098
o Input:
Pgi(3,1)
Output:
w5
6 4
5.8.18 The ( function: Zeta
The ¢ function is defined by
“+oo
1
((z) = ne
n=1

for x > 1, and by its meromorphic continuation for x < 1.
The Zeta command computes the ¢ function.

e Zeta takes one argument:
x, a real number.

e Zeta(x) returns the value of the ¢ function ((x).

Examples.
o Input:
Zeta(2)
Output:
2
6
o Input:
Zeta(4)
Qutput:
o
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5.8.19 Airy functions: Airy_Ai and Airy_Bi
The Airy functions of the first and second kind are defined by

Ai(z) = (1/m) /OOO cos(t3/3 4+ x x t)dt
Bi(z) = (1/n) /Oo(«e’_ﬁ/3 +sin(t3/3 4+ z x t))dt
0

The have the properties that, if f and g are two entire series solutions of
w' —zxw=0

then

more precisely:

3k

_ > I(k+1\ z
f(l') - kZ::OSk< P(1)3>(3k>!

3

> T(k+2) g3kt
gle) = ng( F(2)3>(3k+1)!

k=0 3

The Airy_Ai and Airy_Bi commands compute the Airy functions.

e Airy_Ai and Airy_Bi take one argument:
x, a real number.

e Airy_Ai(z) and Airy_Bi(x) return the values of the Airy functions.

Examples.
o Input:
Airy_Ai(1)
Qutput:
0.135292416313
o Input:
Airy_Bi(1)
Qutput:
1.20742359495
o Input:
Airy_Ai(0)
Output:
0.355028053888
o Input:
Airy_Bi(0)
Output:

0.614926627446
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5.9 Permutations

A permutation p of size n is a bijection from [0..n — 1] to [0..n — 1] and is represented by the list:

[p(o)ap(1)7p(2) . 'p(n - 1)]
For example, the permutation p represented by [1,3,2,0] is the function from [0,1,2,3] to [0,1,2, 3]
defined by:

p(0)=1, p(1) =3, p(2) =2, p(3) =0
A cycle c of size p, represented by the list [ao, ..., ap—1] (0 < ap < n —1), is the permutation such that
c(a;) = ajq for (i =0.p—2), c(ap—1) =ao, c(k)=k otherwise

For example, the cycle ¢ represented by the list [3,2,1] is the permutation ¢ defined by ¢(3) = 2, ¢(2) =
1, ¢(1) =3, ¢(0) =0 (i.e. the permutation represented by the list [0, 3, 1,2]).

5.9.1 Random permutation: randperm shuffle

The randperm command computes a random permutation.
shuffle is a synonym for randperm.

e randperm takes one argument:
n, an integer.

e randperm(n) returns a random permutation of [0..n — 1].

Example.
Input:
randperm(3)
Output (example):
[2,0,1]

5.9.2 Previous and next permutation: prevperm nextperm

The set of n-tuples of an ordered set can be put in lezicographic order, where the tuple (a1, a2, ..., ay)
comes before (by, by, ..., b,) exactly when for some k (possibly k =0), a; =b; for i =1,...,k — 1 and
ap < bg. For example, the set of permutations of size 3 in lexicographic order is

The prevperm and nextperm commands find the preceding and succeeding permutation.

e prevperm takes one argument:
p, a permutation.

e prevperm(p) returns the previous permutation in lexicographic order, or undef if there is no
previous permutation.
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Example.
Input:
prevperm([0,3,1,2])
Output:
[0,2,3,1]

e nextperm takes one argument:
p, a permutation.

e nextperm(p) returns the next permutation in lexicographic order, or undef if there is no next

permutation.
Example.
Input:
nextperm([0,2,3,1])
Output:
[0,3,1,2]

5.9.3 Decomposing a permuation into a product of disjoint cycles: permu2cycles

Any permutation can be decomposed as a sequence of cycles which have no elements in common. For
example, the permutation [1,3,4,0,2] can be written as a combination of the cycles [0, 1, 3] and [2,4].
The permu2cycles command decomposes a permutation into a combination of cycles.

e permu2cycles takes one argument:
p, a permutation.

e permu2cycles(p) returns the decomposition of p as a product of disjoint cycles. A cycle is
represented by a list, a cyclic decomposition is represented by a list of lists.
Examples.

o Input:
permu2cycles([1,3,4,5,2,0])

Output:
[[0,1,3,5],[2,4]]

In the answer the cycles of size 1 are omitted, except if n — 1 is a fixed point of the permutation
(this is required to find the value of n from the cycle decomposition).

o Input:
permu2cycles([0,1,2,4,3,5])
Qutput:
[[5], 3, 4]
o Input:
permu2cycles([0,1,2,3,5,4])
Output:

[[4,5]]
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5.9.4 Product of cycles to permutation: cycles2permu

The cycles2permu command is the inverse of perm2cycles; it turns a sequence of cycles into a permu-
tation.

e cycles2permu takes one argument:
¢, a list of cycles.

e cycles2permu(c) returns the permutation (of size n chosen as small as possible) that is the
product of the given cycles.

Examples.
o Input:
cycles2permu([[1,3,5],[2,4]1])
Qutput:
[0,3,4,5,2,1]
e Input:
cycles2permu([[2,4]1]1)
Qutput:
[0,1,4,3,2]
o Input:
cycles2permu([[5],[2,4]1])
Qutput:

[0,1,4,3,2,5]

5.9.5 Transforming a cycle into a permutation: cycle2perm

A cycle is a type of permutation, but has a different representation.
The cycle2perm command converts a cycle to the cycle written as a permutation.

e cycle2perm takes one argument:
¢, a cycle c.

e cycle2perm(c) returns the permutation of size n corresponding to the cycle ¢, where n is chosen
as small as possible (see also permu2cycles and cycles2permu).

Example.
Input:
cycle2perm([1,3,5])

Output:
[0,3,2,5,4,1]
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5.9.6 Transforming a permutation into a matrix: permu2mat

The matrix of a permutation p of size n is the matrix obtained by permuting the rows of the identity
matrix of size n with the permutation p. Multiplying this matrix by a column vector of size n is the
same as permuting the elements of the vector with the permutation p.

The permu2mat command finds the matrix of a given permutation.

e permu2mat takes one argument:
p, a permutation p.

e permu2mat (p) returns the matrix of the permutation p.

Example.
Input:
permu2mat ([2,0,1]1)

Output:

O = O
= o O
S O =

5.9.7 Checking for a permutation: is_permu

A permutation can be written as a list, but not every list corresponds to a permutation. The is_permu
is a boolean function which checks to see if a given list is a permutation.

e is_permu takes one argument:
L, a list.

e is_permu(L) returns 1 if L is a permutation and returns 0 if L is not a permutation.

Examples.
e Input:
is_permu([2,1,3])
Output:
0
o Input:
is_permu([2,1,3,0])
Output:

5.9.8 Checking for a cycle: is_cycle

The is_cycle command is a boolean function which checks to see if a list represents a cycle.

e is_cycle takes one argument:
L, a list.

e is_cycle(L) returns 1 if L is a cycle and returns 0 if L is not a cycle.
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Examples.
o Input:
is_cycle([2,1,3])
Output:
1
o Input:
is_cycle([2,1,3,2])
Qutput:

5.9.9 Product of two permutations: plop2 clop2 ploc2 cloc2

Permutations are functions, and so can be composed. Since cycles can be represented differently than
other permutations, there are commands for composing permutations of different types.

Warning.
Composition is done using the standard mathematical notation; that is, the function given as the second
argument is performed first.

The plop2 command composes two permutations.

e plop2 takes two arguments:
p1 and po, permutations.

e plop2(p1,p2) returns the permutation p; o po obtained by composition.

Example.

Input:
plop2([3,4,5,2,0,1],[2,0,1,4,3,5])

Output:
[5’ 3’ 47 07 27 1]

The clop2 command composes a cycle and a permutation.

e clop2 takes two arguments:

— 1, a cycle.

— po, a permutation.

e clop2(cy,p2) returns the permutation c; o pe obtained by composition.
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Example.
Input:
clop2([3,4,5],[2,0,1,4,3,5])

Output:
[2,0,1,5,4, 3]

The ploc2 command composes a permutation and a cycle.
e ploc2 takes two arguments:

— p1, a permutation.

— 2, a cycle.

ploc2(p1, ca) returns the permutation p; o co obtained by composition.

Example.
Input:
ploc2([3,4,5,2,0,11,[2,0,11)

Output:
4,5,3,2,0,1]

The cloc2 command composes two cycles.

e cloc2 takes two arguments:
c1 and ca, cycles.

e cloc2(cy,ca) returns the permutation c; o ¢ obtained by composition.

Example.
Input:
cloc2([3,4,5],[2,0,11)
Output:
[1,2,0,4,5,3]
5.9.10 Signature of a permutation: signature

Every permutation can be decomposed into a product of transpositions (cycles with only two elements).
The number of transpositions is not unique, but for any permutation the number will be either odd or
even. The signature of a permutation is equal to:

e 1 if the permutation is equal to an even product of transpositions,
e -1 if the permutation is equal to an odd product of transpositions.

The signature of a cycle of size k is: (—1)F+1.

The signature command computes the signature of a permutation.

e signature takes one argument:
p, a permutation.

e signature(p) returns the signature of the permutation p.
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Example.
Input:
signature([3,4,5,2,0,1]1)
Output:
—1

5.9.11 Inverse of a permutation: perminv

Every permutation has an inverse, which is also a permutation.
The perminv command computes the inverse of a permutation.

e perminv takes one argument:
p, a permutation.

e perminv(p) returns the permutation that is the inverse of p.

Example.
Input:
perminv([1,2,0])
Output:
[2,0,1]

5.9.12 Inverse of a cycle: cycleinv

The inverse of a cycle will be another cycle.
The cycleinv command computes the inverse of a cycle.

e cycleinv takes one argument:
¢, a cycle.

e cycleinv(c) returns the cycle that is the inverse of c.

Example.
Input:
cycleinv([2,0,1])
Output:
[1,0,2]
5.9.13 Order of a permutation: permuorder

If any permutation p on a finite set [0,...,n — 1] is repeated often enough, it reach be the identity
permutation. The smallest m such that p™ is the identity is called the order of p.
The permuorder command computes the order of a permutation.

e permuorder takes one argument:
p, a permutation.

e permuorder(p) returns the order of the permutation p.
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Examples.
o Input:
permuorder([0,2,1])
Qutput:
2
o Input:
permuorder([3,2,1,4,0])
Oulput:

5.9.14 The group generated by two permutations: groupermu

Given permutations a and b, the group they generate is the set of all possible compositions of any
number of as and any number of bs.
The groupermu command computes the group generated by two permutations.

e groupermu takes two arguments:
a and b, permutations.

e groupermu(a,b) returns the group of the permutations generated by a and b.

Example.

Input:
groupermu([0,2,1,3],[3,1,2,0])

Output:

w o wo
RO — N
— NN
o w o w

5.10 Complex numbers

Note that complex numbers, as well as being numbers, are used to represent points in the plane (see
Section 13.6.2 p.789). Some functions and operators which work on complex numbers also work on
points.

5.10.1 The usual complex operators: + - x / ~

The +, -, *, /, ~ operators are the usual operators to perform addition, subtraction, multiplication,
division and for raising to a power.
Input:
(1+2%1) "2
Output:

-3+ 4i
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5.10.2 The real and imaginary parts of a complex number: re real im imag

The re (or real) and im (or imag) commands find the real and imaginary parts of a complex number.

The re command finds the real part of a complex number.
real is a synonym for re.

e re takes one argument:
a, a complex number (or point).

e re(a) returns the real part of the complex number a (or the projection of the point a onto the x

axis).
Example.
Input:
re(3+4%i)
Output:
3

The im command finds the imaginary part of a complex number.
imag is a synonym for im.

e im takes one argument:
a, a complex number (or point).

e im(a) returns the imaginary part of the complex number a (or the projection of the point a onto

the y axis).
Example.
Input:
im(3+4x*i)
Output:
4

5.10.3 Writing a complex number 2 in rectangular form: evalc

The evalc command will ensure that a complex number is in rectangular form.

e evalc takes one argument:
z, a complex number.

e cvalc(z) returns z written as re(z)+i*xim(z).

Example.
Input:
evalc(sqrt(2)*exp(i*pi/4))

Output:
141
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5.10.4 The modulus and argument of a complex number: abs arg

A complex number z can be written in polar form re?, where r is the modulus and @ is the argument.
The angle 0 is only determined up to a multiple of 27; there will be a unique value in the interval
(—m, 7], the value in this interval is called the principal value of the argument.

The abs and arg commands find the modulus and argument of a complex number.

The abs command finds the modulus of a complex number (see also Section 5.16.2 p.208).

e abs takes one argument:
z, a complex number.

e abs(z) returns the modulus |z|.

Example.
Input:
abs (3+4*1i)
Output:
5

The arg command finds the argument of a complex number.

e arg takes one argument:
z, a complex number.

e arg(z) returns the principal value of the argument of z.

Examples.
o Input:
arg(3+4x*1)
Oulput:
) 4
arctan | —
3
o Input:
arg(3.0+4.0%1i)
Qutput:

0.927295218002

5.10.5 The normalized complex number: normalize unitV

The normalize command finds the unit complex number with the same direction as a given complex

number.
unitV is a synonym for normalize.

e normalize takes one argument:
z, a non-zero complex number.

e normalize(z) returns the unit complex number with the same direction as z, namely z divided

by the modulus of z.
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Example.
Input:
normalize (3+4%1)
Output:
3+ 4i
5

5.10.6 Conjugate of a complex number: conj

The conj command finds the conjugate of a complex number.

e conj takes one argument:
z, a complex number.

e conj(z) returns the complex conjugate of z.

Example.

Input:
conj(3+4%1i)

Output:
3—4i

5.10.7 Multiplication by the complex conjugate: mult_c_conjugate

169

The denominator of a complex expression can be made a real number by multiplying the numerator and
denominator of the expression by the complex conjugate of the denominator. The mult_c_conjugate

can perform this multiplication.

e mult_c_conjugate takes one argument:
erpr, a complex expression.

e mult_c_conjugate (expr) returns the following:

— If expr is a fraction with a complex (non-real) denominator, then this expression is returned
with the numerator and denominator multiplied by the complex conjugate of the denomina-

tor.

— If expr is a fraction with a real denominator (if ezpr is not a fraction, it is regarded as a
fraction with a denominator of 1), then this expression is returned with the numerator and

denominator multiplied by the complex conjugate of the numerator.

Examples.
o Input:
mult_c_conjugate((2+1i)/(2+3%1))
Oulput:
(2+1) (2 — 3i)
(2 + 3i) (2 — 3i)
o Input:
mult_c_conjugate((2+i)/2)
Qutput:

(2+i)(2—1)
2(2—1)
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5.10.8 Barycenter of complex numbers: barycenter
The barycenter, or center of mass, of a set of points A1, Ao, ..., Ay, with masses a1, a9, ..., ay is

arAy + -+ oA,
o+t ay

This formula makes sense even if the «; are not positive real numbers, and is still called the barycenter
of the weighted points.
The barycenter command computes the barycenter of a set of weighted points.

e barycenter takes an unspecified number of arguments:
each argument is a list I; = [A}, o;] containing a point A; (or the affix of a point) and a weight
aj for the point. The sum of the weights needs to be non-zero.
These lists can also be given as two columns of a matrix.

e barycenter(ly,ls,...,l,) returns the barycenter of the points A; weighted by the real coeflicients
aj. If Y~ o =0, barycenter returns an error.

Warning.
The barycenter command returns a point, not a complex number. To have a complex number in the
output, the input must be affix(barycenter(li,ls)) (see Section 13.13.1 p.836).

Example.
Input:
affix(barycenter([1+i,2],[1-1,1]))
or:
affix(barycenter ([[1+i,2],[1-1,1]11))
Output:
3+1i
3

5.11 Algebraic numbers

5.11.1 Definition
A real algebraic number is a real root of a polynomial with integer coefficients.

A complex algebraic number is a root of a polynomial with coefficients which are Gaussian integers.
5.11.2 Minimum polynomial of an algebraic number: pmin

The minimal polynomial of an algebraic number is the monic polynomial of smallest degree with integer
coefficents which has the algebraic number as a root.
The pmin command finds the minimum polynomial of an algebraic number.

e pmin takes one mandatory argument and one optional argument:

— «, an algebraic number.
— Optionally, z, a variable name to use as the variable in the polynomial.
e pmin(a) returns the minimal polynomial for a, where the polynomial is given as a list of the

coefficients (see Section 5.27.1 p.301).
pmin(q, x) returns the minimal polynomial for a as a symbolic expression with the variable x.



5.12. ALGEBRAIC EXPRESSIONS 171

Examples.
o Input:
pmin(sqrt(2) + sqrt(3))
Output:
[1,0,—10,0,1]
o Input:
pmin(sqrt(2) + sqrt(3),x)
Output:

2t — 1022 +1

Note that (v2 + \/§)2 = 5+ 26 and so ((ﬂ + \/§)2 — 5)2 = 24, which can be rewritten as
(V2+V3)t—10(vV2+V3)2+1=0.

e Input:
pmin(sqrt(2) + i*sqrt(3))
Output:
[1,0,2,0,25]
o Input:
pmin(sqrt(2) + i*sqrt(3),z)
Qutput:
242224925
o Input:
pmin(sqrt (2) + 2x*i)
Output:
[1,0,4,0,36]
e Input:
pmin(sqrt(2) + 2*i,z)
Output:

24+ 422+ 36

5.12 Algebraic expressions

5.12.1 Evaluating an expression: eval

The eval command is used to evaluate an expression. Since Xcas always evaluates expressions entered
in the command line, eval is mainly used to evaluate a sub-expression in the expression editor (see
Section 3.3 p.70).
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Examples.
o Input:
a:=2
Output:
2
o Input:
eval (2+3%a)
or:
2+3*a
Oulput:
8

5.12.2 Changing the evaluation level: eval_level

When it evaluates expressions, the maximum number of recursions that Xcas will do it called the
evaluation level. This is 25 by default, but you can change the default level with the eval box in the
CAS configuration screen (see section 2.5.7).

The eval_level command will change the evaluation level for the current session.

e eval_level takes one optional argument:
Optionally n, a positive integer.

e cval_level() returns the current evaluation level.

e eval_level(n) sets the evaluation level to n.

Example.
Input:
purge(a,b,c)
a:=b+1; b:=c+l; c:=3;
Input:
eval_level()
Output:
25
Input:
a,b,c
Output:
5,4,3
Input:

eval_level(1)
a,b,c
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Output:
b+1,c+1,3

Input:

eval_level(2)

a,b,c
Output:

c+2,4,3

Input:

eval_level(3)

a,b,c
Output:

5,4,3

Input:

eval_level()
Output:

5.12.3 Evaluating algebraic expressions: evala

In Maple, evala is used to evaluate an expression with algebraic extensions. In Xcas, evala is not
necessary, it behaves like eval (see Section 5.12.1 p.171), but it is included for Maple compatibility.

5.12.4 Preventing evaluation: quote hold ’

You can prevent an expression from being evaluated by quoting it, either by preceding it with > or with
the quote or hold) command.

Remark.
If @ is a variable, then a:=quote(a) (or a:=hold(a)) is equivalent to purge(a) (for the sake of Maple
compatibility). It returns the value of this variable (or the hypothesis done on this variable).

Example.
Input:
a:=2;quote(2+3*a)
or:
a:=2;’2+3%*a’
Output:

2,2+ 3a
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5.12.5 Forcing evaluation: unquote

unquote is used for evaluation inside a quoted expression.

For example in an assignment, the variable is automatically quoted (not evaluated) so that the user
does not have to quote it explicitly each time he want to modify its value. In some circumstances, you
might want to evaluate it.

Input:

purge(b) ;a:=b;unquote(a):=3

The variable b begins as a purely symbolic variable, and the value of a is equal to the symbolic variable
b. In the assignment unquote(a):=3, the left hand side unquote(a) is evaluated to b, and so b is
assigned the value 3. Since a evaluates to the same thing as b, a also evaluated to 3.
Input:

a,b
Output:

3,3

5.12.6 Distribution: expand fdistrib

The expand command distributes multiplication across addition.
fdistrib is a synonym for expand.

e expand takes one argument:
erpr, an expression.

e expand (expr) returns the expression expr with multiplication distributed with respect to addition.

Example.
Input:
expand ((x+1)*(x-2))
or:
fdistrib((x+1)*(x-2))
Output:

22—z —2

5.12.7 Canonical form: canonical_form

The canonical form of a second degree polyomial in a variable z is the form a(z — ¢)? + b.
The canonical_form command finds the canonical form of a second degree polynomial.

e canonical_form takes one argument:
p, a second degree polynomial.

e canonical_form(p) returns the canonical form of p.
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Examples.
o Input:
canonical_form(x"2-6*x+1)
Qutput:
(x—3)2 -8
o Input:
canonical_form(2x*t"~2+3*t+8)
Oulput:

2(143) 4 5
4 8
5.12.8 Multiplication by the conjugate quantity: mult_conjugate

The mult_conjugate tries to remove square roots from the bottom of an expression.

e mult_conjugate takes one argument:
expr, an expression. The denominator or numerator is supposed to contain a square root.

e mult_conjugate (expr) returns the following:

— If expr is a fraction and the denominator contains a square root, then this expression is re-
turned with the numerator and denominator multiplied by the conjugate of the denominator.

— If expr is a fraction and the numerator, but not the denominator, contains a square root
(if expr is not a fraction, it is regarded as a fraction with a denominator of 1), then this
expression is returned with the numerator and denominator multiplied by the conjugate of
the numerator.

Examples.
o Input:
mult_conjugate((2+sqrt(2))/(2+sqrt(3)))
Qutput:
(2+v2) (2-V3)
(2++3) (2—V3)
o Input:
mult_conjugate ({2+sqrt(2))/(sqrt(2)+sqrt(3)))
Qutput:
(2+Vv2) (-V2+V3)
(V2+V3) (V2 +V3)
o Input:
mult_conjugate ((2+sqrt(2))/2)
Qutput:

2+v9) (2~ v7)
2(2-v2)
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5.12.9 Separation of variables: split

The split command tries to factor an expression involving two variables into the product of two
expressions, each of which depends on only one of the variables.

e split takes two arguments:

— expr, an expression depending on two variables x and y.
— [z, y], the list of these two variables.
e split(ezpr, [x,y]) returns alist [factor;, factors], if such a list exists, where expr=factor;-factory,

factor| only depends on x and factors only depends on y. If such a factorization doesn’t exist, the
list [0] is returned.

Examples.
o Input:
split ((x+1)*(y-2), [x,y])
or:
split (x*y-2*x+y-2, [x,y])
Qutput:
[z+1,y—2]
o Input:
split ((x"2xy~2-1, [x,y])
Qutput:

[0]

5.12.10 Factoring: factor cfactor

The factor and cfactor commands factor expressions over their coefficient fields or extensions of their
fields. (See also Section 5.27.16 p.309.)

e factor takes one mandatory argument and one optional argument:

— expr, an expression or a list of expressions.

— Optionally, a, to specify an extension field.

e factor(ezpr) returns ezpr factored over the field of its coefficients, with the addition of ¢ in
complex mode (see Section 2.5.5 p.55). If sqrt is enabled in the Cas configuration (see Section 2.5.7
p.56), polynomials of order 2 are factorized in complex mode or in real mode if the discriminant
is positive.
factor(expr,a) returns expr factored over Fa], where F'is the field of coefficients of ezpr.

e cfactor factors like factor, except the field includes ¢ whether in real or complex mode.
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Examples.
e Factor z* — 1 over Q.
Input:
factor(x"4-1)
Qutput:
(r—1)(z+1) (x2+1)
The coefficients are rationals, hence the factors are polynomials with rationals coefficients.

e Factor 2% — 1 over Q[i].
This can be done in a number of ways.

— Using cfactor.
Input:

cfactor(x~4-1

— Using factor with adding ¢ to the extension field.
Input:

factor(x~4-1,1)

— Using factor in complex mode.
Input (in complex mode):

factor(x~4-1)

In all cases, the result will be:
Qutput:
(x=1(z+1)(z+1i)(z—1)

e Factor z* + 1 over Q
Input:
factor(x”4+1)
Oulput:
x? +1
Indeed z* + 1 has no factor with rational coefficients.

e Factor 2 + 1 over QJ[i].
Using complex mode:
Input:

cfactor(x~4+1)

Oulput:
(x2 + i) (:E2 — i)

e Factor z* + 1 over R.
You have to provide the square root required for extending the rationals. In order to do that with
the help of Xcas, first check complex in the cas configuration:
Input:

solve(x~4+1,x)
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Qutput:

1 . 1 . 1 o 1 N
5\@(1—1),—5\/5(1—1),—5\@(1—1)1,5\/5(1—1)1

The roots depend on v/2, and so will be in Q[v/2]. Putting Xcas back in real mode, either check
the sqrt box in the Cas configuration or:
Input:

factor(x™4+1,sqrt(2))

Output:

<m2f\/§x+1> <$2+\/§x+1>

To factor over C, put Xcas back in complex mode or input cfactor(x"4+1,sqrt(2)).

5.12.11 Zeros of an expression: zeros

The zeros command finds the zeros of an expression.

e zeros takes one mandatory argument and one optional argument:

— expr, an expression.

— Optionally, z, a variable name to use (which by default will be x).

e zeros(ezpr (,x)) returns a list of values of the variable where the expression vanishes. The list may

be incomplete in exact mode if the expression is not a polynomial or if intermediate factorizations
have irreducible factors of order strictly greater than 2.

In real mode, (which means the complex box is unchecked in the Cas configuration (see Sec-
tion 2.5.7 p.56) or with complex_mode:=0), only reals zeros are returned. With (complex_mode:=1),
real and complex zeros are returned. cZeros behaves like zeros, except that it returns complex
zeros whether in real or complex mode.

Examples.

e Input (in real mode):

zeros(x"2+4)
Output:
[
Input (in complex mode):
zeros (x"2+4)
Output:
[—2i, 2i]

Input (in real or complezr mode):
cZeros(x"2+4)

Qutput:
[—2i, 21]

e Input (in real mode):
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zeros(1ln(x) "2-2)

Qutput:
o]

e Input (in real mode):
zeros(1ln(y) "2-2,y)

Qutput:
o]

e Input (in real mode):
zeros (x*x (exp(x)) "2-2*x-2* (exp(x) ) "2+4)

Qutput:

5.12.12 Regrouping expressions: regroup

The regroup command simplifies expressions.

e regroup takes one argument:
erpr, an expression.

e regroup(ezpr) returns expr with some straightforward simplifications.

Example.
Input:
regroup(x + 3 * x + 5 x 4 / x)
Output:
20
dor + —
x

5.12.13 Normal form: normal

The normal command takes an expression and considers it to be a rational function with respect to
generalized identifiers (which are either true identifiers or transcendental functions replaced by tempo-
rary identifiers) with coefficients in Q or Q[4] or in an algebraic extension (such as Q[v/2] and finds its
expanded irreducible representation.

e normal takes one argument:
erpr, an expression.

e normal (ezpr) returns the expanded irreducible representation of expr. (See also ratnormal,
Section 5.12.16 p.182, for pure rational function or simplify, Section 5.12.14 p.180, if the tran-
scendental functions are not algebraically independent.)
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Examples.

o Input:

Output:

o Input:

Output:

Remarks.

CHAPTER 5. THE CAS FUNCTIONS

normal ((x-1)*(x+1))

22 -1

normal ((1-sin(x))*(1+sin(x))

—sin?z +1

e Unlike simplify, normal does not try to find algebraic relations between transcendental functions

like cos(x)? + sin(x)? = 1.

e [t is sometimes necessary to run the normal command twice to get a fully irreducible representation
of an expression containing algebraic extensions.

5.12.14 Simplifying: simplify

The simplify command simplifies an expression. It behaves like normal for rational functions and
algebraic extensions. For expressions containing transcendental functions, simplify tries first to rewrite
them in terms of algebraically independent transcendental functions. For trigonometric expressions,
this requires radian mode (check radian in the cas configuration, see Section 2.5.7 p.56, or input

angle_radian:=1).

e simplify takes one argument:

erpr, an expression.

e simplify(expr) returns a simplified version of ezpr.

Examples.

o Input:

Oulput:

o Input:

Output:

o Input:

Output:

simplify((x-1)*(x+1))

22 -1

simplify(3-54*sqrt(1/162))

—3v2+3

gimplify((sin(3*x)+sin(7*x))/sin(5*x))

2 cos (2x)
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5.12.15 Awutomatic simplification: autosimplify

The autosimplify command determines how much simplification Xcas will do automatically when you
enter an expression. Note that autosimplify only works with Xcas, it doesn’t work with icas or any
other frontend.

By default, Xcas will apply the regroup command (see Section 5.12.12 p.179) to your input, but the
autosimplify command can change this to applying another rewriting command to your input, such
as simplify (see Section 5.12.14 p.180), factor (see Section 5.12.10 p.176), or even nop for no simpli-
fication. With no arguments, autosimplify will return the current rewriting command. Otherwise:

e autosimplify command takes one argument:
cmd, a command that will be used to rewrite the results in Xcas.

e autosimplify(cmd) will tell Xcas to apply emd to subsequent inputs. To change the simplifica-
tion mode during a session, the autosimplify command should be on its own line.

Examples.
o Input:
autosimplify(nop)
then:
1 +x72 -2
Qutput:
1+22 -2
o Input:
autosimplify(simplify)
then:
1 +x72 -2
Qutput:
22 —1
o Input:
autosimplify(factor)
then:
1 +x72 -2
Qutput:
(x—1)(x+1)
o Input:
autosimplify(regroup)
then:
1 +x72 -2
Qutput:
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5.12.16 Normal form for rational functions: ratnormal

The ratnormal command rewrites an expression using its irreducible representation. The expression is
viewed as a multivariate rational function with coefficients in Q (or Q[i]). The variables are general-
ized identifiers which are assumed to be algebraically independent. Unlike with normal, an algebraic
extension is considered as a generalized identifier. Therefore ratnormal is faster but might miss some
simplifications if the expression contains radicals or algebraically dependent transcendental functions.

e ratnormal takes one argument:
erpr, an expression.

e ratnormal (ezpr) returns the irreducible representation of ezpr.

Examples.
o Input:
ratnormal ((x"3-1)/(x"2-1))
Qutput:
24r+1
x+1
e Input:
ratnormal ((-2x"3+3x"2+5x-6)/(x"2-2x+1))
Qutput:
2524+ +6
r—1

5.12.17 Substituting a variable by a value: |

The | operator is an infixed operator that evaluates an expression after giving values to some variables.
It does not evaluate the expression before the variables are replaced by the requested values.

e | is an infixed operator, so takes two arguments:

— expr, an expression depending on one or more variables on the left hand side.

— x1 = a1, ldots; an equality or sequence of several equalities.

e cxprlr; = ay,... returns the expression ezpr with x; replaced by a1, etc.

Examples.
o Input:

a”2+1 | a=2

Output (even if a has been assigned a value):

o Input:
a”2 +b |l a=2,b=3
Output (even if a or b had been assigned a value):

7
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5.12.18 Substituting a variable by a value: subst

The subst command replaces specified variables in an expression by specified values. Unlike the |
operator, the subst command evaluates the expression before replacing the variables. Since subst does
not quote its argument, in a normal evaluation process the substitution variable should be purged (see
Section 4.4.8 p.83), otherwise it will be replaced by its assigned value before substitution is done.

The subst command can specify the values of variables in two different ways.

The first way:

e subst takes two arguments.

— expr, an expression.

— eqs, an equation of the form x = a, or a list of such equalities.

e subst (ezpr, egs) returns the expression with the variables replaced by their values.
Examples.
o Input (if the variable a is purged, otherwise first enter purge(a)):
subst (a"2+1,a=2)

Output:
5

o Input (if the variables a and b are purged, otherwise first enter purge(a,b)):
subst(a”2+b, [a=2,b=1])

Qutput:

The second way:
e subst takes three arguments.

— exrpr, an expression.
— wars, a variable or a list of variables.

— wals, a value or a list of values for substitution.

e subst (ezpr,vars,vals) returns the expression with the variables replaced by their values.

Examples.

o Input (if the variable a is purged, otherwise first enter purge(a)):
subst(a"2+1,a,2)

Qutput:
5

o Input (if the variables a and b are purged, otherwise first enter purge(a,b)):
subst (a”2+b, [a,b], [2,1])

Output:
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subst may also be used to make a change of variable in an integral. In this case the integrate
command (see Section 5.20.1 p.239) should be quoted (see Section 5.12.4 p.173, otherwise, the integral
would be computed before substitution) or the inert form Int should be used. In both cases, the name
of the integration variable must be given as an argument of Int or integrate even you are integrating
with respect to x.

Examples.
o Input:
subst (’integrate(sin(x"2)*x,x,0,pi/2)’,x=sqrt(t))
or:
subst (Int(sin(x"2)*x,x,0,pi/2) ,x=sqrt(t))
Output: ,
/0774 %sint . \/i\/%_l dt
Input:
subst (’integrate (sin(x"2)*x,x)’ ,x=sqrt(t))
or:
subst (Int (sin(x"2)*x,x) ,x=sqrt (t))
Oulput:

1 _
/QSint-\/Z\/E Lt

5.12.19 Substituting a variable by a value: ()

Another way to substitute a variable by a value, besides with the | operator or the subst command,
is with something akin to functional notation. You can follow an expression or expression name with
equalities of the form wvariable = value.

Examples.
o Input:
Expr:= x + 2%y + 3%z
then:
subst (Expr, [x=1,y=2])
or:
Expr | x=1, y=2
or:

Expr(x=1,y=2)
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Qutput:
5+ 3z
o Input:
(hxk*t"2+h"3%t"3) (t=2)
Output:

4hk + 8h3

5.12.20 Substituting a variable by a value (Maple and Mupad compatibility): subs

In Maple and in Mupad, you would use the subs command to substitute a variable by a value in an
expression. But the order of the arguments differ between Maple and Mupad. Therefore, to achieve
compatibility, in Xcas, the subs command arguments order depends on the mode (see Section 2.5.2

p.54).
In Maple mode:

e subs takes two arguments:

— eq, an equality or list of equalities of the form wvar=wvalue.

— expr, an expression.

e subs(eq,expr) returns the expression with the variables replaced by their given values.

Examples.

e Input in Maple mode (if the variable a is purged, otherwise first enter purge(a)):
subs(a=2,a"2+1)

Output:

o Input in Maple mode (if the variables a and b are purged, otherwise first enter purge(a,b)):
subs([a=2,b=1] ,a"2+b)

Output:

In Mupad or Xcas or TI modes, subs behaves like subst (see Section 5.12.18 p.183).
e subst takes two or three arguments.

— expr, an expression.
— egs, an equality of the form wvar=value or a list of such equalities, or

vars,vals, a variable or list of variables followed by a value or a list of values for substitution.

e subs(expr,eqs) or subs(ezpr,vars,vals) returns the expression with the variables replaced by
their given values.
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Examples.

o Input in Mupad or Xcas or TI modes (if the variable a is purged, otherwise first enter purge(a)):
subs(a”2+1,a=2)
or:
subs(a”2+1,a,2)

Output:
5

e Input in Mupad or Xcas or TI modes (if the variables a and b are purged, otherwise first enter
purge(a,b) first):

subs(a”2+b, [a=2,b=1])
or:
subs(a~2+b, [a,b], [2,1])

Output:
5

Note that subs does not quote its argument, hence in a normal evaluation process, the substitution
variable should be purged otherwise it will be replaced by its assigned value before substitution is done.
5.12.21 Substituting a subexpression by another expression: algsubs
The algsubs command replaces subexpressions of an expression, rather than just replace variables.

e algsubs takes two arguments:

— erpri=erpry, an equation between two expressions.

— ezpr, another expression.

e algsubs(expri=expry, expr) returns the last expression expr with expr; replaced by exprs.

Examples.
o Input:
algsubs(x"2 = u, 1 + x"2 + x74)
Oulput:
u? +u+1
o Input:
algsubs(a*b/c = d, 2*a*b”2/c)
Qutput:
2xbxd
o Input:
algsubs(2a = p~2-q~2, algsubs (2¢c = p"2 + q"2, c¢"2-a"2))
Qutput:

pyq
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5.12.22 Eliminating one or more variables from a list of equations: eliminate

The eliminate command eliminates variables from a list of equations.

e climinate takes two arguments:

— eqns, a list of equations.

— wars, the variable or list of variables to eliminate. The equations can be given as expressions,
in which case they will be assumed to be 0.

e climinate(eqns,vars) returns the equations with the variables vars eliminated or an indication
that Xcas can’t eliminate them.
Examples.

Assuming the variables used haven’t been set to any values:

e Input:
eliminate([x = vO*t, y = yO-g*t~2], t)
Qutput:
[92® + yvg — vgwo
o Input:
eliminate ([x+y+z+t-2,x*xy*t=1,x"2+t"2=2"2], [x,2])
Output:

[2%y% — 4ty + ty® — dty® + 4ty + 2t + 2y — 4]

If the variable(s) can’t be eliminated, then eliminate returns [1] or [-1]. If eliminate returns
[1, that means the equations determine the values of the variables to be eliminated.

Examples.
o Input:
x:=2;y:=-5
eliminate ([x=2*t,y=1-10%t"2],t)
Qutput:

1]
since t cannot be eliminated from both equations.

o Input:

x:=2;y:=-9
eliminate ([x=2#*t,y=1-10*t"2],t)

Qutput:

[

since the first equation gives t= 1, which satisfies the second equation.
o Input:

x:= 2; y:= -9
eliminate([x = 2*t, y = 1-10%t"2, z = x + y - t], t)
Output:
1,z + 8]
since the first equation gives t= 1, which satisfies the second equation, and so that leaves z = 2
-9-1=-8orz + 8 =0.
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5.12.23 Evaluating a primitive at boundaries: preval

The preval command evaluates an expression from one value to another, such as in done when evaluating
a definite integral using the Fundamental Theorem of Calculus.

e preval takes three arguments:

— F, an expression depending on the variable x.

— a and b, two expressions.
e preval (F,a,b) returns Fl,—, — Fl,—q.
preval is used to compute a definite integral when the primitive F' of the integrand f is known.
Assume, for example, that F:=int (£,x), then preval (F,a,b) is equivalent to int (f,x,a,b), but does
not require you to recompute F from f if you change the values of a or b.
Example.
Input:
preval (x"2+x,2,3)

Output:

5.12.24 Sub-expression of an expression: part

The part command finds subexpressions of an expression. (See Section 3.3.2 p.71.)
e part takes two arguments:

— expr, an expression.

— n, an integer.

e part (expr,n) evaluates erpr and then returns the nth sub-expression of expr.

Examples.
o Input:
part (x"2+x+1,2)
Qutput:
x
o Input:
part (x"2+(x+1)*(y-2)+2,2)
Output:
(z+1)(y—2)
e Input:
part ((x+1)*(y-2)/2,2)
Qutput:

y—2
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5.13 Values of a sequence u,,

5.13.1 Array of values of a sequence : tablefunc

The tablefunc command fills two columns of a spreadsheet with a table of values of a function. The
spreadsheet can be opened with Alt+t (see Section 3.5 p.73).

e tablefunc takes four arguments:

— f(z), a formula for a function.
— x, the variable.
— xp, the beginning value of z.

— 4ne, an increment for x.

e tablefunc(f(x),x,zq,inc) fills two columns of the spreadsheet, the current column and the
following column, starting with the chosen cell. The current column starts with the variable x,
followed by the initial value zq, then xg+inc, xg+ 2inc, . ... The following column starts with the
formula f(x), followed by f(z) evaluated at the values in the first column. (If the current cell is
column C, row n, it will contain x, the cell below it will contain inc, and the cell below it in row
k will contain =C'(k—1) + C$(n+1), and the corresponding cells in the next column will contain
=evalf (subst (D$n,C$n,Ck)).)

Example.

Display the values of the sequence u,, = sin(n)
Select a cell of a spreadsheet (for example C0) and:

Input:
tablefunc(sin(n),n,0,1)
Output:
row D
sin(n)
0.0

0.841470984808
0.909297426826
0.14112000806
-0.756802495308

WINNRrO|IBIOQ

The graphic representation may be plotted with the plotfunc command (see 7.4.1).

5.13.2 Values of a recurrence relation or a system: seqsolve

(See also Section 5.13.3 p.190.)
The seqsolve command finds the terms of a recurrence relation.

e seqgsolve takes three arguments:

— exprs, an expression or list of expressions that define the recurrence relation.
— wars, a list of the variables used.

— a, the starting value.

e seqgsolve(exprs,vars,a) returns a formula for the nth term of the sequence.
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For example, if a recurrence relation is defined by up+1 = f(up,n) with ug = a, the arguments to
segsolve will be f(z,n), [z,n] and a. If the recurrence relation is defined by upt2 = g(un, unt1,n)
with up = a and u; = b, the arguments to seqsolve will be g(x,y,n), [z,y,n] and [a, b].

The recurrence relation must have a homogeneous linear part, the nonhomogeneous part must be a
linear combination of a polynomials in n times geometric terms in n.

Examples.

e Find uy,, given that u,+1 = 2u, +n and ug = 3.
Input:

seqsolve(2x+n, [x,n],3)

Qutput:
-n—1+4.2"

e Find uy,, given that up4+1 = 2u, +n3™ and ug = 3.
Input:

seqsolve(2x+n*3°n, [x,n],3)

Qutput:
(n—3)-3"4+6-2"

e Find uy,, given that up+1 = up + up—1, g =0 and u; = 1.

Input:
seqsolve(x+y, [x,y,n], [0,1])
Qutput:
() 0 (S5 Vo (8 03 () () 55 ()
20
e Find u, and v,, given that u,4+1 = un + 20, Vn+1 = up +n+ 1 with ug = 1,99 = 1.
Input:
segsolve ([x+2#y,n+1+x], [x,y,n], [0,1])
Oulput:

o — (—1)"+4-2"—3 (—1)"42-27 1
2 ’ 2

5.13.3 Values of a recurrence relation or a system: rsolve

(See also Section 5.13.2 p.189.)
The rsolve command is an alternate way to find the values of a recurrence relation. Note that

rsolve is more flexible than segsolve since:
e The sequence doesn’t have to start with wy.

e The sequence can have several starting values, such as initial condition u% = 1, which is why
rsolve returns a list.

e The notation for the recurrence relation is similar to how it is written in mathematics.
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e rsolve takes three arguments:

— eqns, an equation or list of equations that define the recurrence relation.
— fns, the function or list of functions (with their variables) used.

— startvals, the equation or list of equations for the starting values.

e rsolve(egns, fns,startvals) returns a list containing a formula for the nth term of the sequence.
(If there is more than one sequence, it will return a formula for each one.)

For example, if a recurrence relation is defined by u,11 = f(up,n) with ug = a, the arguments to
rsolve will be u(n + 1) = f(u(n),n), u(n) and u(0) = a.

The recurrence relation must either be a homogeneous linear part with a nonhomogeneous part
being a linear combination of polynomials in n times geometric terms in n (such as up4+1 = 2uy, + n3"),
or a linear fractional transformation (such as up41 = (up — 1)/(un — 2)).

Examples.
e Find uy,, given that up+1 = 2u, +n and ug = 3.
Input:

rsolve(u(n+l) = 2*u(n) + n, u(n), u(0)=3)

Qutput:
[—n+4-2" —1]

e Find u,, given that u,+1 = 2u, +n and u% =1.
Input:

rsolve(u(n+l) = 2%xu(n) + n, u(n), u(l)"2 = 1)

Qutput:

3 1
— — 2" 1, — — 2" -1
n+2 , n+2

Note that there are two formulas, since the starting formula u? = 1 gives two possible starting
values: u; = 1 and u; = 2.

e Find uy, given that u,+1 = 2u, +n3™ and up = 3.
Input:

rsolve(u(n+l) = 2*xu(n) + n*3°n,u(n), u(0)=3)

Qutput:
[n-3"+6-2"—3-3"]

e Find u,, given that u,+1 = (u, —1)/(up — 2) and up = 4.
Input:

rsolve(u(n+l) = (u(n)-1)/(u(n)-2),uln), u(0)=4)

Output:

(20v/5+60) (¥52)" + 60v/5 — 140
10 (¥V52)" + 2015 - 60
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e Find u, given that up+1 = up + up—1 with ug =0, u; = 1.
Input:

rsolve(u(n+1) = u(n) + u(n-1), u(n), u(0) = 0, u(l) = 1)

) ()

Output:

) 2 ) 2

e To find u, and vy, given that u,11 = un + Upn, Vngp1 = Un — vy with ug = 0,v9 = 1.
Input:

rsolve([u(n+1l) = u(n) + v(n), v(n+tl) = u(n) - v(n)l, [u(),v()], [u(0)=1,
v(0)=1])

Qutput:

[ %(7\/§+ 1) (7ﬂ)n+171 i % (\@Jr 1) .2n+é—1 %(7\/§)n+171 i %.2”%71 ]

5.13.4 Table of values and graph of a recurrent sequence: tableseq

The tableseq command fills a column of a spreadsheet with a recurrence relation. The spreadsheet can
be opened with Alt+t (see Section 3.5 p.73).

tableseq takes three arguments, which can be different depending on how many terms are involved
in the recurrence relation.

For a one term recurrence relation:

e tableseq takes three arguments:

— f(z), a formula which defines the recurrence, through u,11 = f(uy).
— x, the variable.

— ug, the initial term of the sequence.

e tableseq(f(x),x,up) fills the current column of the spreadsheet, starting with the selected cell
(or cell 0 if the entire column is selected), with the formula f(z), the next cell with the variable
x, followed by the terms wg, u1, ... of the sequence. (If the current cell is column C, row n, these
latter cells will actually contain (if in row k) =evalf (subst(C$n,C$(n+1),C(k —1))), which
means if you change the value in one cell, the values in the later cells will change accordingly.) See
also plotseq, Section 7.17 p.619, for a graphic representation of a one-term recurrence sequence.

Example.

Display the values of the sequence uy = 3.5, up+1 = sin(uy,)
Select a cell of the spreadsheet (for example BO) and input in the command line:

tableseq(sin(x),x,3.5)

Output:
row | B
0 sin(x)
1 X
2 3.5
3 -0.35078322769
4 -0.343633444925
5 -0.336910330426




5.14. OPERATORS OR INFIXED FUNCTIONS 193

More generally, for a recurrence relation where each term depends on the previous k terms:

e tableseq takes three arguments:

— f(z1,22,...,2k), a formula which defines the recurrence, through u,11 = f(upn, ..., Up—k).
— [z1,..., 2], a list of variables.
— [ug,...,uk—1], a list of the beginning k terms.

e tableseq(f(z1,...,2k),[%1,-..,Tk],[U0,-..,ux—1]) fills the current column of the spreadsheet,
starting with the selected cell (or cell 0 if the entire column is selected), with the formula
f(z1,29,...,21), followed by the variables x1,...,x, followed by the terms wg,ui,... of the se-
quence.

Example.
Display the values of the Fibonacci sequence ug = 1,u1 = 1,..., Upt2 = Up + Upt1
Select a cell, say BO, and:
Input:
tableseq(x+y, [x,y]1,[1,1])
Output:

row | B
Xty

Q| W N =IO
DNO| —| = | K

5.14 Operators or infixed functions

An operator is an infixed function. For example, the arithmetic functions +, -, *, /, and ~ are operators.
(See Section 5.8.2 p.144 and Section 5.10.1 p.166.)
5.14.1 Xcas operators: $ %

e $ is the infixed version of seq (see Section 5.39.2 p.394).
Example.
Input:

(2°k)$(k=0..3)

(do not forget to put parenthesis around the arguments)
or:

seq(27k,k=0..3)

Output:
1,2,4,8

e mod or % defines a modular number; a mod n is the equivalence class of a in Z/nZ.
Example.
Input:
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5% 7
or:
5 mod 7
Qutput:
(=2)% 7
e Qis used to compose functions; (f@g)(x) = f(g(x)).
Example.
Input:
(sin@exp) (x)
Output:

sin (e%)

e @@ is used to compose a function with itself many times (like a power, replacing multiplication by

composition); for example, (f0@3)(z) = f(f(f(z))).
Example.

Input:
(sin@e4) (x)

Output:
sin (sin (sin (sin z)))

e minus, union and intersect return the difference, the union and the intersection of two sets,
respectively. (See Section 4.3.2 p.77).

Example.
Input:
A := setl[1,2,3,4];
B := set[3,4,5,6];
then:
A minus B
Qutput:
[1,2]
Input:
A union B
Output:
[1,2,3,4,5,6]
then:
A intersect B
Output:

[3,4]
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e -> is used to define a function, which can be assigned a name.

Example.
Input:
(x->x72)(3)

Qutput:

9
Input:

f:=x->x"2
then:
£(3)

Qutput:

9

e => is the infixed version of sto (see Section 4.4.2 p.79) and so is used to store an expression in a
variable.
Example.
Input:
2 =>a

then:

a
Output:

2

e :=is used to store an expression in a variable, but the variable comes first (the argument order is
switched from =>).

Example.
Input:
a =2
then:
a
Qutput:
2

e =< to store an expression in a variable, but the storage is done by reference if the target is a matrix
element or a list element. This is faster if you modify objects inside an existing list or matrix
of large size, because no copy is made, the change is done in place. Use with care, all objects
pointing to this matrix or list will be modified.

Example.
Input:
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L := [2,3];
L2 :=L;
then:
L[0] =< 5
and:
L
Output:
[5,3]
Input:
L2
Qutput:
[5, 3]

5.14.2 Defining an operator: user_operator

The user_operator command lets you define an operator or delete an operator you previously defined.
When you use an operator you defined, you have to make sure that you leave spaces around the operator.
To define an operator:

e user_operator takes three arguments:

— name, a string which is the name of the operator.
— fn, a function of one or two variables with values in R or in true, false.
— type, to specify what kind of an operator you are defining. The possible values are:

* Binary, to define an infixed operator. In this case, fn must be a function of two variables.

* Prefix (or Unary), to define a prefixed operator. In this case, fn must be a function of
one variable.

x Postfix, to define a postfixed operator. In this case fn must be a function of one variable.

e user_operator (name,fn,type) returns 1 if the definition was successful and otherwise returns 0.

Examples.

e Example 1.
Let Rbedefined on RxRbyz Ry=xz*xy+x+y.
To define R:
Input:

user_operator ("R", (x,y) ->x*y+x+y,Binary)

Output:

Input:

5R 7
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(Do not forget to put spaces around R.)
Output:
47

e Example 2.
Let S be defined on N by:
for x and y integers, x S y means that x and y are not coprime.

To define S:
Input:
user_operator ("S", (x,y)->(gcd(x,y)) !=1,Binary)
Output:
1
Input:
5857
(Do not forget to put spaces around S.)
Qutput:
false
Input:
8 S 12
Do not forget to put spaces around S.
Output:
true
o Example 3.
Let T be defined on R by Tz = z2.
To define T
Input:
user_operator ("T",x->x"2,Prefix)
Qutput:
1
Input:
T 4
(Do not forget to put a space before T.)
Qutput:
16
o Example 4.
Let U be defined on R by zU = 5z.
To define U:
Input:

user_operator ("U",x->5*x,Postfix)
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Qutput:
1
Input:
30U
(Do not forget to put a space before T.)
Output:
15

To delete an operator:
e user_operator takes two arguments:

— name, a string which is the name of the operator.

— Delete

e user_operator(name,Delete) deletes the operator.

5.15 Functions and expressions with symbolic variables

5.15.1 The difference between a function and an expression

Functions are often defined with expressions; for example, f(x):=x"2-1 defines a function f, whose
value at z is given by 22 + 1. (The function f can also be defined by f:=x->x"2-1.) But the function
is not the same as the expression; the variable x is only a placeholder for the function; it is not part of
actual definition of the function. Compare this with g:=x"2-1, where g is a variable which stores the
expression x"2-1 and so the identifier x is part of the definition of g. To find the value of f for x = 2,
you can enter £(2), but to use g to find the same value you have to do an explicit substitution and
enter subst(g,x=2).

When a command expects a function as argument, this argument should be either the definition of

the function (e.g. x->x"2-1) or a variable name assigned to a function (e.g. f previously defined by
f(x):=x"2-1).
When a command expects an expression as argument, this argument should be either the definition of
the expression (for example x"2-1), or a variable name assigned to an expression (e.g. g previously
defined by g:=x"2-1), or the evaluation of a function (e.g. £(x) where £ is the previously defined
function by f(x):=x"2-1).

5.15.2 Transforming an expression into a function: unapply

The unapply command transforms an expression into a function.
e unapply takes two arguments:

— expr, an expression.

— x, the name of a variable or sequence of names of variables.

e unapply(ezpr,z) returns the function defined by the expression ezpr and variable(s) x, as in
T->erpr.

Examples.

o Input:

unapply (exp (x+2) ,x)
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Qutput:
T e:t:+2
o Input:
unapply (x*y-x-y, (x,y))
Qutput:
(T,y) oy —z—y
Warning.

When a function being is defined, the right side of the assignment is not evaluated, hence g:=sin(x+1);
f (x) :=g does not define the function f : z — sin(z + 1) but defines the function f : x — g. To define
the former function, unapply should be used, as in the following example:

Example.

Input:

g:= sin(x+1); f:=unapply(g,x)

Output:
sin(x+1),z—sin(z+1)

hence, the variable g is assigned to a symbolic expression and the variable f is assigned to a function.

Examples.

o Input:
f:=unapply(lagrange([1,2,3],[4,8,12]),x)

(See Section 5.27.29 p.317.) Output:

x—4(x—1)+4

o Input:
f:=unapply(integrate(log(t),t,1,x),x)
Output:
r—rlhnr—z+1
e Input:
f:=unapply(integrate(log(t),t,1,x),x):;
(%)
Output:
zlnxr—z+1
Remark.

Suppose that f is a function of 2 variables f : (z,w) — f(x,w), and that g is the function defined by
g :w — hy, where hy, is the function defined by h,(z) = f(z,w).
unapply can also be used to define g.
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Example.

Input:
f(x,w) :=2*%x+w:;
g(w) :=unapply (f(x,w) ,x):;
g(3)

Output:

T+ 2x+3

5.15.3 Top and leaves of an expression: sommet feuille op left right

An expression can be represented by a tree. The top of the tree is either an operator or a function and
the leaves of the tree are the arguments of the operator or function (see also 5.39.10).
The sommet command finds the top of an expression.

e sommet takes one argument:
erpr, an expression.

e sommet (ezpr) returns the top of expr.

Examples.
o Input:
sommet (sin(x+2))
Oulput:
sin
o Input:
sommet (x+2xy)
Output:

_l’_

The op command finds the list of the leaves of an expression.
feuille is a synonym for op.

e op takes one argument:
erpr, an expression.

e op(expr) returns the leaves of expr.

Examples.
o Input:
op(sin(x+2))
or:
feuille(sin(x+2))
Qutput:

xr+2
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o Input:
op (x+2*y)
or:
feuille (x+2*y)
Qutput:
x,2y

If the top of an expression expr is an infixed operator, the left hand side will be expr[1] and the right
hand side will be ezpr[2]. The 1left and right commands are alternative commands to find the sides
(see Section 5.3.4 p.100, Section 5.37.1 p.385, Section 5.38.2 p.388, Section 5.40.6 p.406, Section 5.55.4
p.544 and Section 5.55.5 p.544 for specific uses of left and right.)

e left and right take one argument:
erpr, an expression whose top is an infixed operator.

e left(expr) returns the left side of the operator.

e right (expr) returns the right side of the operator.

Examples.
o Input:
sommet (y=x"2)
Output:
o Input:
left (y=x"2)
Qutput:
Yy
o Input:
right (y=x"2)
Output:
22
Remark.

If a function is defined by a program (see Section 12.1.2 p.743) then the top will be the function
’program’ and the leaves will be a sequence consisting of the arguments of the defined function, followed
by a sequence of 0Os (one for each argument) followed by the body of the function. For example, define
the pged function:

pgcd(a,b) :={local r; while (b!=0) {r:=irem(a,b);a:=b;b:=r;} return a;>}

Then:
Input:
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sommet (pgcd)
Output:
program
Input:
feuille(pgcd) [0]
or:
op(pgcd) [0]
Output:
a,b
Input:
feuille(pged) [1]
or:
op(pgcd) [1]
Output:
0,0
Input:
feuille(pgcd) [2]
or:
op(pged) [2]
Output:
{ local r;
while (b<>0){
r:=irem(a,b);
a:=b;
b:=r;
35
return(a);

¥

5.16 Functions

5.16.1 Context-dependent functions.

The + operator

CHAPTER 5. THE CAS FUNCTIONS

The + operator is infixed and ’+? is its prefixed version. The + operator will add numbers (see Sec-
tion 5.8.2 p.144), concatenate strings (see Section 5.3.12 p.105), and convert a number to a string if
necessary. Addition makes sense for other objects, and + can flexibly deal with them; the result of using

the + operator depends on the nature of its arguments.
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Examples.

o Input:

or:

or.

or:

Output:

(See Section 5.39.9 p.401.)

o Input:

or.

Qutput:

o Input:

or.

or.

Qutput:

o Input:

or.

1+2+3+4

’+7(1,2,3,4)

(1,2)+(3,4)

(1,2,3)+4)

10

1+i+2+3%1

’+2(1,1,2,3%1)

3+ 4i

[1,2,3]1+[4,1]

[1,2,3]1+[4,1,0]

’+7([1,2,3], [4,1])

[5,3,3]

[1,2]+[3,4]

+2([1,2],(3,4D)

203
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Qutput:
[4, 6]
o Input:
([1,2],[3,4]11+[[1,2],[3,4]]
Output:
2 4
6 8
o Input:
[1,2,3]+4
or:
'+ ([1,2,3],4)
Output:

[1,2,7]

(This is a polynomial; see Section 5.27.1 p.301.)

e Input:
[1,2,31+(4,1)
or:
’+7([1,2,3],4,1)
Qutput:
[1,2,8]
o Input:
"Hel"+"1o"
or:
247 ("Hel","1o")
Qutput:

"Hello"

The -,* and / operators

The -, * and / operators (and their prefixed versions ?-?, ?*? and */?), like the + operator, are flexible
and operate on compound objects (such as lists and sequences), but don’t concatenate strings.
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Examples of - and ’-’.

o Input:

Output:

o Input:

Qutput:

o Input:

or:

or:

Qutput:

o Input:

or:

Output:

o Input:

Qutput:

o Input:

or.

(1,2)-(3,4)

(1,2,3)-4

[1’2’3]_[4’1]

[1,2,3]-[4,1,0]

,_’([1)2:3] H [4:1])

[—3,1,3]

[1,2]-(3,4]

»-2([1,2],[3,41)

[_27 _2}

[[3’4] H [1’2]]_[[1’2] H [3,4]]

[1,2,3]-4

205
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,_,([1’2’3] 14)

Qutput:
11,2, —1]
o Input:
[1,2,31-(4,1)
Output:
11,2, -2]
Examples of * and ’*’.
o Input:
(1,2)*(3,4)
or:
(1,2,3)%4
or:
1%2%3%4
or:
’%2(1,2,3,4)
Qutput:
24
e Input:
1%1%2%3%1
or:
7%7(1,1,2,3%1)
Qutput:
—6
o Input:
[10,2,3]1*[4,1]
or:
[10,2,3]*[4,1,0]
or:

’+7([10,2,3],[4,1])
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Qutput:
42
These compute the scalar product.
o Input:
[1,2]%[3,4]
or:
7% ([1,2],(3,4])

Qutput:

11

These compute the scalar product.

o Input:
[(1,21,03,411* [[1,2],[3,4]]
Qutput:
[ 7 10 ]
15 22
o Input:
[1,2,3]%4
or:
'x2([1,2,3],4)
Output:
[4,8,12]
o Input:
[1,2,3]1%(4,2)
or:
’x7([1,2,3],4,2)
or:
[1,2,3]%8
Qutput:
8,16, 24]
o Input:
(1,2)+1*(2,3)
or:
1+2+1%2%3
Qutput:

3+ 61
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Examples of / and ’/°.

o Input:
[10,2,31/[4,1]
Output:
ES
2
o Input:
[1,2]1/1[3,4]
or:
’/2([1,2],[3,4])
Qutput:
11
372
o Input:
1/001,2],[3,41]
or:
/2 (1, [[1,2],[3,4]]
Qutput:
7
3 _1
2 2
o Input:
[[1,21,[3,411*1/ [[1,2],[3,4]1]
Qutput:
10
01
o Input:
((1,21,03,411/ [[1,2],[3,4]]
Qutput:

11
11
(This is term-by-term division.)

5.16.2 Standard functions

e The max command finds the maximum of a sequence of real numbers.

— max takes an arbitrary number of arguments:
seq, a sequence (or list) of real numbers.

— max(seq) returns the largest number in the sequence seq.
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Example.
Input:
max(0,1,2,-1,-2)

Output:

e The min command finds the minimum of a sequence of real numbers.

— min takes an arbitrary number of arguments:
seq, a sequence (or list) of real numbers.

— min(seq) returns the smallest number in the sequence seq.

Example.
Input:
min(0,1,2,-1,-2)

Qutput:
-2

e The abs command finds the absolute value of a real or complex number.

— abs takes one argument:
x, a real or complex number.

— abs(x) returns the absolute value of z.

Examples.
— Input:
abs(-5)
Qutput:
5
— Input:
abs (3+4x*1)
Output:
5

209

e The sign command finds the sign of a real number (+1 if it is positive, 0 if it is zero, and -1 if it

is negative).

— sign takes one argument:
x, a real number.

— sign(z) returns the sign of z.
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Examples.

— Input:

Output:

— Input:

Output:

sign(-4)

sign(0)

0

CHAPTER 5. THE CAS FUNCTIONS

e The floor command finds the floor of a real number; namely, the largest integer less than or equal

to the number.
iPart) is a synonym for floor.

— floor takes one argument:
x, a real number.

— floor(z) returns the floor of z.

Examples.

— Input:

Oulput:

— Input:

Qutput:

-5

floor(4.1)

floor(-4.1)

e The round command rounds a number to the nearest integer, rounding up in the case of a half-

integer.

— round takes one argument:
x, a real number.

— round(x) returns the nearest integer to .

Examples.

— Input:

Qutput:

— Input:

round(3.4)

round(-3.4)
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Qutput:
-3
— Input:
round(3.5)
Qutput:
4

e The ceil command finds the ceiling of a real number; namely, the smallest integer greater than
or equal to the number.
ceiling is a synonym for ceil.

— ceil takes one argument:
x, a real number.

— ceil(x) returns the ceiling of x.

Examples.
— Input:
ceiling(4.1)
Output:
5
— Input:
ceiling(-4.1)
Output:

—4

e The frac command finds the fractional part of a number; informally, the part of the number to
the right of the decimal point with the appropriate plus or minus sign. For a positive real number
x, the fractional part is  minus the floor of z; for a negative real number x, the fractional part
is « minus the ceiling of x.
fPart is a synonym for frac.

— frac takes one argument:
x, a real number.

— frac(x) returns the fractional part of x.

Examples.
— Input:
frac(3.24)
Output:
0.24
— Input:
frac(-3.24)
Qutput:

—0.24
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e The trunc command truncates a real number; namely, it removes the fractional part. The trun-
cated number added to the fractional part will equal the original number.

— trunc takes one argument:
x, a real number.

— trunc(x) returns the truncated value of x.

Examples.
— Input:
trunc(3.24)
Qutput:
3
— Input:
trunc(-3.24)
Output:

-3
e The id command is the identity function.

— id takes one argument or a sequence of arguments:
seq, whose elements can be any type.

— id(seq) returns seq.

Example.

o Input:
id(a,1,"abc",[1,2,3])

Qutput:
a,1,"abc",[1,2,3]

e The sq command squares its argument.

— sq takes one argument:
x, any object that can be multiplied by itself.

— sq(x) returns z?.

Examples.
— Input:
sq(5)
Qutput:
25
— Input:

sq(x+y)
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Qutput:

(z+y)?

— Input:
sq([[1,2],[3,411)

(This is a matrix product; see Section 5.44 p.438).

Oulput:
7 10
15 22

— Input:
sq([1,2,3])

(This is the dot product of [1,2, 3] with itself.)
Output:

14

e The sqrt command finds the square root of its argument.

— sqrt takes one argument:
x, any object for which the 1/2 power makes sense.

— sqrt (z) returns z/2.

Examples.
— Input:
sqrt (9)
Qutput:
3
— Input:
sqrt ((x+y)~2)
Qutput:
|z +y|
— Input:
simplify(sqrt([[2,3],[3,5]11))
Output:

11
1 2
e The surd command finds roots of quantities.

— surd takes two arguments:
x and n, numbers.

— surd(z,n) returns the nth root of ; i.e., /7.
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Example.

o Input:

surd(15.625,3)

Output:
2.5

e The exp command computes the exponential function.

— exp takes one argument:
x, a number.

— exp(x) returns e*.

Example.

Input:

exp(1.0)

Output:
2.71828182846

e The log command computes the natural logarithm function.
1n is a synonym for log.

— log takes one argument:
x, a number.

— log(a) returns the natural logarithm of x.

Example.

Input:

log(2.0)

Output:
0.69314718056

e The 1ogl0 computes the the base-10 logarithm.

— logl0 takes one argument:
x, a number.

— logl10(x) returns the base-10 logarithm of z.
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Example.
Input:
1og10(1000)
Qutput:
3

e The logb computes the logarithm to a specified base.

— logb takes two arguments:
x and b, non-zero numbers.

— logb(z,b) returns the base-b logarithm of z.

Example.
Input:
logb(10.0,2)

Qutput:
3.32192809489

e The standard trigonometric functions:

— The sin command is the sine function.

— The cos command is the cosine function.

— The tan command is the tangent function (tan(x)= sin(x)/cos(x)).
— The cot command is the cotangent function (cot(x)= cos(x)/sin(x)).

— The sec command is the secant function (sec(x)= 1/cos(x)).

The csc command is the cosecant function (csc(x) = 1/sin(x)).

— These commands take one argument: =, a number.
The number x will by default represent an angle measured in radians, but you can set Xcas
to use degrees (see Section 2.5.3 p.55) by setting the variable angle_radian to 0; resetting
it to 1 will change the angle measure to radians again.

— sin(x) returns the sine of x.

Examples.

« Input (with angle_radian equal to 1):

sin(pi/4)
Qutput:
V2
2
« Input (with angle_radian equal to 0):
sin(30)
Qutput:
1
2

— cos(x) returns the cosine of x.
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Examples.

x Input (with angle_radian equal to 1):

cos(pi/6)
Qutput:
V3
2
« Input (with angle_radian equal to 0):
cos (90)
Output:
0
— tan(zx) returns the tangent of x.
Examples.
« Input (with angle_radian equal to 1):
tan(pi/4)
Qutput:
1
x Input (with angle_radian equal to 0):
tan(60)
Qutput:
V3
— cot (x) returns the cotangent of x.
Examples.
« Input (with angle_radian equal to 1):
cot(pi/6)
Qutput:
2v/3
2
« Input (with angle_radian equal to 0):
cot (45)
Qutput:
1
— sec(x) returns the secant of z.
Example.
x Input (with angle_radian equal to 1):
sec(pi/3)
Qutput:
2
« Input (with angle_radian equal to 0):
sec(30)

Qutput:

Sl
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— csc(x) returns the cosecant of x.

Examples.
« Input (with angle_radian equal to 1):
csc(pi/4)
Output:
2

V2
« Input (with angle_radian equal to 0):
csc(30)
Output:
2

e The asin, acos, atan, acot, asec, acsc commands are the inverse trigonometric functions. The
latter are defined by:

— asec(x) = acos(1/x),

— acsc(x) = asin(1/x),
atan(1/x).

— acot(x)

arcsin is a synonym for asin.
arccos is a synonym for acos.
arctan is a synonym for atan.

— These functions take one argument: z, a number.
They return a number which can represent an angle; by default, the angles will be in ra-
dians, but you can set Xcas to use degrees (see Section 2.5.3 p.55) by setting the variable
angle_radian to 0; resetting it to 1 will change the angle measure to radians again.

— asin(x) returns the arcsine of x.

Examples.

« Input (with angle_radian equal to 1):

asin(1/2)
Qutput:
s
6
« Input (with angle_radian equal to 0):
asin(1)
Output:
T
2
— acos(x) returns the arccosine of z.
Examples.
« Input (with angle_radian equal to 1):
acos(sqrt(3)/2)
Output:
1
-7
« Input (with angle_radian equal to 0):
acos(-1/2)
Output:
120

— atan(z) returns the arctangent of z.
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Examples.

« Input (with angle_radian equal to 1):

atan(sqrt(3))
Qutput:
T
3
« Input (with angle_radian equal to 1):
atan(1)
Qutput:
45
— acot (z) returns the arccotangent of x.
Examples.
« Input (with angle_radian equal to 1):
acot (sqrt(3))
Qutput:
v
6
« Input (with angle_radian equal to 0):
acot (1/sqrt(3))
Qutput:
60
— asec(x) returns the arcsecant of z.
Examples.
« Input (with angle_radian equal to 1):
asec(1)
Oulput:
0
« Input (with angle_radian equal to 0):
asec(sqrt(2))
Output:
45
— acsc(z) returns the arccosecant of z.
Examples.
x Input (with angle_radian equal to 1):
acsc(1)
Qutput:
T
2
« Input (with angle_radian equal to 0):
acsc(2)

Qutput:
30
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e The sinh, cosh, and tanh commands compute the hyperbolic sine, hyperbolic cosine, and hyper-
bolic tangent functions.

— These functions take one argument:
x, a number.

— sinh(x) returns the hyperbolic sine of x.

Example.
Input:
sinh(1.0)

Oulput:
1.17520119364

— cosh(x) returns the hyperbolic cosine of x.

Example.
Input:
cosh(0)
Qutput:
1

— tanh(z) returns the hyperbolic tangent of z.

Example.

Input:
tanh(-1.0)

Output:
—0.761594155956

e The asinh, acosh, and atanh commands compute the inverse hyperbolic functions.
arcsinh is a synonym for asinh.
arccosh is a synonym for acosh.
arctanh is a synonym for atanh.

— These functions take one argument:
x, a number.

— asinh(x) returns the inverse hyperbolic sine of .

Example.
Input:
asinh(2)

Qutput:

In (2+ \/5>

— acosh(x) returns the inverse hyperbolic cosine of x.
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Example.
Input:
acosh(1)
Oulput:
0

— atanh(x) returns the inverse hyperbolic tangent of x.

Example.
Input:
atanh(1/2)
Qutput:
In (3)
2

5.16.3 Defining algebraic functions
Defining a function from R? to R

If expr is an expression possibly involving a variable x, you can use it to define a function f either by
f(z):=expr

or f := x->expr

(see Section 4.5.1 p.87).

Warning!!!

The expression after -> is not evaluated. You should use unapply (see Section 5.15.2 p.198) if you
expect the second member to be evaluated before the function is defined.

Example.

To define f : (x) — z *sin(x),

Input:

f(x):=x*sin(x)
or:

f:=x->x*sin(x)
then:

f(pi/4)
Output:
7T\/§
8
You can similarly define a function of several variables, by replacing x by a sequence (z1,...,zp) or

a list [x1,...,xp] of variables.
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Example.
Input:
f(x,y) :=x*xsin(y)
or:
f:=(x,y)->x*sin(y)
then:
£(2,pi/6)
Output:
1
You can also define a function with values in R? by replacing ezpr by a sequence (ezpry,.. . expry)
or list [expry,...,expry] of expressions.
Examples.

e Define the function h (z,y) — (x * cos(y), z * sin(y)).

Input:
h(x,y) :=(x*cos(y) ,x*sin(y))
then:
h(2,pi/4)
Qutput:

V2,v2

e Define the function h (z,y) — [z * cos(y), z * sin(y)].

Input:
h(x,y) :=[x*cos(y),x*sin(y)];
or:
h:=(x,y)->[x*cos(y) ,x*sin(y)];
or:
h(x,y):={[x*cos(y),x*sin(y)]};
or:
h:=(x,y)->return[x*cos(y) ,x*sin(y)];
or:
h(x,y):={return [x*cos(y),x*sin(y)];}
then:
h(2,pi/4)
Output:

Vi



222 CHAPTER 5. THE CAS FUNCTIONS

Defining families of function from RP~! to RY using a function from R? to RY

Suppose that the function f : (x,y) — f(z,y) is defined, and you want to define a family of functions
g(t) such that g(t)(y) := f(t,y) (i.e. tis viewed as a parameter). Since the expression after -> (or :=) is
not evaluated, you should not define g(t) by g(t) :=y->f (t,y); you have to use the unapply command
(see Section 5.15.2 p.198).

For example, to define f: (x,y) — xsin(y) and g(t) : y — f(t,y):

Input:
f(x,y) :=x*sin(y) ;g (t) :=unapply (£ (t,y),y)
then:
g(2)
Output:
Yy — 2siny

Input:

g(2) (1)
Output:

2sin (1)

For another example, suppose that you want to define the function h : (z,y) — [z *cos(y), z *sin(y)]

and then you want to define the family of functions k(¢) having ¢ as parameter such that k(t)(y) :=
h(t,y). To define the function h(zx,y)
Input:

h(x,y) :=(x*cos(y) ,x*sin(y))
To define properly the function k(t): Input:

k(t) :=unapply(h(x,t),x)

then:
k(2)
Output:
2+ (zcos (2),zsin (2))
(x)->(x*cos(2) ,x*sin(2))
Input:
k(2) (1)
Output:

cos (2) ,sin (2)

5.16.4 Composing functions: @

With Xcas, the composition of functions is done with the infixed operator @ (see Section 5.14.1 p.193).
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Examples.
o Input:
(sq@sin+id) (x)
Output:
sin?(z) + z
o Input:
(sin@sin) (pi/2)
Qutput:

sin (1)

5.16.5 Repeated function composition: @@

With Xcas, the repeated composition of a function with itself n € N times is done with the infixed
operator Q@ (see Section 5.14.1 p.193).

Examples.
o Input:
(s1in@@3) (x)
Qutput:
sin (sin (sinx))
o Input:
(sin002) (pi/2)
Output:

sin (1)

5.16.6 Defining a function with history: as_function_of

The as_function_of command creates a function defined by an expression, even if the desired variable
already has a value.

e as_function_of takes two arguments:

— x, a variable.

— exprvar, another variable containing an expression which itself may involve x.

e as_function_of (exprvar,x) returns a function defined by the expression that ezprvar contains.
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Example.
Input:

a:=sin(x)
Output:

sin (x)
Input:
b:=sqrt(1+a”2)
Output:
1+sin?z
Input:
c:=as_function_of(b,a)
Output:
(a) -> { return(sqrt(1+a”2));}
Input:
c(x)
Output:
V1+a?

Warning !!

If the variable b has been assigned several times, the first assignment of b following the last assignment
of a will be used. Moreover, the order used is the order of validation of the commandlines, which may
not be reflected by the Xcas interface if you reused previous commandlines.
Example.
Input:

a:=2 b:=2%a+1 b:=3*%a+2 c:=as_function_of(b,a)
Output:

(a) -> {return(2xa+1);}

So ¢c(x) is equal to 2xx+1. But: Input:

a:=2

b:=2%a+1

a:=2

b:=3%a+2
c:=as_function_of(b,a)

Output:
(a) -> {return(3*a+2);}

So c(x) is equal to 3*x+2.
Hence the line where a is defined must be reevaluated before the good definition of b.
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5.17 Getting information about functions from R to R
5.17.1 The domain of a function: domain
The domain command finds the domain of a function.

e domain takes one mandatory argument and one optional argument:

— expr, an expression involving a single variable.

— Optionally, x, the variable, which by default will be x.

e domain(ezpr (,x)) returns the domain of the function defined by expr.

Examples.
o Input:
domain(ln(x+1))
Qutput:
z>-1
o Input:
domain(asin(2*t),t)
Qutput:
t> L Nt < 1
-2 2

5.17.2 Table of variations of a function: tabvar

The table of variations of a function consists of

e The first row, for the variable, which gives the endpoints of subintervals of the domain, as well as
any critical points and inflection points.

e The second row, for the derivative, which gives the values of the derivative at the values in the
first row (or limits as the variable approaches one of the values) and between them the sign (+ or
—) of the derivative in the corresponding subinterval.

e The third row, for the function, which gives the values of the function at the values in the first
row, and between them whether the function is increasing or decreasing in the corresponding
subinterval.

e The fourth row, for the second derivative, which gives the values of the second derivative at the
values in the first row, and between them whether the second derivative is positive or negative
(and hence whether the graph is concave up or concave down) in the subinterval.

The tabvar command finds the table of variations of a function.
e tabvar takes one mandatory argument and one optional argument.

— expr, an expression of a single variable.

— Optionally, x, the variable (by default, = =x).

e tabvar (expr (,x)) returns the table of variations of the function f(z) = exzpr and draws the graph
on the DispG screen, accessible with the menu Cfg»ShowsDispG.
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Examples.
o Input:
tabvar(x"2 - x - 2,x)
Qutput:
Function plot x"2-x-2, variable x
Domain x
Vertical parabolic asymptote at -infinity
Vertical parabolic asymptote at +infinity
Variations x"2-x-2
1
T —00 5 +00
y=2r—1 —-o0 — 0 +  +4o©
y=a>2—zr—-2 4oo | —% T 4o
y’ 2 4+ 2 +U) 2
plotfunc(x”2-x-2,x=((-0.6681472) .. 1.7222552))
Inside Xcas you can see the function with Cfg>Show>DispG.
o Input:
tabvar((2xt-1)/(t-1),t)
Output:

Function plot (2*t-1)/(t-1), variable t
Domain t<>1

Vertical asymptote x=1

Horizontal asymptote y=2

Horizontal asymptote y=2

Variations (2*t-1)/(t-1)

t —0 1 1 +00
y/ = _(t—11)2 0 - H H - 0
y=35 2 1 -o0 400 | 2
y" o - I I +UL o0
plotfunc((2#t-1)/(t-1),t=((-0.1681472) .. 2.2222552))

Inside Xcas you can see the function with Cfg>Show>DispG.

Note that in this case, the value 1 appears twice in the first row, so that both one-sided limits of
y can be displayed at the vertical asymptote t = 1. The values of 2 for y at —oo and oo indicate
a horizontal asymptote of y = 2.

5.18 Limits: 1imit

The 1imit command computes limits, both at numbers and infinities, and in the real case it can compute
one-sided limits.

e limit takes three mandatory and one optional argument.
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— expr, an expression.
— x, the name of a variable.

— a, the limit point.

Optionally, side (either 0, -1 or 1), to specify which side to take a one-sided limit (by default
side=0).

e limit (ezpr,z,a (,side)) returns the limit of ezpr as x approaches a.
— If side is 0 (the default), then the ordinary limit is returned.

— If side is -1, then the limit from the left (x < a) is returned.
— If side is 1, then the limit from the right (z > a) is returned.
Remark:

It is also possible to put x=a as argument instead of x,a; limit (ezpr,var=pt/,side/) is equivalent to
limit Cexpr,var,pt/,sidef).

Examples.
o Input:
limit(1/x,x,0,-1)
or:
limit(1/x,x=0,-1)
Qutput:
—00
o Input:
limit(1/x,x,0,1)
or:
limit(1/x,x=0,1)
Output:
+0o0
o Input:
limit(1/x,x,0,0)
or:
limit(1/x,x,0)
or:

limit (1/x,%x=0)
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Qutput:
00

(Note that oo or infinity without an explicit + or - represents unsigned infinity.) Hence, abs(1/x)
approaches +o0o when x approaches 0.

Exercises.
e Find, for n > 2, the limit as x approaches 0 of:

ntan(z) — tan(nz)

sin(nx) — nsin(zx)

Input:
limit ((n*tan(x)-tan(n*x))/(sin(n*x)-n*sin(x)) ,x=0)

Qutput:

e Find the limit as  approaches +oo of
T4+ \/rx+Vr—x
Input:
limit (sqrt(x+sqrt (x+sqrt(x)))-sqrt(x),x=+infinity)

Output:

N | =

e Find the limit as  approaches 0 of

V1+z+22/2 —exp(z/2)

(1 — cos(x)) sin(x)

Input:
limit ((sqrt (1+x+x"2/2)-exp(x/2))/((1-cos(x))*sin(x)),x,0)

Oulput:

| =

5.19 Derivation and applications

5.19.1 Functional derivative: function_diff

The function_diff command finds the derivatives of functions (as opposed to expressions, see Sec-
tion 5.15.1 p.198).

e function_diff takes one argument: f, a function.

e function_diff (f) returns the derivative f’ of f.
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Examples.
o Input:
function_diff (sin)
Qutput:
X > COSX
e Input:
function_diff(sin) (x)
Output:
cosx
o Input:
f(x):=x"2+x*cos(x)
function_diff (f)
Qutput:
X — COSX — X Sinx + 2x
o Input:
function_diff (f) (x)
Output:

cosx —xsinx + 2x

e To define the function g as [’
Input:

g:=function_diff (f)

e The function_diff instruction has the same effect as using the expression derivative diff (see
Section 5.19.4 p.233) in conjunction with unapply (see Section 5.15.2 p.198):

Input:
g:=unapply(diff (f(x),x),x)
g(x)
Output:
cosr — xsinx + 2x
Warning!!!

In Maple mode (see Section 2.5.2 p.54), for compatibility, D may be used in place of function_diff.
For this reason, it is impossible to assign a variable named D in Maple mode (hence you can not name
a geometric object D).
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5.19.2 Length of an arc: arcLen

The arcLen command finds the lengths of curves in the plane, which can either be given by an equation
or a curve object.
To find the length of a curve given by an equation:

e arcLlen takes four arguments:

— expr, an expression (resp. a list of two expressions [expr),exprs]) involving a variable z.
— x, the name of the variable.

— a and b, two values for the bounds of this variable.

e arcLen(expr,x,a,b) (resp. arcLen([ezpr,expra]lx,a,b)) returns the length of the curve defined
by y = f(z) =expr (resp. by x1 =expri,xe =expry) as x varies from a to b, using the formula

b
arcLen(f(z),z,a,b) = / V [(x)? + 1dx
or

b
arcLen(f(z),z,a,b) = / V! (t)? 4 ' (t)%dt

Examples.

e Compute the length of the parabola y = 2 from =0 to x = 1.

Input:
arcLen(x"2,x,0,1)
or:
arcLen([t,t"2],t,0,1)
Qutput:
2v/5 —In (V5 — 2)
4
e Compute the length of the curve y = cosh(x) from x = 0 to = = In(2).
Input:
arcLen(cosh(x),x,0,log(2))
Output:
3
4
e Compute the length of the circle x = cos(t),y = sin(t) from t =0 to t = 2 % 7.
Input:
arcLen([cos(t),sin(t)],t,0,2%pi)
Qutput:

21

To find the length of a curve given by a curve object:

e arclen takes a single argument: curve, a geometric curve defined in one of the graphics chapters
(chapters 13 and 14).

e arcLen(curve) returns the length of the curve.
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Examples.
o Input:
arcLen(circle(0,1,0,pi/2))
Output:
1
-
2
o Input:
arcLen(arc(0,1,pi/2))
Output:

1
1™V2

5.19.3 Maximum and minimum of an expression: fMax fMin

The fMax and £fMin commands find where maxima and minima occur. They can do this for expressions
of one variable or for expressions of several variables subject to a set of constraints, either equalities or
inequalities.

The find the maximum and minimum of an expression with one variable:

e fMax and fMin take two arguments:

— expr, an expression involving one variable.

— Optionally, x, the name of the variable (by default z=x).
e fMax(expr (,x)) returns the value of z that maximizes the expression.

e fMin(ezpr (,x)) returns the value of x that minimizes the expression.

Examples.
o Input:
fMax(sin(x),x)
or:
fMax (sin(x))
or:
fMax(sin(y),y)
Output:
il
2
o Input:

fMin(sin(x),x)

or.
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fMin(sin(x))
or:
fMin(sin(y),y)

Oulput:

T
2
The find the maximum and minimum of an expression with several variables subject to constraints:

e fMax and fMin take four mandatory and two optional arguments:

— expr, an expression with several variables.

— constr, a list of constraints (equalities and inequalities).

— wars, a list of the variables.

— 4nit, an initial guess (which must be a list of nonzero reals representing a feasible point).

— Optionally, €, the precision. If this isn’t given, the default epsilon value is used (see Sec-
tion 2.5.7 p.56, item 9).

— Optionally, N, the maximum number of iterations.
The expression expr does not need to be differentiable.

o fMax (expr, constr ,vars ,init (,€) (, N)) returns the vector of values that maximizes ezpr subject
to the constraints constr.

e fMin(expr, constr ,vars ,init (,€) (, N)) returns the vector of values that minimizes expr subject
to the constraints constr.

Examples.
o Input:
fMax ((x-2)"2+(y-1)"2,[-.25x"2-y"2+1>=0,x-2y+1=0], [x,y],[.5,.75])
Output:
[—1.82287565553, —0.411437827766]
o Input:
fMln( (X_S) A2+YA2‘25 3 [Y>=XA2:| ) [X,Y] > [1 ) 1] )
Qutput:

[1.2347728625, 1.52466402196]

Although the initial point is required to be feasible, the algorithm will sometimes succeed even with
a poor choice of initial point. Note that the initial value of a variable must not be zero.
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5.19.4 Derivatives and partial derivatives

The diff command computes derivatives and partial derivatives of expressions.
derive is a synonym for diff.

To compute first order derivatives:
e diff takes one mandatory argument and one optional argument:

— expr, an expression or a list of expressions.

— Optionally, z, a variable (resp. a list of variable names, see several variable functions in 5.21).
If the only variable is x, this second argument can be omitted.

e diff (expr (,z)) returns the derivative (resp. a vector of derivatives) of the expression ezpr (or
list of expressions) with respect to the variable x (resp. with respect to each variable in the list

Examples.

e Compute:
A(xy?23 + zy2)

0z
Input:
diff (x*xy~2%z"3+x*xy*z,z)
Output:
3y + ay
e Compute the 3 first order partial derivatives of x * 3% x 23 + z x y * 2.
Input:
diff (x*y~ 2%z 3+x*y, [x,y,2])

Qutput:

[y223 + v, 2:1:yz3 + x, 3:Ey222]

e Compute: ‘
O3 (w.y?.2% + 2.y.2)
Oyd?z

Input:
diff (xxy “2%z"3+xxy*z,y,z$2)

Output:
12zyz

To compute higher order derivatives:
e diff takes more than two arguments:

— exrpr, an expression.

— x1,T3..., the names of the derivation variables. Note that for repeated variables, you can use
the $ operator (see Section 5.39.2 p.394) followed by the number of derivations with respect
to the variable; for example, instead of writing x, x, z you could write x3$3.

e diff (expr,x1,Ta,...) returns the partial derivative of expr with respect to the variables z1, zo,. . ..
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Examples.
e Compute:
02 (zy?2% + zy2)
0x0z

Input:
diff (xxy 2%z 3+x*y*z,x,2)

Oulput:
3y222 +y

e Compute:
03 (zy?2® + xy2)

0x0?%z
Input:
diff (x*y" 2%z 3+x*y*z,x,2,2)
or:
diff (x*xy 2%z 3+x*y*z,x,2$2)
Qutput:
6y°=
e Compute the third derivative of:
1
242
Input:
normal (diff ((1)/(x"2+2) ,x,x,x))
or:
normal (diff ((1)/(x"2+2),x$3))
Output:
—2423 + 48z
28 + 826 + 2424 + 3222 + 16
Remark.

e Note the difference between diff (f,x,y) and diff (f, [x,yl):
0*(f) o(f) o(f)

iff —
diff(f,xz,y) returns 920y 9z’ 0y ]

and diff (f,[z,y]) returns |

e Never define a derivative function with £1(x) :=diff (£ (x),x). Indeed, x would mean two different
things Xcas is unable to deal with: on the left hand side, x is the variable name to define the f;
function, and on the right hand side, x is the differentiation variable. The right way to define a
derivative is either with function_diff or:

f1:=unapply(diff(f(x),x),x)
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5.19.5 Implicit differentiation: implicitdiff

The implicitdiff command can differentiate implicitly defined functions or expressions containing
implicitly defined functions. It has three different calling sequences.

To implicitly differentiate dependent variables:

e implicitdiff takes four arguments:

— constraints, an equation or list of equations which implicitly define the dependent variables
as functions of the independent variables; these will be of the form

9i(T1y o Ty Y1y oo Ym) =0
fori=1,2,...,m, where x1,ldots, x,, are the independent variables and y1,..., Y, are the
dependent variables.

— depvars, the list of dependent variables, where each dependent variable can optionally be
written as a function of the z; or the name written as a function of the independent variables
yi(x1,...,zy). If there is only one dependent variable, this can be omitted.

— 4, a dependent variable or a list of dependent variables to be differentiated.
— diffvars, a sequence of independent variables z;,,...,z; with respect to differentiate.

e implicitdiff (constraints (,depvars)/y,diffvars) returns the derivative (or list of derivatives) of
y with respect to diffvars.

Examples.
o Input:
implicitdiff (x"2*y+y~2=1,y,x)
Qutput:
2xy
x? 4+ 2y
o Input:
implicitdiff ([x"2+y=z,x+y*z=1], [y(x),z(x)],y,x)
Qutput:
—2zy — 1
Yy+z

To find a specified derivative of an expression containing implicitly defined functions:
e implicitdiff takes four arguments:

— expr, a differentiable expression involving independent variables x1, x2, ..., x, and dependent
variables y1, 42, ..., Ym-

— constraints, an equation or list of equations which implicitly define the dependent variables
as functions of the independent variables; these will be of the form

gi(x].)”'axnayla'"aym) =0

fori=1,2,...,m.
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depvars, the dependent variable or list of dependent variables, where each dependent variable
can either be the variable name y; or the name written as a function of the independent
variables y;(z1,...,zy)).

diffvars, a sequence of independent variables x;,, ..., z;, with respect to which expr is differ-
entiated.

e implicitdiff Cexpr,implicitdef depvars,diffvars) returns the expression ezpr differentiated with
respect to diffvars.

Example.

Input:

Output:

implicitdiff (x*y,-2x"3+1bx"2xy+11y~3-24y=0,y(x) ,x)

223 — 52y 4+ 113° — 8y
5r2 + 11y%2 — 8

To find all kth order derivatives of an expression involving implicitly defined functions:

e implicitdiff takes four mandatory arguments and one optional argument:

expr, a differentiable expression involving independent variables 1, o, . . ., £, and dependent
variables y1, 42, ..., Ym.

constraints, an equation or list of equations which implicitly define the dependent variables
as functions of the independent variables; these will be of the form

9i(T1y o Ty Y1y ey Ym) =0

fore=1,2,...,m.

vars, a list [x1,...,Zn,Y1,-..,Ym] of the independent and dependent variables entered as
symbols in single list such that dependent variables come last.

order=k, where k is the order of the derivatives to be taken.

Optionally, a, a point where the partial derivatives should be evaluated at.

e implicitdiff (expr,implicitdef,vars,order=k (,a)) returns all partial derivatives of order k. If

k=

1 they are returned in a single list, which represents the gradient of expr with respect to

independent variables. If k& = 2 the corresponding Hessian matrix is returned (see Section 5.21.3
p.251). If k > 2, a table with keys in form [k1,ke,..,k,], where Ef’zl k; = k, is returned. Such
a key corresponds to

o* f

dvar™ dvark? - .. Huarkr

Examples.
o Input:
fi=x*y*z; g:=-2x"3+15x"2*y+11y~3-24y=0;
implicitdiff(f,g, [x,z,y],order=1)
Output:

2232 — balyz + 112z — Syz
5x2 + 11y2 — 8 ’

Ty

o Input:
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implicitdiff(f,g, [x,z,y],order=2,[1,-1,0])

Oulput:

e In the next example, the value of g%{f is computed at the point (x = 0,y =0, 2).
Input:
pd:=implicitdiff(f,g, [x,z,y],order=4,[0,2,0]);
pd[4,0]
Qutput:

—2z

5.19.6 Numerical differentiation: numdiff

The numdiff command finds numerical approximations to derivatives.
e numdiff takes three mandatory arguments and one optional argument.

- X =[ag,01,...,05), Y = [Bo, b1, -, Bn], two lists of real numbers, where n > 1.
— g, a real number.

— Optionally, m, an integer or a sequence of integers (by default 1).

e numdiff (X, Y, xg (,m)) returns an approximation of the m-th derivative of a function f at xg, or a
sequence of derivatives of order given by the sequence m, where f has values given by f(ay) = Sk,
k=0,1,...,n.

numdiff uses Fornberg’s algorithm (1988) improved by Sadiq and Viswanath (2014). The complexity
of the algorithm is O(n?m) in both time and space.

Note that ag,aq,...,a, do not have to be equally spaced, but they must be mutually different and
input in ascending order. There are no restrictions on the choice of xg.

Rounding errors are usually not damaging for m < 4. For higher m, consider providing exact input
data.

Examples.

e Let f(z) =sin(x)e™™, z € [0,1]. Sample this function at the points in
X =1[0,0.1,0.2,0.4,0.5,0.7,0.8, 1]

to approximate f”(1/m).
Input:

f:=unapply(sin(x)*exp(-x),x):;
X:=[0,0.1,0.2,0.4,0.5,0.7,0.8,1]:;
Y:=apply(f,X):;

1

Now you can approximate the second derivative of f at the point xo = ..

Input:

x0:=1/pi:;
d:=numdiff(X,Y,x0,2)
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Qutput:
—1.38167652799

Finally, compute the relative error of the obtained approximation.
Input:

abs(d-£’’(x0)) /abs(£’(x0))*100

Output:
2.82975186496 x 107°

The result is expressed in percentages.

e Use a sequence of values for the parameter m to find a list of approximations of the respective
derivatives at zg. This is faster than calling numdiff to approximate one derivative at a time.
Specifically, approximate the first, second and third derivative of the function

1
f(w):].—m, T € [0,1],

at the point g = 0.57 by sampling f at 21 equidistant points in the segment [0, 1].
Input:

f:=unapply(1-1/(1+x"2),x)

X:=[(0.05%k)$(k=0..20)]:; Y:=apply(£f,X):;

nundiff(X,Y,0.57,1,2,3)
Output:

[0.649439427528, 0.0217571104587, —2.99724196738)]
Actual values: f/(zq) = 0.649439427528, f”(x0) = 0.0217571104558 and " () = —2.99724196764.

numdiff can be used for generating custom finite-difference stencils for approximation of derivatives.

Example.
Let X =[-1,0,2,4], Y = [a,b,¢,d] and g = 1. To obtain an approximation formula for the second
derivative:
Input:
numdiff([-1,0,2,4],[a,b,c,d],1,2)

Output:

2 b d

5772710

The approximation is always a linear combination of elements in Y, regardless of X, o and m.

Given the lists X = [ag,aq,...,a,) and Y = [Bo, 51, .., 0], the Lagrange polynomial passing
through points (ag, Sx) where k = 0,1,...,n can be obtained by setting m = 0 and entering a symbol
for xo.

Example.

Let X =[—2,0,1] and Y = [2,4, 1]:

Input:
expand (numdiff([-2,0,1],[2,4,1],%,0))
Output:
4 5)

The same result is obtained by entering lagrange([-2,0,1],[2,4,1],x).



5.20. INTEGRATION 239

5.20 Integration

5.20.1 Antiderivative and definite integral: integrate int Int

The int and integrate commands compute a primitive or a definite integral. A difference between
the two commands is that if you input quest() just after the evaluation of integrate, the answer is
written with the [ symbol.

Int is the inert form of integrate; namely, it evaluates to integrate for later evaluation.

To find a primitive (an antiderivative):
e int (or integrate) takes one mandatory argument and one optional argument:

— exrpr, an expression.

— Optionally, x, the name of a variable (by default the value is x, so if the variable is x the
second argument is unnecessary).

e int(expr (,z)) (or integrate(ezpr (,x))) returns a primitive of ezpr with respect to z.

Examples.
o Input:
integrate(x”2)
Output:
23
3
o Input:
integrate(t”2,t)
Qutput:
3
3

To evaluate a definite integral:
e int (or integrate) takes four arguments:

— expr, an expression.
— x, the variable.
— a and b, the bounds of the definite integral.

e int(ezpr,x,a,b) (or integrate (ezpr,z,a,b)) returns the exact value of the definite integral if the
computation was successful or an unevaluated integral otherwise.

Examples.
o Input:
integrate(x”2,x,1,2)
Output:
7



240 CHAPTER 5. THE CAS FUNCTIONS

o Input:
integrate(1/(sin(x)+2),x,0,2*pi)
Qutput:

2
37V

Int is the inert form of integrate, it prevents evaluation, for example to avoid a symbolic compu-
tation that might not be successful if you just want a numeric evaluation.

Example.
Input:
evalf (Int(exp(x~2),x,0,1))
or:
evalf (int (exp(x~2),x,0,1))
Output:
1.46265174591
Exercises.
1. Let
fl) = 5 + (S
Find a primitive of f.
Input:
int (x/(x"2-1)+1n((x+1)/(x-1)))
Output:

Alternatively, define the function £,
Input:

f(x):=x/(x"2-1)+1n((x+1)/(x-1))
then:
int (£ (x))

The output, of course, will be the same.

Warning.
For Xcas, log is the natural logarithm (like 1n); 1og10 is the base-10 logarithm.
2. Compute:
e
x
26 + 2. 2t 4 22
Input:

int (2/(x"6+2*%x"4+x"2))
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Qutput:
2 ﬂ — §au"ctanan'
2(x3+2z) 2
3. Compute:
/ 1
- . dx
sin(x) + sin(2 - x)
Input:
integrate(1/(sin(x)+sin(2*x )))
Qutput:

1+4cosx 1+4cosx

In (1—cosm> In ‘ l—cosz 3‘
2 —
12 3

5.20.2 Primitive and definite integral: risch

The Risch algorithm is a powerful algorithm for finding an elementary primitive of an elementary
function or concluding that one doesn’t exist. The risch command finds primitives and can use them

to evaluate definite integrals.

To find a primitive:

e risch takes one mandatory argument and one optional argument:

— expr, an expression.

— Optionally z, the name of a variable (by default the variable is x).

e risch(ezpr (,x)) returns a primitive of ezpr with respect to .

Examples.
o Input:
risch(x"2)
Oulput: f
23
3
o Input:
risch(t”2,t)
Qutput:
t3
3
o Input:
risch(exp(-x"2))
Output:

/ e dz

meaning that exp(—x?) has no primitive expressed with the usual functions.
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To evaluate a definite integral:
e risch takes four arguments:

— expr, an expression erpr.
— x, the variable.
— a and b, the bounds of the definite integral.

e int(expr,z,a,b) returns the exact value of the definite integral if the computation was successful
or an unevaluated integral otherwise.

Example.
Input:
risch(x"2,x,0,1)
Output:
1
3

5.20.3 Discrete summation: sum

The sum command can evaluate sums, series, and find discrete antiderivatives. A discrete antiderivative
ofasum ) f(n)is an expression G such that G|,—, 41 —G|,—, = f(n), which means that EnN:M fn) =
Gle=N+1 — G-

To evaluate a sum or series:

e sum takes four arguments:

— expr, an expression.
— k, the name of the variable.

— ng and ny, integers (the bounds of the sum).

e sum(expr,k,ng,ni) returns the sum Zzlzno expr.

Examples.
o Input:
sum(1,k,-2,n)
Oulput:
n+1+2
o Input:
normal (sum(2*k-1,k,1,n))
Qutput:
n2

o Input:

sum(1/(n"2),n,1,10)
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Qutput:
1968329
1270080
o Input:
sum(1/(n"2),n,1,+(infinity))
Output:
1
6
o Input:
sum(1/(n"3-n),n,2,10)
Qutput:
27
110
o Input:
sum(1/(n"3-n),n,2,+(infinity))
Output:
1
4
This result comes from the decomposition of 1/(n"3-n) (see Section 5.32.9 p.361).
Input:
partfrac(1/(n"3-n))
Oulput:
1 1 1
——+
n 2(n—-1) 2(Mn+1)
Hence
olooy b1y L
n=2 =1 n+l 2 n=2 n+l N
N N—2 N—2
1 1 1 1 1
- — — (14 =
QZn—l Q(Zn—l—l) 2( +2+ n—l—l)
n=2 n=0 n=

1 1 1 1 1 1
2 n+1_§(zn+1+N+N+1)
n=2 n=2 )
it

After simplification by Zf:[:} , it remains:

LS SO SO A A S 1

2 2 22 N 2'N N+1' 4 2N(N+1)
Therefore:

— for N = 10 the sum is equal to: 1/4 —1/220 = 27/110

— for N = 400 the sum is equal to: 1/4 because
infinity.

1
IN(N+I)

To find a discrete antiderivative:

e sum takes two arguments:

— exrpr, an expression.

— k, the name of the variable.

e sum(ezpr,x) returns a discrete antiderivative.

243

approaches zero when N approaches
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Example.
Input:
sum(1/ (x*(x+1)),x)

Output:

8|

5.20.4 Riemann sum: sum_riemann

Given a function f on [0, 1], the Riemann sum corresponding to dividing the interval into n equal parts
and using the right endpoints is
n
z. 1
D E)-
k=1

The sum_riemann command determines if a sum is such a Riemann sum, and if it is, evaluates the
integral.

e sum_riemann takes two arguments:

— expr, an expression depending on two variables.

— [n,k], the list of those two variables.

e sum_riemann(expr, [n,k]) returns
n
lim E expr
n—oo
k=1

(which, viewing the sum as a Riemann sum of a continuous function on [0, 1], is the definite
integral) or returns "it is probably not a Riemann sum" when the no result is found.

Exercises.
1. Suppose S, = Z 3
k=1
Compute lim S,.
n—-+00
Input:
sum_riemann(k~2/n"3, [n,k])
Qutput:
1
3
2. Suppose S,, = —.
pp ; =
Compute lim Sj,.
n—-+o0o
Input:
sum_riemann(k~3/n"4, [n,k])
Qutput:
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3. C te lim ( + : +..F ! )
i m im e .
© pueTHJrOO n+1 n+2 n+n
Input:
sum_riemann(1/(n+k), [n,k])
Output:
In (2)
n
32n3

4. Suppose S,, = ; Tont — Ji"

Compute lim S,.

n—-+4o00
Input:
sum_riemann(32*n~3/(16*n"4-k"4), [n,k])
Oulput:

1
2 arctan (2> +1n(3)

5.20.5 Integration by parts

Recall the integration by parts formula:

If you want to integrate a function f(x) by parts, you need to specify how to write f(z) as u(z)v'(z),
which you can do by either specifying u(z) or v(z). The result will be in the form F(z) + [ g(z)dz,
where F(x) = u(z)v(z) and g(z) = —v(z)u/(x).

In some cases, to finish an integral you need to integrate by parts more than once. After one
integrating by parts once and getting F(z) + [ g(z)dz, you may have to integrate [ g(z)dx by parts
and add F'(z) to the result.

Xcas has two commands for integrating by parts: ibpdv (where you specify v(z)) and ibpu (where
you specify u(x)), both of which return the result as a list [F'(z), g(x)]. Both of these commands allow
you to keep track of the function F(x) you may need to add to the result of a subsequent integration
by parts.

ibpdv
The ibpdv command is used to search the primitive of an expression written as u(z)v’(z) by specifying
v(z).

e ibpdv takes two arguments:

— wuwprime, an expression which you can think of as u(z)v'(z), or
[Fexpr,uvprime] , alist of two expressions, where again you can think of uwvprime as u(x)v'(z),
and Fezpr represents the function F'(z) that you can add to the result of integrating by parts.

— wezpr, an expression you can think of as v(x). If vezpr is 0, then instead of integrating by
parts, the expression wvprime is integrated as a whole (this can be useful for finishing a
multi-step integration by parts problem).

e ibpdv (uvprime,vexpr)) (or ibpdv ([Fexpr,uvprime/,vexpr))) returns:

— If vexpr is not O:
[u(z)v(z), —v(z)u'(x)] (or [F(x) + u(x)v(z), —v(z)u' (x)] if the first argument is a list).



246 CHAPTER 5. THE CAS FUNCTIONS

— If vexpr is O:
G(x) (or F(z)+ G(x), if the first argument is a list), where G(x) is a primitive of uvprime.

Hence, ibpdv returns the terms computed in an integration by parts, with the possibility of doing several
ibpdvs successively.

When the answer of ibpdv(u(x)*v’(x),v(x)) is computed, to obtain a primitive of u(z)v'(z), it
remains to compute the integral of the second term of this answer and then to sum this integral with
the first term of this answer: to do this, just use ibpdv command with the answer as first argument and
a new v(x) (or 0 to terminate the integration) as second argument.

Example.
Input:
ibpdv(1n(x),x)
Oultput:
[zlnz, —1]
then:
ibpdv ([x*1n(x),-1],0)
or:
ibpdv(ans(),0)
Output:
—rx+zlnz
Remark.

When the first argument of ibpdv is a list of two elements, ibpdv works only on the last element of this
list and adds the integrated term to the first element of this list. (therefore it is possible to do several
ibpdvs successively).

Example.

To evaluate [(In(z))*dz:
Input:

ibpdv((1n(x))"2,x)

Output:
[a; In? 2z, —2In x]

It remains to integrate - (2*1n(x)):

Input:
ibpdv ([x*(1n(x))"2,-(2*1log(x))]1,x)
or:
ibpdv(ans(),x)
Output:

[:1: Iz —2zlnzx, 2]

And now it remains to integrate 2:
Input:
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ibpdv ([x*(In(x)) "2+x* (- (2x1log(x))),2],0)

or:
ibpdv(ans(),0)
Output:
zln’z — 2zlnz + 2
ibpu

The ibpu command is used to search the primitive of an expression written as u(z)v'(x) by specifying

e ibpu takes two arguments:

— wwprime, an expression which you can think of as u(x)v'(z), or
[Fexpr,uvprime] , alist of two expressions, where again you can think of uvprime as u(x)v'(z),
and Fezpr represents the function F'(z) that you can add to the result of integrating by parts.

— wezpr, an expression you can think of as u(x). If uwexpr is 0, then instead of integrating
by parts, the expression uvprime is integrated as a whole (this can be useful for finishing a
multi-step integration by parts problem).

e ibpu(uvprime,uezpr) (or ibpu(/Ferpr,uvprimef,uexpr)) returns:

— If uexpr is not 0:
[u(z)v(z), —v(z)u'(x)] (or [F(x) + u(x)v(z), —v(z)u'(x)] if the first argument is a list).
— If uexpr is O:
G(z) (or F(z)+ G(z), if the first argument is a list), where G(z) is a primitive of uvprime.

Hence, ibpu returns the terms computed in an integration by parts, with the possibility of doing several
ibpus successively.

When the answer of ibpu(u(x)*v’ (x),u(x)) is computed, to obtain a primitive of u(z)v’(z), it remains
to compute the integral of the second term of this answer and then to sum this integral with the first
term of this answer: to do this, just use the ibpu command with the answer as first argument and a
new u(z) (or 0 to terminate the integration) as second argument.

Example.
Input:
ibpu(ln(x),1n(x))

Output:

[zInz, —1]
then:

ibpu([x*1n(x),-11,0)
or:
ibpu(ans(),0)

Output:

—x+zxlnz
Remark.

When the first argument of ibpu is a list of two elements, ibpu works only on the last element of this
list and adds the integrated term to the first element of this list. Therefore it is possible to do several
ibpus successively, similarly to how you can do several ibpdvs successively.
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Example.

To evaluate [(In(z))?dz:
Input:

ibpu((1n(x)) "2, (In(x))"2)

Output:
[x In? 2z, —21n x]

It remains to integrate - (2*1n(x)):

Input:
ibpu ([x*(1n(x)) "2, -(2%1n(x))],1n(x))
or:
ibpu(ans(),1n(x))
Output:

[:c In?z — 2zInzx, 2]
Finally, it remains to integrate 2: Input:
ibpu([x*(1n(x)) "2+x*(-(2%¥1n(x))),2],0)
or:
ibpu(ans(),0)

Output:
zln?z —2zInz + 22

5.20.6 Change of variables: subst

See the subst command in Section 5.12.18 p.183.

5.20.7 Integrals and limits

The 1imit command (see Section 5.18 p.226) can compute limits involving integrals.subsubsection*Examples.

e Find the limit, as a approaches +oo, of

a
1
/de
2 X

Input (if a is assigned, first input purge(a)):

limit(integrate(1/(x"2),x,2,a),a,+(infinity))

Qutput:
1

2

Since [, 1/z%dx = 1/2 — 1/a, the integral [, 1/x?dz tends to 1/2 as a goes to infinity.
2 2

e Find the limit, as a approaches +oo, of

a T z+1
| d
/2 <x2—1+ n(w—1>> !

Input (if a is assigned, first input purge(a):
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limit (integrate(x/(x"2-1)+log((x+1)/(x-1)),x,2,a),a,+infinity)
Qutput:
+o0o

Since [, z/(2? — 1)dz = (1/2)(In(a® — 1) — In(3)) and [’ In((z + 1)/(z — 1))dz = In(a + 1) +
In(a —1)+aln((a+1)/(a —1)) — 3In(3), the integral [’ z/(z* — 1) +In((z +1)/(z — 1))dz goes
to infinity as a goes to infinity.

e For an example when the integral can’t be simply evaluated, find the limit, as a approaches 0, of

3a
/ cos(x) dx
a x

Input:
limit (int(cos(x)/x,x,a,3a),a,0)

Output:
In (3)

To find this limit yourself, you can note that 1—22/2 < cos(z) < 1, and so 1/x—x/2 < cos(z)/z <
1/z, and so f;’a 1/x — z/2dx < faga cos(z)/xdr < faga 1/xdz, which gives you In(3) — 2a® <
fja cos(z)/xdx < In(3), and so as a approaches 0, fja cos(z)/xdx will approach In(3).

5.21 Multivariate calculus

5.21.1 Gradient: derive deriver diff grad

The derive command finds partial derivatives of a multivariable expression.
diff and grad can be used synonymously for derive here.

e derive takes two arguments:

— expr, an expression involving n real variables.
— [z1,...,2,], a vector of the variable names.
e derive(expr,[x1,...,2,]) returns the gradient of ezpr; namely, the vector of partial derivatives

of expr with respect to x1,...,xy,.
For example, in dimension n = 3, with variables [z, y, 2],

OF OF OF
arad(F) =[5 500 5

Example.
Find the gradient of F(z,y, z) = 222y — x23.
Input:
derive (2*x"2xy-x*z"3, [x,y,2])
or:
diff (2%xx"2*y-x*z"3, [x,y,2])
or:

grad (2+x"2xy-x*z"3, [x,y,2])
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Output:
[2 - 2xy — 23, 2:132, —szz]

Output after simplification with normal (ans()):

[4:153/ — 23, 23:2, —3:1:,22]

To find the critical points of F(z,y,2) = 222y — 223:
Input:
solve(derive (2*x"2*y-x*z"3, [x,y,2]), [x,y,2])
Output:
([0, y,0]]
5.21.2 Laplacian: laplacian
Recall, the Laplacian of a function F' of n variables x1,...,x, is
O*F  9*F O*F
V3 F)= — + " 4+ ...~
(F) ox?  Ox3 o ox2

Also, the nxn discrete Laplacian matrix (also called the second difference matrix) is the nxn tridiagonal
matrix with 2s on the main diagonal, —1s just above and below the main diagonal;

2 -1 0 - 0
-1 2 -1 0

; 0
0 -1 2 -1
0 0 -1 2

If L is the n x n discrete Laplacian matrix and Y is an n X 1 column vector whose kth coordinate is
yi = y(a + kAx) for a twice differential function y, then the kth coordinate of LY will be —y(a + (k —
1)Az)+2y(a+kAx) —y(a+ (k—1)Az) (implicitly assuming that y(a) = y(a+ (N +1)Az) = 0), which
approximates y”(a + kAz). So LY is approximately —Az?Y” where Y is the n x 1 column vector
whose kth coordinate is y”(a + kdz).
The laplacian command can compute the Laplacian operator or the discrete Laplacian matrix.
To compute the Laplacian operator:

e laplacian takes two arguments:

— expr, an expression involving several variables.

— wars, a list of the variable names.

e laplacian(expr,vars) returns the Laplacian of the expression.

Example.
Find the Laplacian of F(z,y, z) = 222y — x253.
Input:
laplacian(2%x"2%y-x*z"3, [x,y,2])
Output:

—6xz + 4y
To compute the discrete Laplacian matrix:

e laplacian takes one argument:
n, an integer or floating-point integer.

e laplacian(n) returns the n x n discrete Laplacian matrix.
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Examples.
o Input:
laplacian(3)
Qutput:
2 -1 0
-1 2 -1
0o -1 2
o Input:
laplacian(2.0)
Oulput:

20 -1.0
—-1.0 2.0

5.21.3 Hessian matrix: hessian

Recall, the Hessian of a function F' of n variables z1,...,z, is the matrix of second order derivatives:
o%F o 8%F
Oz Or10zn
o’F o o’F
OxnOx1 02

The hessian command computes the Hessian of a function.
e hessian takes two arguments:

— expr, an expression involving several variables.

— wars, a list of the variable names.

e hessian(expr,vars) returns the Hessian of the expression.

Examples.
e Find the Hessian matrix of F(z,y, z) = 222y — x25.
Input:
hessian(2*x"2*y-x*z"3 , [x,y,z])
Output:

4y  4x =322
2:-2x 0 0
-322 0 —2-3zz

e To get the Hessian matrix at the critical points:
Input:

solve(derive (2*x"2*y-x*z"3, [x,y,2]), [x,y,2])

Output (the critical points):
[[0, y,0]]
Input (to evaluate the Hessian at these points):
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subst ([[4*y,4*x,-(3*xz"2)], [2%2%x,0,0], [-(3*z"2),0,6%x*z]], [x,y,2],[0,y,0])

Output:
4 0 0
0 00
0 0 O
5.21.4 Divergence: divergence
Recall that the divergence of a vector field F = [FY, ..., F,,] with variables [z1, ..., xy] is

oF oF,
= 4.4

X1 Tn

=F

The divergence command computes the divergence of a vector field.
e divergence takes two arguments:

— F, a vector field given as a list [F1,..., F,] of expressions.

— wars, a list of the variable names.

e divergence (F,vars) returns the divergence of the vector field F'.

Example.
Input:
divergence([x*z,-y"2,2*x"y], [x,y,z])
Output:
—2y+z

5.21.5 Rotational: curl

The curl of a three-dimensional vector field F = [Fy, Fy, F3] with variables [z, x2, 23] is

O0F3 _ 0Fy O0F; _ 0F5 0Fy _ 8F1]
8.%2 8%3 ’ 81’3 8.%1 ’ 81‘1 81’2

curlF = |

The curl command computes the curl of a three dimensional vector field (note that it must be three
dimensional).

e curl takes two arguments:

— F, a three-dimensional vector field, given as a list of three expressions depending on three
variables.

— wars, a list of the three variable names.

e curl(F,vars) returns the curl of the vector field.

Example.
Input:
curl([x*z,-y"2,2*x"y], [x,y,2z])

Output:
[2 Inz-z¥, oz — 2ya¥ 1, O]
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5.21.6 Potential: potential

Recall that a vector field F is conservative if there is a scalar-valued function f such that gradf = F.
In this case, f is called a potential of F, and is only determined up to a constant.

The potential command computes the potential of a vector field, or signals an error if the vector
field is not conservative.

e potential takes two arguments:

— F, a vector field given as a list of n expressions involving n variables.

— wars, a list of the variable names.

e potential (F,vars) returns a potential function for F if F is conservative, and raises an error
otherwise.

Note that potential is the reciprocal function of derive.

Example.
Input:
potential ([2%x*y+3,x"2-4%z,-4xy], [x,y,2])

Output:
22y + 3z — dyz

Note that in R3, a vector field F is conservative if and only if its curl is zero; i.e., if curlF = 0. In
time-independent electro-magnetism, F = E is the electric field and f is the electric potential.

5.21.7 Conservative flux field: vpotential

A vector field F in R? is a conservative flux field, or a solenoidal field, if there is a vector field G such
that curlG = F. Given a conservative flux vector field F', the general solution of curlG = F' is the sum
of a particular solution and the gradient of an arbitrary functions.

The vpotential command finds a particular vector field G such that curlG = F if F is a conser-
vative flux field, and signals an error otherwise. Specifically, vpotential returns the solution G with
zero as the first component.

e vpotential takes two arguments:

— F, a vector field in R3, given as a list of three expressions depending on three variables.

— wars, a list of the variable names.

e vpotential (Flwars) returns a solution of curlG = F whose first coordinate is zero if F is a
conservative vector field, and signals an error otherwise.

vpotential is the reciprocal function of curl.

Example.
Input:
vpotential ([2*x*y+3,x"2-4*z,-2*xy*z], [x,y,2])
Output:
{L‘S
0, —2zyz, y +4zz + 3y

In R3, a vector field F is a curl if and only if its divergence is zero. In time-independent electro-
magnetism, F = B is the magnetic field and G = A is the potential vector.



254 CHAPTER 5. THE CAS FUNCTIONS

5.21.8 Determining where a function is convex: convex
The convex command determines where a function is convex.
e convex takes two mandatory arguments and one optional argument:

— expr, an expression which is at least twice differentiable, which specifies a function f.

— wars, the variable or list of variables in the expression. Some variables may depend on a
common independent parameter, say ¢, when entered as e.g. x(t) instead of xz. The first
derivatives of such variables, when encountered in f, are treated as independent parameters
of the function.

— Optionally, simplify, which enables advanced simplification of the intermediate symbolic
expressions and the final result.

e convex(expr,vars (,simplify=bool)) returns:

— true, if the function is convex on the entire domain.
— false, if the function is nowhere convex.

— otherwise, the list of inequalities specifying the domain on which the function is convex.

e The convex command operates by computing the Hessian Hy of f (see Section 5.21.3 p.251) and
its LDL factorization. If the resulting block-diagonal matrix is positive semidefinite, then Hy is
positive semidefinite and f is hence convex.

e Advanced simplification can be applied when generating convexity conditions by passing the
simplify argument. By default, only basic simplification is applied by using the ratnormal

command.
e The function f concave if and only if the function ¢ = — f is convex.
Examples.
o Input:
convex (3*exp(x)+5x"4-1n(x) ,x)
Output:
true
o Input:
convex (x"2+y"2+3z" 2-x*y+2x*z+y*z, [x,y,2])
Output:
true
o Input:
convex (x173+2x1"2+2xx1*x2+x2"°2/2-8x1-2x2-8, [x1,x2] ,simplify)
Qutput:

[z1 > 0]
e In the example below, we find the values of a € R for which the function
flx,y,2) =2 +zz4+ayz+ 2>

is convex.
Input:



5.21.

MULTIVARIATE CALCULUS 255

convex (x"2+x*z+axy*z+z"2, [x,y,z])
Qutput:
false

Note that the function is convex for a = 0. However, the convex command does not support
equalities as convexity constraints.

e For the next example, find all values a € R for which the function

flr,y,2) =a® +2¢y* +a2® —2xy+222—6yz

is convex on R3.
Input:

convex(x"2+2y " 2+a*xz"2-2x*y+2x*z-6y*z, [x,y,z] ,simplify)

Qutput:
[a > 5]

e Find the set S C R? on which the function f : R? — R defined by

f(x1,2) = exp(z1) + exp(x2) + x1 2

is convex.
Input:
condition:=convex(exp(xl)+exp(x2)+x1*x2, [x1,x2],simplify)
Output:
[ete® —1 > 0]
Input:

lin(condition)

(See Section 5.24.4 p.279.)

Qutput:
[e®1F72 — 1 > 0]

From here you conclude that f is convex when z1 + xzo > 0. The set S is therefore the half-space
defined by this inequality.

The algorithm respects the assumptions that may be set upon variables. Therefore, the convexity

of a given function can be checked on a particular domain.

Examples.
o Input:
assume (x1>0) ,assume (x2>0) : ;
convex (exp(x1)+exp(x2)+x1*x2, [x1,x2])
Qutput:
true
o Input:
assume (x>=0 and x<=pi/4):;
convex (exp(y)*sec(x)"3-z, [x,y,z])
Output:

true
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5.22 Calculus of variations

5.22.1 The Brachistochrone Problem

The Brachistochrone problem is perhaps the original problem in the calculus of variations. The problem
is to find the curve from two points in a plane such that an object falling under its own weight will get
from the first point to the second in the shortest time.

If the points are (0,y0) and (z1,0), with yo > 0 and z; > 0, this becomes the problem of minimizing
the objective functional

T(y) = /0 Y Lt y(@). o/ () de

L{t,y(z),y (x)) = W

for y : [0,z1] — R such that y(0) = yo and y(z1) = 0 (the constant g is the gravitational acceleration).
More generally, one type of problem in the Calculus of variations is to minimize (or maximize) a

where the function L is defined by

functional

b
F(y) :/ f(z,y,y) de

over all functions y € C?[a,b] with boundary conditions y(a) = A and y(b) = B, where A, B € R. The
function f is called the Lagrangian.

5.22.2 Euler-Lagrange equation(s): euler_lagrange

The Euler-Lagrange equations for a Lagrangian function f(z,y,y’) are differential equations which must
be satisfied by extrema of the functional F(y).

The euler_lagrange command finds the Euler-Lagrange equations for a Lagrangian f. The function
f can be given in one of two ways. For the first way:

e culer_lagrange takes one mandatory argument and two optional arguments:
— expr, an expression involving an independent variable, a dependent variable, and the depen-
dent variable prime.

— Optionally, indvar, the independent variable (by default x).

— Optionally, depvar, the dependent variable (by default y).
If a function y € R™ is required (by default n = 1), you can enter y = (y1,%2,...,Yn) as a

vector [y1,y2,...,yn]. In that case, v = (v}, 5, ..., y,)-

An alternate way to specify the independent and dependent variables is by replacing both optional
arguments by either, for example, y(z) or [y1(x), y2(z), ..., yn(z)].

e culer_lagrange (expr (,indvar,depvar )) returns the system of differential Euler-Lagrange equa-
tions.
If n =1, a single equation is returned:

of d oOf
== . 5.1
dy dx oy (5.1)
In general, n equations are returned:
of d of

S —1.2,....n
dyp  dx 9y’ "
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The degrees of these differential equations are kept as low as possible. If, for example, %5 = 0, the

equation %’ = K is returned, where K € R is an arbitrary constant. Similarly, using the Hamiltonian

0
H(z,y,y) =y oy @ y) = fzy.9)
the Fuler-Lagrange equation is simplified in the case n =1 and % =0 to:

H(z,y,y') = K, (5.2)

since it can be shown that %H (y,y',2) = 0. Therefore the Euler-Lagrange equations, which are

generally of order two in y, are returned in a simpler form of order one in the aforementioned cases. If

n =1 and % = 0, then both equations (5.1) and (5.2) are returned, each of them being sufficient to

determine y (one of the returned equations is usually simpler than the other).
Example.
Input:
euler_lagrange (sqrt(x’ (t) "2+y’(t)"2), [x(t),y(t)]1)

Output

d d

@;ﬂ (t) Ko, a;/ (t) - K,
VE 0+ @0 V(G 0) + G )

where Ky, K; € R are arbitrary constants (these symbols are generated automatically).

It can be proven that if f is convex (as a function of three independent variables, see Section 5.21.8
p.254), then a solution y to the Euler-Lagrange equations minimizes the functional F'.

Example.

Minimize the functional F for 0 < a < b and

fl@yy) =2y (2)* + y(x)>.

Input:
eq:=euler_lagrange(x"2*diff (y(x),x)"2 + y~2)

Output:

@ 2@y

da2? x?
This can be solved by assuming y(x) = «" for some r € R.
Input:

solve(subs(eq,y(x)=x"r),r)
Output:

VE+1
2 b

—/5+1
9

The same pair of solutions is also returned by the kovacicsols command (see Section 5.57.3 p.566):
Input:

assume (x>=0) : ;
kovacicsols(y’=(y-2x*y’)/x"2,x,y)
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Output:

[\/x\/gfl, \/:c*\/gflJ
_ VB4l VB+1 .
You can conclude that y = C1y27 2 + Cox™ 2 . The values of 1 and Cs are determined from the
boundary conditions. Finally, to prove that f is convex:
Input:

convex (x"2xdiff (y(x),x) 2 + y~2,y(x))

Output:
true

Therefore, y minimizes F on [a, b].

Example.

Find the function y in
1 1 V3
iz - =—,y(1) =
{yeC[z,} y<2) 5 y(1) =0

which minimizes the functional .
1 / 2
Fly) = // vity@)?,
1/2

X

To obtain the corresponding Euler-Lagrange equation:

Input:
eq := euler_lagrange(sqrt (1+diff (y(x),x)"2)/x)
Output:
@
2/ (Ey (@) +1
Input:
sol:=dsolve(eq)

Output:

[_ VK32 +1 N CO]

K3
The sought solution is the function of the above form which satisfies the boundary conditions.
Input:
y0:=s0l1[0]:;

c:=[K_3,c_0]:;
v:=solve([subs(y0,x=1/2)=-sqrt(3)/2,subs(y0,x=1)=0],c)

Output:
[1 0]
Input:
y0:=normal (subs(y0,c,v[0])
Output:

—V-22+1

To prove that yo(z) = —v/1 — 22 is indeed a minimizer for F', you need to show that the integrand in
F(y) is convex.
Input:
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convex (sqrt (1+y’"2) /x,y(x))

Output:
@ > 0)

You can similarly find the minimizer for

where y € C'[0, 7] and y(0) = y(7) = 0.

Input:
eq:=euler_lagrange (2*sin(x)*y(x)+diff (y(x),x)"2)

Output:

d? )

2V (z) =sinz
Input:

dsolve(eq and y(0)=0 and y(pi)=0,x,y)

Output:

—sinz
The above function is the sought minimizer as the integrand 2 sin(z) y(z) + y'(z)? is convex:
Input:
convex (2*sin (x)*y (x)+diff (y(x),x) " 2,y(x))

Output:
true

Example.

Minimize the functional F(y) = fol (v (z)* — 4y(x))dx on C1[0, 1] with boundary conditions y(0) = 1
and y(1) = 2.
First, solve the associated Euler-Lagrange equation:

Input:
eq:=euler_lagrange(y’“4-4y,x,y)

Output: \

d d? 1

[3 (dwy(»’f)) +4y (2) = Ko, 75y (2) 3($y(x))2]

Input:

dsolve(eq[1] and y(0)=1 and y(1)=2,x,y)
Output:

3
[—4 (—2 + 1.52832425067)3 + 2.32032831141}

[-3%(-x+1.52832425067) " (4/3) /4+2.32032831141]

Next, check if the integrand in F(y) is convex:
Input:

convex(y’"4-4y, [x,y])

Output:
true

Hence the minimizer is

3
yo(z) = —7 (152832425067 — )3 4+ 2.32032831141, 0<z <1.
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5.22.3 Solution of the Brachistochrone Problem

To solve the brachistochrone problem (see Section 5.22.1 p.256), you can first find the Euler-Lagrange

equations for the Lagrangian
1+y'(x)?
Lz, y(x),y () = | 5—7=—
(@9l (@) = 5 2

You can simplify this somewhat by assuming that you are using units where 2g = 1.
Input:

assume (y>=0) :;
euler_lagrange(sqrt ((1+y’"2)/y),x,y)

Output:
- . R - 1C0) Bl
! 2
Sy )y 2 (@)

It is easier to solve the first equation for y, since it is first-order and separable.
The first equation can be rewritten as

dy __ € 4
de T
for appropriate C, which can be solved by separation of variables, getting you the parametric equations
1
T = 50 (20 — sin(260))
1
y = §C (1 — cos(260))

which parameterize a cycloid. This implicitly defines a function y = 7(z) as the only stationary function
for L. The problem is to prove that it minimizes T', which would be easy if the integrand L was convex.
However, it’s not the case here:
Input:

assume (y>=0) :;

convex(sqrt ((1+y’~2)/y) ,y(x))

d 2
— | — 3>0
[ <dxy(l“)> +32 ]
This is equivalent to |y/(¢)| < +/3, which is certainly not satisfied by the cycloid 7 near the point z = 0.

Using the substitution y(x) = z(z)?/2, you get /(z) = 2/(z) 2(z) and
L(z,y(x),y'(2)) = P(z,2(2),2'(2)) = v/2(z(2) 72 + 2/ (2)?).

The function P is convex:

Output:

Input:
assume(z>=0) :;
convex(sqrt (2% (z~(-2)+z°"2)),z(x))
Output:
true
Hence the function z(t) = 1/27(t), stationary for P (which is verified directly), minimizes the objective
functional

U(z) = /Om P(a, 2(x), 2 (x)) da.

From here and U(z) = T'(y) it easily follows that 7 minimizes T and is therefore the brachistochrone.
(For details see John L. Troutman, Variational Calculus and Optimal Control (second edition), page
257.)
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5.22.4 Jacobi equation: jacobi_equation

To determine whether a solution yg to the Euler-Lagrange equations is an extrema, checking the con-
vexity of the Lagrangian f doesn’t always work. Another approach is to look at the Jacobi equation,

which is q q
-4 (fy v (yo,y0,t) B') + (fyy(yo,yé,t) -3 fyy’(yanE)?t)) h =0. (5.3)

for unknown function h. If the Jacobi equation has a solution such that h(a) = 0, h(c) = 0 for some
¢ € (a,b] (the interval given in the variational problem) and h not identically zero on [a, ], then c¢ is
called a conjugate to a. If a conjugate exists, then yg does not minimize the functional F. But the

function yo minimizes F' if fy (o, Y0, x) > 0 for all & € [a, ] and there are no points conjugate to a in
(a, b].
The jacobi_equation command computes the Jacobi equation.

e jacobi_equation takes five or six arguments:
— f(y,y,x), an expression involving an independent variable, a dependent variable, and the
dependent variable prime.
— depvar, the independent variable.

— 4ndvar, the dependent variable. This argument and the previous one can be combined to a
single argument depvar(indvar), which case the call has five arguments.

— expression o representing a function in C'[a, b] which is stationary for the functional F(y) =
b
Jo fly. v @) da.
— h, a symbol for the unknown function in the Jacobi equation.

— a, a real number which is the lower bound for x.
e jacobi_equation(f(y,vy’,x),,y,yo,a) returns the Jacobi equation and possibly the solution.

If the Jacobi equation can be solved by dsolve (see Section 5.57.1 p.557), a sequence containing the
equation (5.3) and its solution is returned. Otherwise, if (5.3) cannot be solved immediately, only the
Jacobi equation is returned.

Example.
Input:
jacobi_equation(-1/2*y’(t)"2+y(t)"2/2,t,y,8in(t),h,0)
Output: 2
—@h (t) = h(t) =0,cosint

5.22.5 Finding conjugate points: conjugate_equation
The conjugate_equation computes conjugate points.

e conjugate_equation takes four arguments:

— 1o, an expression which depends on an independent variable and two parameters. The ex-
pression yg is assumed to represent a stationary function for the problem of minimizing some
functional F(y) = [* f(z,y,y) dz.

a

— |a, 5], a list of parameters which yy depends on.
— [A, B], a list of the values of parameters o and f3, respectively.
— x, the independent variable.

— a, a real number equal to the lower or to the upper bound for z.
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e conjugate_equation(yo, [a, 8], [A, B],x,a) returns the expression

Iyo(t) Oyo(a)  Iyo(a) Ayo(t)
da 0B da 9B "

at « = A and 8 = B, which is zero if and only if ¢ is conjugate to a.

To find any conjugate points, set the returned expression to zero and solve.

Example.

Find a minimum for the functional

on D = {y € CY[0,/2] : y(0) = y(x/2) = 0}.
The corresponding Euler-Lagrange equation is:
Input:

eq:=euler_lagrange(y’ (x) "2-x*y(x)-y(x)"2,y(x))

Output:
d? T
@’!/(JC) D) —y ()

The general solution is:
Input:
y0:=dsolve(eq,x,y)

Output:

. T
CoCOSX + c18InxT — 5

The stationary function depends on two parameters ¢ and ¢; which are fixed by the boundary conditions:
Input:

c:=solve([subs(y0,x,0)=0,subs(y0,x,pi/2)=0],[c_0,c_1])

Output: ,
]
Input:
conjugate_equation(y0, [c_0,c_1],c[0],x,0)
Output:

sin x

The above expression obviously has no zeros in (0, 7/2], hence there are no points conjugate to 0. Since
fyy =2 >0, where f(y,y,x) is the integrand in F(y) (the strong Legendre condition), yo minimizes
F on D. To obtain yg explicitly:

Input:

subs (y0, [c_0,c_1],c[0])

Output:

1 . T
—msing — —
4 2
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5.22.6 An example: Finding the surface of revolution with minimal area

In this section, you will find the function
yo € D={yeC0,1]:y(0) =1,y(1) = 2/3}

for which the area of the corresponding surface of revolution is minimal. The result is not necessarily
intuitive.
The area of the surface of revolution is measured by the functional

1
F(y)=2= /0 y(z)\/1+y'(z)? de.

First, set f(y,y,x) = y(x) /1 + ¢/ (x)? and compute the associated Euler-Lagrange equation:
Input:

eq := euler_lagrange(y(x)*sqrt(1+diff(y(x),x)"2))

Oultput:

Ao ()2
- y (@) :KO,(iiy(x):(dey))H

(%y (av))2 +1

You can obtain the stationary function by finding the general solution of the first equation.
Input:

sol:=collect(simplify(dsolve(eq[0],x,y)))

(See Section 5.27.16 p.309). Output:

Obviously the constant solution — K is not in D, so set yp to be the second element of the above list.
That function, which can be written as

yo(x) = —Kj cosh <xl—{oc1) )

is a catenary.
Input:

yO:=sol[1]:; p:=[K_0,c_1]:;

To find the values of Ky and ¢; from the boundary conditions, first plot the curves yy(0) = 1 and
yo(1) = 2 for Ko € [-1,1] and ¢1 € [~1,2] to see where they intersect each other.
Input:

eql:=subs(y0,x=0)=1:; eq2:=subs(y0,x=1)=2/3:;
implicitplot([eql,eq2] ,K_0=-1..1,c_1=-1..2)

Output:
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=1 08 06 04 0.2 0

Observe that there are exactly two catenaries satisfying the Euler-Lagrange necessary conditions and
the given boundary conditions: the first with Ky ~ —0.5 and ¢; ~ 0.6 and the second with Ky ~ —0.3
and c¢; = 0.5. You can obtain the values of these constants more precisely by using fsolve.

Input:

pl:=fsolve([eql,eq2],p,[-0.5,0.6]); p2:=fsolve([eql,eq2],p,[-0.3,0.5]1)

Output:
[—0.56237423894, 0.662588703113], [—0.30613431407,0.567138261119]

You can check, for each catenary, whether the strong Legendre condition
fy v (@, Y, yr) > 0

holds for &k =1, 2.

Input:
yl:=subs(y0,p,pl):; y2:=subs(y0,p,p2):;
D2f :=diff (f,diff (y(x),x),2):;
solve([eval(subs(D2f,y=y1,y(x)=y1))<=0,x>=0,x<=1],x);
solve ([eval(subs(D2f,y=y2,y(x)=y2))<=0,x>=0,x<=1],x%)
Output:

Inl

You can conclude that the strong Legendre condition is satisfied in both cases, so you can proceed
by attempting to find the points conjugate to 0 for each catenary. The function yy depends on two
parameters, so you can use conjugate_equation to find these points easily.

Input:

fsolve(conjugate_equation(y0O,p,pl,x,0)=0,x=0..1)
fsolve(conjugate_equation(y0,p,p2,x,0)=0,x=0..1)

Oultput:
[0.0],[0.0,0.799514772606]

You can conclude that there are no points conjugate to 0 in (0, 1] for the catenary yi, so it minimizes
the functional F'. However, for the other catenary there is a conjugate point in the relevant interval,
therefore yo is not a minimizer.

You can verify the above conclusions by computing the surface area for catenaries y; and yo and
comparing them.
Input:

int (yl*sqrt (1+diff(y1,x)"2),x=0..1); int(y2#*sqrt(1+diff(y2,x)"2),x=0..1)
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Output:
0.81396915825, 0.826468466845

You can see that the surface formed by rotating the curve y; is indeed smaller than the area of the
surface formed by rotating the curve y». Finally, you can visualize both surfaces for convenience.
Input:

(see Section 7.6 p.596 for information on plot3d)

plot3d([yl*cos(t),yl*sin(t),x],x=0..1,t=0..2*pi, display=yellow+filled)

Output:
mouse plan 0.797x+0.544y+0.2612=0.124
___——ﬁ—_ﬁ—_ﬁ—__l =
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Input:
plot3d([y2*cos(t),y2*sin(t),x],x=0..1,t=0..2*pi, display=yellow+filled)
Output:

mouse plan 0.797x+0.544y+0.2612=0.124

5.23 Trigonometry

Xcas can evaluate the trigonometric functions in either radians or degrees (see Section 5.16.2 p.208). It
can also manipulate them algebraically.
5.23.1 Expanding a trigonometric expression: trigexpand

The trigexpand command expands sums, differences and products by an integer inside the trigonometric
functions.

e trigexpand takes one argument:
expr, an expression containing trigonometric functions.
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e trigexpand(expr) returns the expression with sums, differences and integer products inside the
trigonometric functions expanded.

Input:
trigexpand(cos(x+y))
Output:

cosx - cosy —sinx - siny

5.23.2 Linearizing a trigonometric expression: tlin

The tlin command linearizes products and integer powers of the trigonometric functions (e.g. in terms
of sin(n * ) and cos(n * x)).

e tlin takes one argument:
expr, an expression containing trigonometric functions.

e tlin(expr) returns the expression with the trigonometric functions linearized.

Examples.

e Linearize cos(x) * cos(y).

Input:
tlin(cos(x)*cos(y))
Output:
cos (z — y) 4 oos (x +y)
2 2
e Linearize cos(z)3.
Input:
tlin(cos(x)"3)
Qutput:
cos (3z)
—COST + ———
4
e Linearize 4 cos(z)? — 2.
Input:
tlin(4*cos(x)"2-2)
Qutput:

2 cos (2x)

5.23.3 Increasing the phase by 7/2 in a trigonometric expression: shift_phase

The shift_phase command increases the phase of a trigonometric expression by 7/2.

e shift_phase takes one argument:
expr, a trigonometric expression.

e shift_phase(ezpr) returns ezpr with the phase increased by /2 (after automatic simplification).
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Examples.
o Input:
shift_phase(x + sin(x))
Output:
T+ 2z
T — COS
2
o Input:
shift_phase(x + cos(x))
Output:
) <7T + 2x>
T + sin
2
o Input:
shift_phase(x + tan(x))
Output:

1

Quoting the argument will prevent the automatic simplification.

Example.
Input:

shift_phase(’sin(x + pi/2)’)

<7T+2:U—|—272T>
—cos | ———=

Output:

2

With an unquoted sine, you get:
Input:

shift_phase(sin(x + pi/2))

. T+ 2z
sin
2

since sin(x+pi/2) is evaluated (in this case simplified) before shift_phase is called, and shift_phase(cos(x))
returns sin((pi+2*x)/2).

Output:

5.23.4 Putting together sine and cosine of the same angle: tcollect tCollect

The tcollect command linearizes trigonometric expressions (in terms of sin(n * x) and cos(n * x)) and
combines sines and cosines of the same angle.
tCollect is a synonym for tcollect.

e tcollect takes one argument:
expr, an expression containing trigonometric functions.

e tcollect (expr) returns expr after first linearizing it and then combining sines and cosines of the
same angle.
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Examples.
o Input:
tcollect(sin(x)+cos(x))
Output:
1
V2 cos (m — 7r>
4
o Input:
tcollect(2xsin(x)*cos(x)+cos(2*x))
Qutput:

1
V2 cos (21‘ — 47r>

5.23.5 Simplifying: simplify

The simplify command simplifies expressions. As with all automatic simplifications, do not expect
miracles; you will have to use specific rewriting rules if it does not work.

e simplify takes one argument:
erpr, an expression.

e simplify(expr) returns the simplified version of expr.

Example.
Input:
simplify((sin(3*x)+sin(7*x))/sin(5*x))
Output:
2 cos (2x)
Warning.

simplify is more efficient in radian mode (which you can turn on, if it isn’t already, by checking radian
in the cas configuration or inputting angle_radian:=1, see Section 2.5.3 p.55).

5.23.6 Simplifying trigonometric expressions: trigsimplify

The trigsimplify command simplifies trigonometric expressions by combining simplify (see Sec-
tion 5.12.14 p.180), texpand (see Section 5.25.1 p.282), t1lin (see Section 5.23.2 p.266), tcollect (see
Section 5.23.4 p.267), trigsin (see Section 5.23.23 p.275), trigcos (see Section 5.23.24 p.276) and
trigtan (see Section 5.23.25 p.276) commands in a certain order.

e trigsimplify takes one argument:
expr, an argument containing trigonometric functions.

e trigsimplify(expr) returns the simplified form of expr.



5.23. TRIGONOMETRY 269

Examples.
o Input:
trigsimplify((sin(x+y)-sin(x-y))/(cos(x+y)+cos(x-y)))
Output:
tany
o Input:
trigsimplify(1-1/4*sin(2a)~2-sin(b) “2-cos(a)"4)
Output:
sin? @ — sin® b

5.23.7 Transforming arccos into arcsin: acos2asin

The acos2asin command transforms any acoss in an expression to asins, using the identity arccos(x) =
/2 — arcsin(z).

e acos2asin takes one argument:
expr, an expression containing inverse trigonometric functions.

e acos2asin(ezpr) returns expr with any acoss replaced by the appropriate asins.

Example.

Input:
acos2asin(acos(x)+asin(x))
Output (after simplification): _
2
5.23.8 Transforming arccos into arctan: acos2atan

The acos2atan command transforms any acoss in an expression to atans, using the identity

(2) T . < x
arccos(x) = — — arctan | ———
2 V1= 22

e acos2atan takes one argument:
expr, an expression containing inverse trigonometric functions.

e acos2atan(ezpr) returns expr with any acoss replaced by the appropriate atans.

Example.
Input:
acos2atan(acos(x))

Output:

s x
— —arctan | ———
2 <\/1—w2>
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5.23.9 Transforming arcsin into arccos: asin2acos

The asin2acos command transforms any asins in an expression to acoss, using the identity arcsin(x) =
/2 — arccos(z).

e asin2acos takes one argument:
expr, an expression containing inverse trigonometric functions.

e asin2acos(ezpr) returns expr with any asins replaced by the appropriate acoss.

Example.
Input:
asin2acos(acos(x)+asin(x))
Output (after simplification):
2
5.23.10 Transforming arcsin into arctan: asin2atan

The asin2atan command transforms any asins in an expression to atans, using the identity

i)

arcsin(z) = arctan (

e asin2atan takes one argument:
expr, an expression containing inverse trigonometric functions.

e asin2atan(erpr) returns expr with any asins replaced by the appropriate atans.

Example.
Input:
asin2atan(asin(x))

Output:

x
arctan [ ——
<\/ 1- 902)
5.23.11 Transforming arctan into arcsin: atan2asin

The atan2asin command transforms any atans in an expression to asins, using the identity

T
arctan(xz) = arcsin [ ———
(=) (\/ 1+ a:2>

e atan2asin takes one argument:
expr, an expression containing inverse trigonometric functions.

e atan2asin(ezpr) returns expr with any atans replaced by the appropriate asins.

Example.
Input:
atan2asin(atan(x))

Output:

. a
arcsin [ ———
(\/ 1+ 22 >
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5.23.12 Transforming arctan into arccos: atan2acos

The atan2acos command transforms any atans in an expression to acoss, using the identity

tan(z) = ( d )
arctan|(xr) = — — arcsin —_—
2 1/1_}_1.2

e atan2acos takes one argument:
expr, an expression containing inverse trigonometric functions.

e atan2acos(ezpr) returns expr with any atans replaced by the appropriate acoss.

Example.
Input:
atan2acos(atan(x))

Output:
)
— —arccos | ——
2 1+ .’I]2

5.23.13 Transforming complex exponentials into sin and cos: sincos exp2trig

The sincos command uses the identity

e = cos(x) + isin(z)

to rewrite complex exponentials in terms of sine and cosine.
exp2trig is a synonym for sincos.

e sincos takes one argument:
erpr, an expression containing complex exponentials.

e sincos(expr) rewrites expr in terms of sin and cos.

Examples.
o Input:
sincos(exp(i*x))
Qutput:
cosz +isinx
o Input:
exp2trig(exp(-i*x))
Qutput:
cosr —isinz
o Input:
simplify(sincos(((i)*(exp((i)*x))"2-1)/(2*exp((i)*x))))
or:
simplify (exp2trig(((i)*(exp((i)*x))"2-1i)/(2%exp((i)*x))))
Qutput:

—sinx
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5.23.14 Transforming tan(x) into sin(x)/cos(x): tan2sincos

sin(z)

The tan2sincos command replaces tan(x) by in an expression.

cos(z)

e tan2sincos takes one argument:
expr, an expression containing trigonometric functions.

e tan2sincos(expr) returns expr with anything of the form tan(x) replaced by s1n((:n;.
cos(x
Example.
Input:
tan2sincos (tan(2*x))

Output:

sin (2z)

cos (2z)

5.23.15 Transforming sin(x) into cos(x)*tan(x): sin2costan

The sin2costan command replaces sin(z) by cos(z) tan(z) in an expression.

e sin2costan takes one argument:
expr, an expression containing trigonometric functions.

e sin2costan(expr) returns expr with anything of the form sin(x) replaced by cos(z) tan(x).

Example.
Input:
sin2costan(sin(2xx))
Output:
tan (2z) cos (2x)

5.23.16 Transforming cos(x) into sin(x)/tan(x): cos2sintan

sin(x)

The cos2sintan command replaces cos(z) by in an expression.

tan(x)

e cos2sintan takes one argument:
expr, an expression containing trigonometric functions.

e cos2sintan(expr) returns expr with anything of the form cos(x) replaced by tsm((a:))‘
an(x
Example.
Input:
cos2sintan(cos (2*x))
Output:

sin (2z)
tan (2z)



5.23. TRIGONOMETRY 273

5.23.17 Rewriting tan(x) in terms of sin(2x) and cos(2x): tan2sincos?2

sin(2x)

———"— in an expression.
Y17 cos(2x) P

The tan2sincos2 command replaces tan(z) b

e tan2sincos2 takes one argument:
expr, an expression containing trigonometric functions.

in(2
e tan2sincos2(ezpr) returns ezpr with anything of the form tan(z) replaced by M
1 + cos(2x)

Example.

Input:

tan2sincos2(tan(x))
Output:
sin (2z)
1 + cos (2z)

5.23.18 Rewriting tan(x) in terms of cos(2x) and sin(2x): tan2cossin2

1 —cos(2x) .

The tan2cossin2 command replaces tan(z) by n(22) in an expression.
sin(2x

e tan2cossin2 takes one argument:
expr, an expression containing trigonometric functions.

1-— 2
e tan2cossin2(ezpr) returns ezpr with anything of the form tan(z) replaced by ,C?;()x)
sin(2x
Example.
Input:
tan2cossin2(tan(x))
Output:
1 — cos (2z)
sin (2x)

5.23.19 Rewriting sin, cos, tan in terms of tan(x/2): halftan

The halftan command rewrites the trigonometric functions in terms of tan(z/2) using the identities:

) 2 tan (ﬁ)
() = ey T
|~ tan? ()
COS(.%') = W
2 tan (I
tan(z) = 1-— tanzz(%)

e halftan takes one argument:
expr, an expression containing trigonometric functions.

e halftan(ezpr) returns ezpr with any trigonometric functions replaced by the appropriate expres-
sion of tan(x/2).
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Examples.
o Input:
halftan(sin(2#*x)/(1+cos(2*x)))

Qutput:
2tan (%x)

(et (32) +1) 1+ 20

Output (after simplification with normal (ans())):

tanx
o Input:

halftan(sin(x) "2+cos(x)"2)

Output (after simplification with normal (ans())):
1

Qutput:

5.23.20 Rewriting trigonometric functions in terms of tan(x/2) and hyperbolic
functions in terms of exp(x): halftan_hyp2exp

The halftan_hyp2exp command rewrites the trigonometric function in terms of tan(z/2) (like halftan,
see Section 5.23.19 p.273) and rewrites the hyperbolic functions in terms of their definitions using
exponentials, namely:

e’ —e
() = &6
sinh(x) 5
X —XT
cosh(z) = %
x __ ,—x 2x 1
tanh(z) = — €

e te T el
e halftan_hyp2exp takes one argument:
expr, a trigonometric and hyperbolic expression.

e halftan_hyp2exp(ezpr) returns ezpr with any trigonometric functions replaced by the appropri-
ate expression in tan(x/2) and any hyperbolic functions replaced by the appropriate exponentials.

Examples.
o Input:
halftan_hyp2exp(tan(x)+tanh(x))
Output:
2tan (%) N e — 1
1 — tan? (%) e2r 1]
o Input:

halftan_hyp2exp(sin(x)"2+cos(x) "2-sinh(x) "2+cosh(x) "2)

Output (after simplification with normal (ans())):
2
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5.23.21 Transforming trigonometric functions into complex exponentials : trig2exp

The trig2exp command replaces trigonometric functions by their complex exponential form.

e trig2exp takes one argument: erpr, an expression containing trigonometric functions.

o trig2exp(expr) returns erpr with the trigonometric functions replaced by the appropriate com-
plex exponentials (WITHOUT linearization).

Examples.
o Input:
trig2exp(tan(x))
Qutput:
(€)1
i ((eix)Q + 1)
o Input:
trig2exp(sin(x))
Output:
i 1
el _ +
2i

5.23.22 Transforming inverse trigonometric functions into logarithms: atrig2ln

Just as the trigonometric functions can be written in terms of complex exponentials, the inverse trigono-
metric functions can be written in terms of complex logarithms. The atrig2ln command does this
rewriting.

e atrig2ln takes one argument: erpr, an expression containing inverse trigonometric functions.

e atrig2ln(expr) returns expr with any inverse trigonometric functions replaced by the appropriate
complex logarithms.

Example.
Input:
atrig2ln(asin(x))
Output:
iln (:c + \/m27—1> + g
5.23.23 Simplifying and expressing preferentially with sines: trigsin

Any trigonometric function can be written in terms of sins and coss, and with the identity sin(x)? +
cos(x)? = 1, the even powers of cos can be turned into powers of sin. The trigsin command performs
these substitutions.

e trigsin takes one argument:
expr, an expression containing trigonometric functions.

e trigsin(ezpr) returns expr with the trigonometric functions rewritten in terms of sin and cos,
with as many coss as possible transformed to sins.
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Example.

Input:

trigsin(sin(x) “4+cos(x)"2+1)

Output:

sinfx —sin?x + 2

5.23.24 Simplifying and expressing preferentially with cosines: trigcos

Any trigonometric function can be written in terms of sins and coss, and with the identity sin(x)? +
cos(x)? = 1, the even powers of sin can be turned into powers of cos. The trigcos command performs
these substitutions.

e trigcos takes one argument:
expr, an expression containing trigonometric functions.

e trigsin(ezpr) returns expr with the trigonometric functions rewritten in terms of sin and cos,
with as many sins as possible transformed to coss.
Example.

Input:

trigcos(sin(x) “4+cos(x)"2+1)

Output:

costz — cos® x + 2

5.23.25 Simplifying and expressing preferentially with tangents: trigtan

The trigtan command rewrites trigonometric expressions into expressions where as many trigonometric

functions as possible are written in terms of tangents, using the identities sin(x)2+4cos(z)? = 1, tan(z) =
sin(x)

cos(x)’

e trigtan takes one argument:
expr, an expression containing trigonometric functions.

e trigtan(ezpr) returns erpr with the trigonometric functions written as much as possible in terms
of tangents.
Example.

Input:

trigtan(sin(x) “4+cos(x)"2+1)

Output:
2tan*z + 3tanx + 2
tantz + 2tan?z + 1
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5.23.26 Rewriting an expression with different options: convert convertir =>

Xcas has many commands to convert expressions into different forms; the convert command (or its
infixed version =>) is a different way to call many of these functions.

e convert takes two or more arguments:

— expr, an expression.

— option, an option specifying which rewrite rules to use. A third argument might be necessary
for some options. Possible values of option are:

*

*
*
*

*

*

* ¥

*

sin, to convert an expression like trigsin (see Section 5.23.23 p.275).

cos, to convert an expression like trigcos (see Section 5.23.24 p.276).

sincos, to convert an expression like sincos (see Section 5.23.13 p.271).

trig, to convert an expression like sincos (see Section 5.23.13 p.271).

tan, to convert an expression like halftan (see Section 5.23.19 p.273).

exp, to convert an expression like trig2exp (see Section 5.23.21 p.275).

1n, to convert an expression like trig2exp (see Section 5.23.21 p.275).

expln, to convert an expression like trig2exp (see Section 5.23.21 p.275).

string, to convert a expression into a string.

matrix, to convert a list of lists into a matrix.

array, to turn a table into an array (see Section 5.46.1 p.471).

polynom, to convert a series (see Section 5.36.2 p.381) into a polynomial by removing
the remainder (see Section 5.27.25 p.315) or to convert a list representing a polynomial
into a polynomial in internal sparse multivariate form (see Section 5.27.2 p.301 and
Section 5.27.6 p.304).

parfrac (or partfrac or fullparfrac), to convert a rational function into its partial
fraction decomposition (see Section 5.32.9 p.361).

interval, to convert an expression which evaluates to a number into an interval (see
Section 5.38.9 p.393).

list (or no argument), to convert a polynomial in internal sparse multivariate format
(see Section 5.27.2 p.301) into a list.

unit, a unit, to convert a unit object to a new compatible unit (see Section 11.1.4 p.740).

The values of option that require a third argument:

*

*

contfrac, to convert a number into a continued fraction. (See Section 5.7.7 p.139.) The
third argument will be the name of a variable to store the continued fraction into (which
must be quoted the variable was assigned).

base, to convert a number into a different base (beginning with the units digit). If expr
is a number, then the third argument will be base to convert to (see Section 5.4.2 p.109),
if expr is a list of numbers, then the third argument will be the base to convert from
(and ezpr will be a list of the digits in this base, starting with the units digit).

Finally, if expr is an expression with units (see Section 11.1.1 p.737), then option can be new
units to convert to (see Section 11.1.4 p.740).

e convert (ezpr,option/,extraop]) returns the expression with the requested conversions done.

Examples.

o Input:

convert(1l.2,confrac,’fc?)
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Qutput:
[1,5]

and fc contains the continued fraction equal to 1.2.

o Input:
convert(123,base,10)
Qutput:
(3,2,1]
o Input:
convert([3,2,1] ,base,10)
Oulput:
123
o Input:
convert (1000_g, _kg)
Qutput:

1.0 kg

5.24 Exponentials and Logarithms

5.24.1 Rewriting hyperbolic functions as exponentials: hyp2exp

The hyperbolic functions are typically defined in terms of exponential functions; the hyp2exp command
converts hyperbolic functions into their exponential forms.

e hyp2exp takes one argument:
erpr, an expression.

e hyp2exp (expr) rewrites each hyperbolic function in ezpr with exponentials (as a rational function
of one exponential, i.e. WITHOUT linearization).

Example.
Input:
hyp2exp(sinh(x))
Output:
et — L
e.’L‘
2

5.24.2 Expanding exponentials: expexpand

The exponential function applied to a sum can be converted into a product of exponentials; namely,
eV = %Y

The expexpand command does this conversion. (For expansions with other bases, see Section 5.24.6

p.280.)

e expexpand takes one argument:
erpr, an expression.

e expexpand(ezpr) returns the expression ezpr with exponentials (base €) of sums rewritten as
products of exponentials.
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Example.
Input:
expexpand (exp (3*x)+exp (2*x+2))
Output:
(ex)?) + (em)Q e2

5.24.3 Expanding logarithms: 1nexpand

The logarithm applied to a product can be converted into a sum of logarithms; namely,

log(x - y) = log(x) + log(y)
The 1nexpand command does this expansion.

e lnexpand takes one argument:
erpr, an expression.

e lnexpand(expr) returns the expression expr with logarithms of products rewritten as sums of

logarithms.

Example.
Input:

lnexpand (1n(3*x"2)+1n(2*x+2))
Output:

In(3)+2In|z|+In(2) +In(z+1)
5.24.4 Linearizing exponentials: 1in

The 1in command will linearize expressions involving exponentials; namely, it will replace products of
exponentials by exponentials of sums. It will first replace any hyperbolic functions by exponentials.

e lin takes one argument:
erpr, an expression.

e lin(expr) returns the linearized version of expr.

Examples.
e Input:
lin(sinh(x)"2)
Output:
e2x 1 N e—2x
4 2 4
o Input:
lin((exp(x)+1)"3)
Qutput:

e3® + 362" 4+ 36" + 1
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5.24.5 Collecting logarithms: 1lncollect

The 1ncollect command collects the logarithm in an expression; namely, it rewrites sums of logarithms
as the logarithm of a product.

e Incollect takes one argument:
erpr, an expression.

e 1ncollect(expr) returns expr with the logarithms collected.

It may be a good idea to factor the expression with factor before collecting by lncollect).

Examples.
o Input:
lncollect(In(x+1)+1n(x-1))
Output:
In((z+1)(z—-1))
o Input:
Incollect(exp(ln(x+1)+1n(x-1)))
Qutput:
(x+1)(z—1)
Warning!!!

For Xcas, log is the natural logarithm, the same as 1n; for the base 10 logarithm, use 1og10.

5.24.6 Expanding powers: powexpand

The powexpand command rewrites a power of a sum as a product of powers; it is expexpand (see
Section 5.24.2 p.278) with bases other than e.

e powexpand takes one argument:
erpr, an expression.

e powexpand (expr) returns ezpr with powers of sums replaced by sums of powers.

Example.
Input:
powexpand (a” (x+y))
Output:
a®a¥

5.24.7 Rewriting a power as an exponential: pow2exp
Powers with arbitrary (positive) bases are often defined in terms of exponentials with base e with
a® = e* In(a)

The pow2exp rewrites powers to exponentials.

e pow2exp takes one argument:
erpr, an exponential.

e pow2exp(ezpr) returns ezpr with any powers replaced by their corresponding exponential.
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Example.
Input:
pow2exp(a” (x+y))
Output:
o(@ty) na

5.24.8 Rewriting exp(n*In(x)) as a power: exp2pow

The exp2pow command is the inverse of pow2exp (see Section 5.24.7 p.280).

e exp2pow takes one argument:
erpr, an expression.

e exp2pow(expr) rewrites any subexpressions of expr of the form exp(n x In(x)) as z".

Example.
Input:

exp2pow (exp(n*1ln(x)))

Output:

Note the difference with 1ncollect:

lncollect(exp(n*1ln(x))) exp(n*log(x))
1ncollect(exp(2#1n(x))) = exp(2xlog(x))
exp2pow(exp(2*1n(x))) = x"2

but
lncollect(exp(In(x)+1n(x))) = x"2
exp2pow(exp(1n(x)+1n(x))) = x"(1+1)
5.24.9 Simplifying complex exponentials: tsimplify

The tsimplify command simplifies transcendental expressions by rewriting the expression with complex
exponentials. It is a good idea to try other simplification instructions and call tsimplify if they do not
work.

e tsimplify takes one argument:
erpr, an expression.

e tsimplify(ezpr) returns a (possibly) simplified version of expr.

Example.
Input:
tsimplify ((sin(7*x)+sin(3*x))/sin(b*x))

Output:
(eiz) 4 +1

CON
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5.25 Rewriting transcendental and trigonometric expressions

5.25.1 Expanding transcendental and trigonometric expressions: texpand tExpand

The texpand command expands exponential and trigonometric functions, like simultaneous calling:
expexpand (see Section 5.24.2 p.278), which, for example, expands exp(nz) as exp(x)”,

lnexpand (see Section 5.24.3 p.279), which, for example, expands In(2™) as nln(z) , and
trigexpand (see Section 5.23.1 p.265), which, for example, expands sin(2z) as 2sin(x) cos(z).

CHAPTER 5. THE CAS FUNCTIONS

tExpand is a synonym for texpand.

texpand takes one argument:
expr, an expression containing transcendental or trigonometric functions.

texpand (exzpr) expands these functions.

Examples.

Expand cos(z + y).
Input:

texpand(cos(x+y))

Qutput:
cosx - cosy —sinx - siny

Expand cos(3z).

Input:
texpand{(cos(3*x))
Qutput:
4cos®z — 3cosz
Expand sin(3 * x) + sin(7 * :B)
sin(5 * )
Input:
texpand ((8in(3*x)+sin(7+*x))/sin(5*x))

Qutput:

2sinx 28sinx - cos? x

4 6

80sinz - cos* ¢ 64sinz - cos’ x

(16 cos* z — 12cos?x + 1) sinz * (16 costz — 12cos?z 4 1)sinz

(16 cos* x — 12cos? x + 1) sinz * (16 cos* x — 12cos? x + 1) sinz

Qutput, after a simplification with normal (ans()):

4cos’z —2
Expand exp(z + y).
Input:
texpand (exp (x+y))
Output:

e’eY
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e Expand In(z X y).

Input:

texpand(log(x*y))
Qutput:

Iny+Inzx
e Expand In(z").

Input:

texpand (1n(x"n))
Output:

nlnz

e Expand In((e?) + exp(2 * In(2)) + exp(In(3) + In(2))).

Input:
texpand (log(e”2)+exp(2x1log(2))+exp(log(3)+log(2)))
Oulput:
6+2-3
or input:
texpand(log(e~2)+exp(2*log(2)))+ 1lncollect (exp(log(3)+log(2)))
Qutput:
12
e Expand exp(z + y) + cos(z + y) + In(3z?).
Input:
texpand (exp (x+y)+cos(x+y)+1n(3*x"2))
Output:

cosx - cosy —sinzx - siny + e“e’ +1n(3) + 21n |z|

5.25.2 Combining terms of the same type: combine
The combine command joins subexpressions of various types.

e combine takes two arguments:

— exrpr, an expression.

— function, the name of a function or class of functions. function can be one of exp, log, 1n,
sin, cos, or trig.

e combine (ezpr,function) returns the expression with subexpressions corresponding to the second
argument combined.

The combine command can duplicate the effect of other commands.

e combine(expr,ln) or combine(expr,log) gives the same result as lncollect(ezpr) (see Sec-
tion 5.24.5 p.280).

e combine (expr,trig) or combine (expr,sin) or combine (expr,cos) gives the same result as tcollect (expr)
(see Section 5.23.4 p.267).
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Examples.
o Input:
combine (exp(x)*exp(y)+sin(x)*cos(x)+1n(x)+1n(y),exp)
Output:
cosz -sinx + Inx + Iny + * 1Y
e Input:
combine (exp(x)*exp(y)+sin(x)*cos(x)+1n(x)+1n(y) ,trig)
or:
combine (exp(x)*exp(y)+sin(x)*cos(x)+1n(x)+1n(y),sin)
or:
combine (exp(x)*exp (y)+sin(x)*cos(x)+1n(x)+1n(y),cos)
Qutput:
e’ey +Inzr +1ny + sin ;230)
e Input:
combine (exp(x)*exp (y)+sin(x)*cos(x)+1n(x)+1n(y),1n)
or:
combine (exp(x)*exp(y)+sin(x)*cos(x)+1n(x)+1n(y),log)
Output:

cosz - sinx + e”e¥ + In (zy)

5.26 Fourier transformation

5.26.1 Fourler coefficients: fourier_an and fourier_bn or fourier_cn

Let f be a T-periodic continuous function on R except perhaps at a finite number of points. One can
prove that if f is continuous at z, then;

a 2mnx . 2mnx
f(:c):20+;ancos( T ) + by, sin( T )
ERCS)
2iTnx
- 3 e
n=—oo

where the coefficients a,, b,, n € N, (or ¢,, n € Z) are the Fourier coefficients of f. The fourier_an
and fourier_bn or fourier_cn commands compute these coefficients.
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fourier_an

e fourier_an takes four mandatory and one optional argument:

— expr, an expression depending on a variable.

— x, the name of this variable.

— T, the period.

— n, a non-negative integer.

— Optionally, a a real number (by default a = 0).

e fourier_an(expr,z,T,n(,a)) returns the Fourier coefficient a,, of a function f of variable x
defined on [a,a + T') by f(z) =ezpr and such that f is periodic with period T"

2mnx

a+T
an:;/aJr F(a) cos( T da

To simplify the computations, you should input assume(n,integer) (see Section 4.4.8 p.83) before
calling fourier_an with an unspecified n to specify that it is an integer.

Example.

Let the function f, with period T'= 2, be defined on [~1,1) by f(z) = x2.
Input (to have the coefficient ag):

fourier_an(x"2,x,2,0,-1)

Output:

Input (to have the coefficient a, (n #0)):

assume(n,integer)
fourier_an(x"2,x,2,n,-1)

Output:
(="

n2m2
fourier_bn

e fourier_bn takes four mandatory and one optional argument:

— expr, and expression depending on a variable.
— x, the name of this variable.

— T, the period.

— n, an integer.

— Optionally, a a real number (by default a = 0).

e fourier_bn(ezpr,z,T,n(,a)) returns the Fourier coefficient b, of a function f of variable x
defined on [a,a + T') by f(x) =ezpr and such that f is periodic with period T

2 [atT . 2mnx
bn_T/a f(z) sin( T )dx

To simplify the computations, you should input assume(n,integer) (see Section 4.4.8 p.83) before
calling fourier_bn to specify that n is an integer.
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Examples.
e Let the function f, with period T' = 2, defined on [~1,1) by f(z) = 22.
Input (to get the coefficient b, (n #0)):

assume (n,integer)
fourier_bn(x"2,x,2,n,-1)

Output:
0

e Let the function f, with period T' = 2, defined on [—1,1) by f(z) = 23.
Input (to get the coefficient by):

fourier_bn(x"3,x,2,1,-1)

Output:
22 — 12
3

fourier_cn
e fourier_cn takes four mandatory and one optional argument:

— expr, and expression depending on a variable.
— x, the name of this variable.

— T, the period.

n, an integer.

Optionally, a a real number (by default a = 0).

e fourier_cn(ezpr,z,T,n (,a)) returns the Fourier coefficient ¢, of a function f of variable x
defined on [a,a + T') by f(x) =ezpr and such that f is periodic with period T

1 a+T —2itnx
cn:T/a fl)e T dx

To simplify the computations, you should input assume(n,integer) (see Section 4.4.8 p.83) before
calling fourier_cn to specify that n is an integer.

Examples.

e Find the Fourier coefficients ¢, of the periodic function f of period 2 and defined on [—1,1) by
f(z) = a2.
Input (to get cp):

fourier_cn(x"2,x,2,0,-1)

Qutput:

Input (to get cy):

assume(n,integer)
fourier_cn(x"2,x,2,n,-1)
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Qutput:
2(=1)"
n2m?

e Find the Fourier coefficients ¢, of the periodic function f, of period 2, and defined on [0,2) by

f(x) =22
Input (to have cg):

fourier_cn(x"2,x%,2,0)

Output:

L >

Input (to get cy):

assume(n,integer)
fourier_cn(x"2,x%,2,n)

Qutput:
- 2in + 2
n2m?

e Find the Fourier coefficients ¢, of the periodic function f of period 27 and defined on [0, 27) by

f(z) = a2
Input:
assume (n,integer)
fourier_cn(x"2,x,2*pi,n)
Qutput:
- 2in + 2
n2

You must also compute ¢, for n = 0: Input:

fourier_cn(x"2,x,2*pi,0)

Qutput:
4 5
g’ﬂ'
4 2
Hence for n =0, ¢g = %
Remarks.

e Input purge(n) (see Section 4.4.9 p.85) to remove the hypothesis done on n.

e Input about(n) or assume(n), to know the hypothesis done on the variable n.
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5.26.2 Continuous Fourier Transform: fourier ifourier addtable
The Fourier transform of a function f is defined by
+o0 .
F(s) = / e T f(z)dx, seR. (5.5)
—0o0
The fourier command computes the Fourier transform.

e fourier takes one mandatory argument and two optional arguments:

— ezpr, an expression which defines a function f(z) =ezpr.
— Optionally, x, the variable for f (by default x).
— Optionally, s, the variable for the Fourier transform (by default z).

e fourier(expr (,x,s)) returns the Fourier transform F'(s). If s is not given, then x will be used.

The inverse Fourier transform, as its name implies, takes a Fourier transform F'(x) and returns the
original function f(z). It is given by:

+oo |
@) 1/ ¢l57 B(s) ds. (5.6)

21 J_o
The ifourier command computes the inverse Fourier transform.
e ifourier takes one mandatory argument and two optional arguments:

— expr, an expression which defines a function F(z) =ezpr.
— Optionally, z, the variable for F' (by default x).
— Optionally, X, the variable for the original function f (by default z).

e ifourier(ezpr (,x, X)) returns the inverse Fourier transform f(X). If X is not given, then x will
be used.

Note the similarity between the definitions of the Fourier transform (equation (5.5)) and its inverse
(equation (5.6)). To compute the inverse transformation of F'(s), it is enough to compute the Fourier
transform with function FQ(;) and using the variables s and x instead of x and s, and replacing = with

—z in the result.

Examples.

e Arbitrary rational functions can be transformed. For example, we find the Fourier transform of
f(@) = =553

Input:
F:=fourier(x/(x"3-19x+30),x,s)
Qutput:
%wsign (s) (16ie' — 21ie™* + 5ie’'*)
Input:
ifourier(F,s,x)
Qutput:

.
z3 — 19z + 30
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e Find the transform of f(z) = ol

z2-1
Input:
F:=fourier((x"2+1)/(x"2-1),x,s)
Output:
27 (6 (s) — sign (s) sin s)
Input:
ifourier(F,s,x)
Qutput:
22 +1
2 —1

A range of other (generalized) functions and distributions can be transformed, as demonstrated in the
following examples. If fourier does not know how to transform a function, it returns the unevaluated
integral (5.5). In these cases you may try to evaluate the result using eval.

Examples.
o Input:
fourier(3x"2+2x+1,x,8)
Output:
27 (6 (s) +2id(s,1) — 36 (s,2))
o Input:
fourier(Dirac(x-1)+Dirac(x+1),x,s)
Qutput:
2cos s
o Input:
fourier(exp(-2*abs(x-1)),x,s)
Qutput: '
4e18
s2 44
o Input:
fourier(atan(1/(2x~2)),x,s)
Qutput:

2776_% sin (%)
s

2*pi*sin(s/2)*exp(-abs(s)/2)/s

o Input:
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Output:

Input:

Qutput:

Input:

Qutput:

Input:

Qutput:

Input:

Output:

Input:

Qutput:

Input:

Qutput:

Input:

CHAPTER 5. THE CAS FUNCTIONS

fourier(BesselJ(3,x),x,s)

s (4s? — 3) (—isign (s + 1) + isign (s — 1))

—s2+1

F:=fourier(sin(x)*sign(x),x,s)

s2—1

ifourier(F,s,x)

sign (z) sinz

fourier(log(abs(x)),x,s)

T2y (s) sl +1)
5]

fourier(rect(x),x,s)

2sh1(%)

S

fourier(exp(-abs(x))*sinc(x),x,s)

arctan (s + 1) — arctan (s — 1)

fourier (1/sqrt(abs(x)),x,s)

V2T
Vsl

F:=fourier(1/cosh(2x),x,s)
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Qutput:
T
e—ifrs _’_eiﬂs
Input:
ifourier(F,s,x)
Qutput:
2
e—2m + e2x
o Input:
fourier(Airy_Ai(x/2),x,s)
Output:
8:.3
2¢3'*
o Input:
F:=fourier(Gamma(1+i*x/3),x,s)
Qutput:
Gre—(3s+e™™)
Input:
ifourier(F,s,x)
Qutput:
1
I'fziz+1
(571)
o Input:
F:=fourier(atan(x/4)/x,x,s)
Output:
mugamma (0,4 |s|)
Input:
ifourier(F,s,x)
Output:
arctan (%)
x
o Input:
assume (a>0)
fourier (exp(-a*xx"2+b),x,s)
Oulput:

52
Vay/me dath

a

The Fourier transform behaves nicely when combined with convolutions. Recall the convolution (see
Section 15.2.8 p.981) of two functions f and g is

+oo
(f * 9)(z) = / F(t) glx —tydt

—00

If F(f) represents the Fourier transform of a function f, then the convolution theorem states

F(f=g)=F(f) F(g)
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Example.

In this example, the convolution theorem will be used to compute the convolution of f(z) = e~ Il with
itself.

Input:
F:=fourier (exp(-abs(x)),x,s)
Output:
2
s24+1
Input:
ifourier(F"2,s,x)

Output:

—20(—z)e" + 20 (x)e " + e 17l
The above result is the desired convolution (f * f)(x) = fj;o f@) f(z—1t)de.
Piecewise functions can be transformed if defined as
piecewise(x < ay, f1,x < ag, fo,..., & < an, fn, fo)

for appropriate functions fy,..., f, and a1, a9,...,a, are real numbers such that a1 < as < -+ < ayp.
Inequalities may be strict or non-strict.

Example.

Input:
f:=piecewise(x<=-1,exp(x+1),x<=1,1,exp(2-2x))
F:=fourier(f,x,s)

Output:

3scoss —issins +4sins
s(s—2i)(s+1)
You can obtain the original function f from the above result by applying ifourier.
Input:

ifourier(F,s,x)
Output:
O(—z—1)e" ™ +0(x+1)+0(x—1)e 22 gz —-1)
You can verify that the above expression is equal to f(z) by plotting them.

Some algebraic transformations of a function behave predictably under the Fourier transform. For
example, if g(z) = f(z — a), then F(g)(s) = e 2™ F(f)(s). The addtable command lets you assign a
function name to the Fourier (or Laplace, see Section 5.57.2 p.564) transform of another function name,
without specifying the either function. This allows you to alter the original function and see the effect
on the Fourier (or Laplace) transform.

e addtable takes five arguments:

transform, which can be fourier or laplace and indicates the type of transform.

f(x), where f is a symbol representing an unspecified function of the variable z.

— F(s), where F is a symbol representing the transform of f and s is the new variable.
— x, the variable used by f.

— s, the variable used by F'.

e addtable(transform, f(x), F(s),z,s) returns 1 if F' is assigned as the transform of f, and 0
otherwise. In the case that F' is assigned as the transform of f, then the transform (fourier or
laplace) of manipulations of f will be returned in terms of F' and conversely.
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Examples.

o Input:

Qutput:

Input:

Oulput:

Input:

Qutput:

o Input:

Qutput:

Input:

Qutput:

addtable(fourier,y(x),Y(s),x,s)

fourier(y(a*x+b),x,s)

fourier(Y(x),x,s)

2my (—s)

addtable(fourier,g(x,t),G(s,t),x,s)

fourier(g(x/2,3*t),x,s)

2G (2s, 3t)

Fourier transforms can be used for solving linear differential equations with constant coefficients.
For example, to obtain a particular solution to the equation

y(@) + 4yW(z) = 8(a),

where ¢ is the Dirac delta function, you can first transform both sides of the above equation.

Input:

Output:

L:=fourier(y(x)+4xdiff (y(x),x,4),x,s); R:=fourier(Dirac(x),x,s)

4s'Y (s) +Y (s),1

Then you can solve the equation L = R for Y (s). Generally, you should apply csolve instead of solve.

Input:

sol:=csolve(L=R,Y(s)) [0]
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Output:
1
45t +1
Finally, you can apply ifourier to obtain y(z).
Input:
ifourier(sol,s,x)
Output:

4 () 0(5)

The above solution can be combined with solutions of the corresponding homogeneous equation to
obtain the general solution.

5.26.3 Discrete Fourier Transform and the Fast Fourier Transform

For any integer N, the Discrete Fourier Transform (DFT) is a transformation F defined on the set
of periodic sequences of period N; it depends on a choice of a primitive N-th root of unity wy. For
sequences with complex coefficients, we take:

247

wN =€eN

If x is a periodic sequence of period N, defined by the vector x = [zg, z1,...xx_1] then Fy(z) =y isa
periodic sequence of period N, defined by:

N-1

— ki

(Fn (@), = ye = ) wjoy
j=0

for k=0..N — 1.
The Discrete Fourier Transform Fly is bijective with inverse

_ 1
FN1 = NFN,WN on C

l1.e.: 1 N1
1 k-j
(FN,WN(x))k =N Z zjwy’

§=0

The Fast Fourier Transform (FFT) is an efficient way to compute the discrete Fourier transform;
faster than computing each term individually. Xcas implements the FFT algorithm to compute the
discrete Fourier transform when the period of the sequence is a power of 2.

The £ft command computes the discrete Fourier transform.

e fft takes one argument:
x, a list or sequence regarded as one period of a periodic sequence.

e fft(x) returns Fy(z), the discrete Fourier transform of z.
If z has length which is a power of 2, then F(z) is computed with the Fast Fourier Transform.

The ifft command computes the inverse discrete Fourier transform.

e ifft takes one argument:
x, a list or sequence regarded as one period of a periodic sequence.

o ifft(x) returns Fiy'(z), the inverse discrete Fourier transform of .
If = has length which is a power of 2, then F&l(m) is computed with the Fast Fourier Transform.
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Examples.
o Input:
f£f£(0,1,1,0)
Output:
[2.0,—-1.0 —1,0.0, —1.0 + i]
o Input:
ifft([2,-1-1,0,-1+i])
Output:

0.0,1.0,1.0,0.0]

The properties of the Discrete Fourier Transform

Definitions. Let x and y be two periodic sequences of period N.

e The Hadamard product (notation -) is defined by:
(- Y)y = TkYk

e the convolution product (notation %) is defined by:

N—

(Txy)p =D Tiyhj

—_

<

Properties.
1
Pun) = () Pxlo) s xto
Fn(zxy) = Fn(x)  Fn(y)
Applications

1. Value of a polynomial
Define a polynomial P(z) = Z;V:_o cjz? by the vector of its coefficients ¢ := [co, ¢1,..cy—1], where
zeroes may be added so that IV is a power of 2 (so the Fast Fourier Transform can be used).

e Compute the values of P(z) at

—2ikm
N

), k=0.N-1

T =a), = wy" = exp(

This is just the discrete Fourier transform of ¢ since

N—

Plax) = Y ¢j(wi*) = Fn (o
=0

—_
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Example.
Find the values of P(z + 2?) at = 1,4, —1, —i.
Input:

P(x) :=x+x"2

Here the coefficients of P are [0,1,1,0], N =4 and w = exp(2in/4) = i.
Input:

£££([0,1,1,01)
Outpul
[2.0,—1.0 —1,0.0, —1.0 + i]
Hence:
- P(1)=2,

~ P(i) = P(w™3) = -1 +1.
Compute the values of P(z) at

2k
N

z = by, = wk; = exp( ), k=0.N—-1

This is IV times the inverse fourier transform of ¢ since

N-1

Pax) = > ¢j(wh)) = NFy' (o)
=0

Example.

Use this method to find the values of P(x + 22) at = 1,i, —1, —i. Input:

P(x) :=x+x"2

Again, the coefficients of P are [0,1,1,0], N =4 and w = exp(2in/4) = i.
Input:

4xiff£([0,1,1,0])

Qutput
[2.0,—-1.04+1,0.0,—1.0 — i]
Hence
- P(1)=2,
— P(i) = P(w') = -1 +1,
- P(-1) = P(w?) =0,

— P(—i) = P(w3) = -1 —1i.

You find of course the same values as above.

2. Trigonometric interpolation

Let f be periodic function of period 27 and let fy = f(2kx/N) for k = 0..(N — 1). Find a
trigonometric polynomial p that interpolates f at xj = 2kw /N, that is find p;,j = 0..N — 1 such

N

p(x) =Y pia’, pla) = fi

-1
0

<
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Replacing zj, by its value in p(z) we get:
= 2k’7r
7=0

In other words, (f) is the inverse DFT of (pg), hence

(pr) = %FN( (fx) )

If the function f is real, p_; = P, hence depending whether N is even or odd:

|
2
. Nz
p(@) =po+2R( Y prexp(ik)) + R(py exp(i—-))
k=0
if N is even and
Not
p(x) = po + 2( Z pr exp(ikx))
k=

if N is odd.

3. Fourier series
Let f be a periodic function of period 27 and let yp = f(xg) where z; = %Tﬂ for Kk =0..N — 1.
Suppose that the Fourier series of f converges to f (this will be the case if for example f is
continuous). If N is large, a good approximation of f will be given by:

Z cn exp(inx)

N
—5 <n<

vl

Hence we want a numeric approximation of

1 2w

Cn = 2 /) f(t) exp(—int)dt

The numeric value of the integral fo% f(t) exp(—int)dt can be computed by the trapezoidal rule
(note that the Romberg algorithm would not work here because the Euler Mac Laurin development
has its coeflicients equal to zero, since the integrated function is periodic, hence all its derivatives
have the same value at 0 and at 27). If ¢, is the numeric value of ¢, obtained by the trapezoidal
rule, then

Cp =

2\:

N—
12 nkm N N
o kzykexp AN Ty sney

Indeed, since xp, = 2kn/N and f(xg) =

flor) exp(—inay) = prexp(~2i" ),
F(0)exp(0) = fom) exp(-2"1") = o=
Hence: 1
[¢o, EN_15CN 4, cN—1] NFN([ymyl Yyv-1l)
since

e ifn>0,¢ =yn

o if n <0 ¢y =yYninN
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e wy =exp(3F), so wh = Wit

Properties.

e The coefficients of the trigonometric polynomial that interpolates f at z = 2kw/N are

Pn = Cn, _?Sn<?

e If f is a trigonometric polynomial of degree m < %, then

m—1

= Z cx exp(2ikmt)

k=—m
the trigonometric polynomial that interpolates f is f itself, the numeric approximation of
the coefficients are in fact exact (¢, = ¢y).

e More generally, you can compute ¢, — ¢.
Suppose that f is equal to its Fourier series, i.e. that:

+oo +oo
ft) = Z cm exp(2immt), Z lem| < o0
m=—o00 m=—o00
Then:
et +o0 ) 1 N—-1 ~
flaw) = f(7) = = > Wi = N k"
m=—00 k=0

Replace y by its value in ¢,:

1 N— 400
~ § : § : km, —kn
Cn N CmWyN Wy
k=0 m=—o00

If m#n (mod N), wy™ " is an N-th root of unity different from 1, hence:

N-1
wgvmfn)N -1, Z wgvmfn)k —0
k=0
Therefore, if m — n is a multiple of N (m =n+1- N) then Zg;ol w]k{[(mfn) = N, otherwise
;CV 01 k(m R By reversing the two sums, you get

e = N Z CmeNm "

m=—0oQ
= Z C(n+1-N)
l=—00

= ...Cp—2Nt+tCh—Nt+Cp+CnyN t CpyoaN+ ...

Conclusion: if |n| < N/2, then &, — ¢, is a sum of ¢; with large indices (at least N/2 in
absolute value), hence is small (depending on the rate of convergence of the Fourier series).
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Example.
Input:
f(t) :=cos(t)+cos(2*t)
x:=f (2xk*pi/8)$(k=0..7)
Qutput:
2 Y2 £ 0 Y2 V2
T2 27 2
Input:
fft(x)
Qutput:

[0.0,4.0,4.0,0.0,0.0,0.0, 4.0, 4.0]

Dividing by N = 8, you get

co = 0, Ccl1 = 0.5, Co

= 0.5, C3

= 0.0,

C_4 = 0.0, c_3 = 0.0, C_9 = 0.5, =C-1 = 0.5

Hence by = 0 and ay, = c_j + ¢ equals 1 for £ = 1,2 and 0 otherwise.

4. Convolution Product

If P(x) = Y "5 a;27 and Q(z) =
[ao,al,..an 1] and b = [b@,bl,..bm

ST =0 bjm are given by the vectors of their coefficients a =
1], you can compute the product of these two polynomlals

using the DFT. The product of polynomials is the convolution product of the periodic sequence
of their coefficients if the period is greater or equal to (n + m). Therefore we complete a (resp.
b) with m + p (resp. n + p) zeros, where p is chosen such that N = n + m + p is a power of 2. If

a = [ag, a1, ..an—1,0..0] and b = [bo, b1, ..by—1,0..0], then:

n+m—1

D

Jj=0

P(z)Q(z)

If you know Fy(a) and Fy(b), then a xb =
Fy(z *y)

5.26.4 An exercise with fft

Given temperatures T' at time ¢, in degrees Celcius:

(axb);a

v (Fn(a) - Fx(b)), since

= Fn(z) - Fn(y)

t) 0 3 6 9 12 15

19 21

T |11 10

17 24 32 26 23

19

What was the temperature at 13h45 7
Here N = 8 = 2 xm. The interpolation polynomial is

1
= ip_m(exp( 217) + exp( 22—

p(t) 51

and
= Tk
Z Ty exp( 21—
k-:

Input:

kit
Z Pk €Xp 227)

k=—m+1
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q:=1/8+fft([11,10,17,24,32,26,23,19])

Output:
[20.25, —4.48115530061 + 1.722271824131,0.375 + 0.875i,
— 0.768844699385 + 0.222271824132,1,0.5,
— 0.768844699385 — 0.222271824132, 1,
0.375 — 0.8751, —4.48115530061 — 1.722271824131]
hence:
® Dy = 20.25

p1 = —4.48115530061 + 1.72227182413i = p_7,

p2 = 0.375 + 0.875i = p3,

p3 = —0.768844699385 + 0.222271824132i = p—3,

e py=0.5
Indeed
1 1
q¢=l9,---av—1] = [po, -px_y,p_x,-p1] = NFN([yo, LYN—1]) = ﬁfft(y)
Input:

pp:=[ql4],q[5],ql6],q[7],q[0],q[1],q[2],q[3]]

Here, py, = pplk + 4] for k = —4...3. It remains to compute the value of the interpolation polynomial
at point t0 = 13.75 = 55/4.

Input:
t0(j) :=exp(2*i*xpi* (13+3/4)/24%j)
TO:=1/2%pp[0]*(t0(4)+t0(-4))+sum(pp[j+4]1*t0(j),j,-3,3)
evalf (re(T0))

Output:

29.4863181684

The temperature is predicted to be equal to 29.49 degrees Celsius.

Remark.
Using the Lagrange interpolation polynomial (the polynomial is not periodic):
Input:

11:=[0,3,6,9,12,15,18,21]
12:=[11,10,17,24,32,26,23,19]
subst(lagrange(11,12,13+3/4) ,x=13+3/4)
evalf (ans())

Output:
30.1144061688
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5.27 Polynomials

5.27.1 Polynomials of a single variable: polyl

A polynomial of one variable is represented either by a symbolic expression or by the list of its coefficients
in decreasing powers order (dense representation). In the latter case, to avoid confusion with other kinds
of lists:

e polyl[...] is used as delimiters for inputs and for text form output.
e [...] is used for Xcas output.

Note that polynomials represented as lists of coefficients are always written in decreasing powers order
even if increasing power is checked in cas configuration (see Section 2.5.7 p.56).

5.27.2 Polynomials of several variables: %%%{ %%k}

A polynomial of several variables can be represented in different ways:
e by a symbolic expression.
e by a dense recursive 1-d representation like above.

e by a sum of monomials with non-zero coefficients (distributed sparse representation).
A monomial with several variables is represented by a coefficient and a list of integers (interpreted
as powers of a variable list). The delimiters for monomials are %%%{ and %%%2}.
For example 3z%y is represented by %%%{3, [2,11%%%} with respect to the variable list [x,y]),
and 2x3y%z — 5xz is represented by %%%{2, [3,2,11%%%} - %%%{5, [1,0,11%%%} with respect to the
variable list [x,y,z].
For a sparse representation, a single variable polynomial can be regarded as a multivariate poly-
nomial with one variable.

5.27.3 Apply a function to the internal sparse format of a polynomial: map

The map command can apply a function to the coefficients of a polynomial written in internal sparse
format. (See Section 5.40.29 p.422 for other uses of map.)

e map takes two arguments:

— P, a polynomial of k variables in internal sparse format.

— f, a function of k + 1 variables.

e map(P, f) applies f to the coefficients of P; namely, it returns a polynomial which replaces each

term %hhia, [ni,...,ngl W44} in P by %6h{f(a,n1,...,nk), [n1,...,ngl %hA}

Example.
Input:
map (44412, [2,11%%h%} + #4R{3, [1,41%%%}, (a,b,c)->a*xb*c)

Oultput:
%%%{4, 2,1 %%%} + %%%{12, [1, 4]% %%}
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5.27.4 Converting to a symbolic polynomial: r2e poly2symb

The r2e command converts lists into symbolic polynomials.
poly2symb is a synonym for r2e here.
For one-variable polynomials:

e r2e takes one mandatory argument and one optional argument:

— L, alist of coefficients of a polynomial (in decreasing order),

— x, a symbolic variable name (by default x).

e r2e(L (,z)) returns the corresponding polynomial with the given variable.

Example.
Input:
r2e([1,0,-1],x)
or:
r2e([1,0,-11)
or:
poly2symb([1,0,-1],x)
Output:

zxr — 1
For sparse multivariate polynomials:

e r2e takes two arguments:

— S, a sum of monomials of the form %%%{coeff, [nl,...nk] %%k}

— wars, a vector of symbolic variables.

e r2e(S (,vars)) returns the corresponding polynomial as an expression with the given variables

Examples:
o Input:
poly2symb (A%A{1, [21 %Ak} +%kh{-1, [0O1%%A}, [x])
or:
r2e (%hh{1, L21%hAI+0hh{-1, LO%AAY, [x])
Output:
z? -1
o Input:
r2e (hhh{1, [2,01 %hhI+%hh{-1, [1, 11 hRhI+huh{2, [0, 11%%A}, [x,y]1)
or:
poly2symb (%%4%{1, [2,01%h%k;+%kh{-1, [1, 11 %% +hA%{2, [0, 11 %%%}, [x,y])
Output:

x2—azy+2y
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5.27.5 Converting from a symbolic polynomial: e2r symb2poly

The e2r command converts a symbolic polynomial into a list (for single variable polynomials) or a sum
of monomials.
symb2poly is a synonym for e2r.

e e2r takes two arguments:

— P, a symbolic polynomial.

— wars, the variable name (for one variable polynomials) or a list of variable names (for multi-
variable polynomials).
For one variable polynomials, this is optional and defaults to x.

e e2r (P (,vars)) returns:
the representation of the polynomial as a list of coefficients written in decreasing order, if vars is
a variable name.
a sum of monomials (sparse representation of multivariate polynomials) if vars is a list.

Examples:
o Input:
e2r(x"2-1)
or:
symb2poly(x~2-1)
or:
symb2poly(y~2-1,y)
or:
e2r(y”2-1,y)
Qutput:
11,0, —1]
o Input:
e2r(x"2-xxy+y, [x,y])
or:
symb2poly (x"2-x*y+2xy, [x,y])
Oulput:

Wloth{1, 12,01 %k} +hkh{-1, [1, 1 RRAI+hkA{2, [0, 1T %Ak}
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5.27.6 Transforming a polynomial in internal format into a list, and conversely:
convert

The convert command does many conversions (see Section 5.23.26 p.277). Among other things, it
can convert between a polynomial in internal sparse multivariate format and a list representing the
polynomial.

To convert from a polynomial in internal sparse multivariate format to a list:

e convert takes one mandatory argument and one optional argument:

— P, a polynomial written in internal sparse multivariate format (see Section 5.27.2 p.301).
— Optionally, 1ist.

e convert(P (, list)) returns a list representing the polynomial.

Example.
Input:
p:= symb2poly(x~2 - x*xy + 2y, [x,y])
Output:
hh{1, [2,01 %R +h%h{-1, [1, 11 %hRhI+%hA{2, [0, 11% %%}
Input:
1:= convert(p,list)
or:
1:= convert(p)

Output:

1 [2,0]

-1 [1,1]

2 [0,1]

which is a list of the coefficients followed by a list of the variable powers.
To convert from a list representing a polynomial to the polynomial in internal sparse multivariate
format:

e convert takes two arguments:

— L, a list representing a polynomial.

— polynom.
e convert(L,polynom) returns the polynomial in internal sparse multivariate format (see Sec-
tion 5.27.2 p.301).
Example.

Input (1 from above):
1:=[[1,[2,0]],[-1,[1,11],[2,[0,1]1]]

Output:
1 [2,0
-1 [1,1
2 [0,1
Input:
convert (1l,polynom)
Output:

Wt {1, 12,010 kR +hkh{-1, (1, 11 RRAI+hkk{2, [0, 1T hAh}
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5.27.7 Coeflicients of a polynomial: coeff coeffs
The coeff command finds the coefficients of a specific degree of a polynomial.
coeffs is a synonym for coeff.
e coeff takes two mandatory and one optional argument:
— P, the polynomial.
— wars, the name of the variable (or the list of the names of variables).
— Optionally, n, the degree (or the list of the degrees of the variables).
e coeff(Puars (,n)) returns the nth degree coefficient of P, or if n is not specified, the list of

the coefficients of P, including 0 in the univariate dense case and excluding 0 in the multivariate
sparse case.

Examples.
o Input:
coeff (-x"4+3*x*y 2+x,x,1)
Output:
3y +1
o Input:
coeff (-x"4+3x*xy"2+x,y,2)
Oulput:
3z
o Input:
coeff (-x"4+3xxy " 2+x, [x,y],[1,2])
Output:

5.27.8 Polynomial degree: degree

The degree command finds the degree of a polynomial.

e degree takes one argument:
P, a polynomial given by its symbolic representation or by the list of its coefficients.

e degree(P) returns the degree of P (the highest degree of its non-zero monomials).

Examples.
o Input:
degree (x"3+x)
Oulput:
3
o Input:
degree([1,0,1,0])
Output:
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5.27.9 Polynomial valuation: valuation ldegree

The valuation of a polynomial is the lowest degree of its non-zero monomials. The valuation command

finds the valuation of a polynomal.
ldegree is a synonym for valuation.

e valuation takes one argument:
P, a polynomial given by a symbolic expression or by the list of its coefficients.

e valuation(P) returns the valuation of P.

Examples.
o Input:
valuation(x"3+x)
Qutput:
1
o Input:
valuation([1,0,1,0])
Oulput:

5.27.10 Leading coefficient of a polynomial: 1coeff

The 1coeff command finds the leading coefficient of a polynomial; that is, the coefficient of the mono-
mial of highest degree.

e lcoeff takes one mandatory argument and one optional argument:

— P, a polynomial given by a symbolic expression or by its list of coefficients.

— Optionally, z, a variable name (by default x).

e lcoeff (P (,x)) returns the leading coefficient of P.

Examples.
o Input:
lcoeff([2,1,-1,0])
Oulput:
2
o Input:
lcoeff (3*x"2+5%x,x)
Qutput:
3
o Input:
lcoeff (3*x"2+b*x*y~2,y)
Output:

5%
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5.27.11 Trailing coefficient degree of a polynomial: tcoeff

The tcoeff command finds the trailing coefficient of a polynomial; that is, the coefficient of the mono-
mial of lowest degree.

e tcoeff takes one mandatory argument and one optional argument:

— P, a polynomial given by a symbolic expression or by its list of coefficients.

— Optionally x, a variable name (by default x).

e tcoeff (P (,z)) returns the trailing coefficient of P.

Examples.
o Input:
tcoeff([2,1,-1,0])
Output:
-1
o Input:
tcoeff (3*x"2+5*x,x)
Output:
5
o Input:
tcoeff (3*x"2+5*xxy~2,y)
Oulput:

32

5.27.12 Evaluating polynomials: peval polyEval

The peval command evaluates polynomials.
polyEval is a synonym for peval.

e peval takes two arguments:

— P, a polynomial given by the list of its coefficients.

— a, a real number.

e peval(P,a) returns the exact or numeric value of P(a), calculated using Horner’s method.

Examples.
o Input:
peval([1,0,-1],sqrt(2))

Output:
V2v2 -1

then input:
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normal (sqrt(2)*sqrt(2)-1)

Output:
1
o Input:
peval([1,0,-1],1.4)
Qutput:

0.96

5.27.13 Factoring z” in a polynomial: factor_xn

The factor_xn command factors the largest power of the variable out of a polynomial, writing it as
the product of a monomial of largest degree and a rational function having a non-zero finite limit at
infinity.

e factor_xn takes one argument:
P, a polynomial.

e factor_xn(P) returns P written as the product of its monomial of largest degree with a rational
function having a non-zero finite limit at infinity.

Example.
Input:
factor_xn(-x"4+3)
Output:
zt (—1 + 31‘_4)

5.27.14 GCD of the coefficients of a polynomial: content

The content of a polynomial is the GCD (greatest common divisor) of its coefficients. The content
command computes the content of a polynomial.

e content takes one argument:
P, a polynomial given by a symbolic expression or by the list of its coefficients.

e content (P) returns the content of P.

Example.
Input:

content (6*x~2-3%x+9)
or:

content([6,-3,9],x))
Output:
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5.27.15 Primitive part of a polynomial: primpart

The primitive part of a polynomial is the polynomial divided by its content (the greatest common divisor
of its coefficients). The primpart command computes the primitive part of a polynomial.

e primpart takes one argument:
P, a polynomial given by a symbolic expression or by the list of its coefficients.

e primpart(P) returns the primitive part of P.

Example.
Input:
primpart (6x"2-3x+9)
or:
primpart([6,-3,9],x))
Output:

2x2—x—|—3

5.27.16 Factoring: collect

The collect command factors polynomials over their coefficient fields or extensions of the fields.
e collect takes one mandatory and one optional argument:

— P, a polynomial or a list of polynomials.

— Optionally, o, a number, such as y/n, determining an extension field to the field of coefficients
of P.

e collect(P (,a)) returns the factored form of the polynomial (or list of polynomials), where
the factorization is done over the field of coefficients (such as Q) or the smallest extension field
containing « (e.g. Q[a]). In complex mode (see Section 2.5.7 p.56), the field is complexified.

The factor command (see 5.12.10) will also factor polynomials over their coefficient fields (or extensions
of it), but will further factor each factor of degree 2 if Sqrt is checked in the cas configuration.

Examples.

e Factor x? — 4 over the integers, Input:
collect(x"2-4)

Output (in real mode):

(x—2)(z+2)
e Factor z? + 4 over the integers: Input:
collect(x"2+4)
Output (in real mode):
22 +4

Output (in complex mode):
(x + 2i) (z — 2i9)
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e Factor z2 — 2 over the rationals: Input:
collect(x"2-2)

Output (in real mode):
z? =2

But if you input:
collect(sqrt(2)*(x"2-2))

you get: Quiput:

V2 <w — \f2> <w + \f2>
e Factor 23 — 222 + 1 and 22 — x over the rationals. Input:

collect([x"3-2*x"2+1,x"2-x])

Qutput:
[(z—1) (x2—1’—1),:1:(9:—1)}
but:
Input:
collect ((x73-2*x"2+1)*sqrt(5))
Output:
—vb—1 5—1
V5 x+\f7 (r—1) erf
2 2
or:
Input:
collect(x"3-2xx"2+1,s8qrt(5))
Oulput:

<x+_\/§_1> (x—1) (3:—1— \/52_1>

5.27.17 Square-free factorization: sqrfree

The sqrfree command provides squarefree factorizations of polynomials; that is, it factors a polynomial
as a product of powers of coprime factors, where each factor has roots of multiplicity 1 (in other words,
a factor and its derivative are coprime).

e sqrfree takes one argument:
P, a polynomial.

e sqrfree(P) returns the squarefree factorization of P.
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Examples.
o Input:
sqriree((x"2-1)*(x-1)*(x+2))
Qutput:
(2 +32+2) (v — 1)2
o Input:
sqrfree((x"2-1) "2*%(x-1)*(x+2) "2)
Qutput:

(z* + 3z + 2)2 (x—1)°

5.27.18 List of factors: factors

The factors command provides the factors of a polynomial as a list.

e factors takes one argument:
P, a polynomial or a list of polynomials.

e factors(P) returns a list containing the factors of P and their exponents, or a list of such lists.

Examples.
o Input:
factors(x"2+2*xx+1)
Qutput:
41,2
o Input:
factors(x"4-2*x"2+1)
Oulput:
[ —1,2,2 4+ 1,2]
o Input:
factors([x"3-2%x"2+1,x"2-x])
Qutput:
r—1 1 22—-2-1 1
T 1 rz—1 1
o Input:
factors([x"2,x"2-1])
Output:

([z,2], [z —1,1,2 + 1,1]]
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5.27.19 Evaluating a polynomial: horner

The horner command uses Horner’s method to evaluate polynomials.
e horner takes two arguments:

— P, a polynomial given by its symbolic expression or by the list of its coefficients.

— a, a number.

e horner (P, a) returns the value P(a), computed using Horner’s method.

Example.
Input:

horner (x~2-2*x+1,2)
or:

horner([1,-2,1],2)
Output:

5.27.20 Rewriting in terms of the powers of (x-a): ptayl

The ptayl command finds the Taylor expansion for a polynomial (which will be finite).
e ptayl takes two arguments:

— P, a polynomial given by a symbolic expression or by the list of its coefficients.

— a, a number.

e ptayl(P, a) returns the polynomial T such that P(z) = T(z — a).

Examples.

o Input:
ptayl(x"2+2%x+1,2)

Qutput, the polynomial T:
22+ 6249

o Input:
ptayl([1,2,1],2)

Output:
[1,6,9]

ie;z?+2r+1=(x—2)2+6(x—2)+09.
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5.27.21 Computing with the exact root of a polynomial: rootof

The rootof command finds the value of one polynomial at a root of another.

e rootof takes two arguments:
P and @), two polynomials given by the lists of their coefficients.

e rootof (P,Q) gives the value P(«) where « is the root of @ with largest real part (and largest
imaginary part in case of equality).

In exact computations, Xcas will rewrite rational evaluations of rootof as a unique rootof with
degree(P) <degree(Q). If the resulting rootof is the solution of a second degree equation, it will
be simplified.

Example.

Let a be the root with largest imaginary part of Q(x) = z* 4 1022 + 1 (all roots of @ have real part
equal to 0).

1
e Compute —.

Input:
normal (1/rootof([1,0],[1,0,10,0,1]1))

P(z) = x is represented by [1,0] and « by rootof([1,0],[1,0,10,0,11).
Qutput:

—i(-v2+v3)

e Compute o?.

Input:
normal (rootof ([1,0],[1,0,10,0,1])72)

or (since P(x) = x? is represented by [1,0,0]):
Input:

normal (rootof([1,0,0],[1,0,10,0,1]1))

Qutput:

—2vV6—5

5.27.22 Exact roots of a polynomial: roots

The roots command finds roots of polynomials with their multiplicities
e roots takes one mandatory and one optional argument:

— P, a symbolic polynomial expression.

— Optionally, z, the name of the variable (the default is x).

e roots(P (,x)) returns a 2 column matrix: each row is the list consisting of a root of P and its
multiplicity.
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Examples.

e Find the roots of P(x) = 2° — 22* + 3.

Input:
roots(x"5-16*x"4+x"3)
Qutput:
3WT+8 1
-3V7+8 1
0 3

e Find the roots of 2'% — 1528 + 902% — 2702* + 40522 — 243 = (22 — 3)°.

Input:
roots(x"10-15*x"8+90%x"6-270%x"4+405%x"2-243)
Qutput:
V3 5
/3 5
e Find the roots of 3 — 1.
Input:
roots(t”°3-1,t)
Oulput:
1 1
i\/§271 1
—iv3-1 1

[\

5.27.23 Coeflicients of a polynomial defined by its roots: pcoeff pcoef

The pcoeff command reconstructs a polynomial from its roots.
pcoef is a synonym for pcoeff.

e pcoeff takes one argument:
roots, a list of the roots of a polynomial P.

e pcoeff (roots) returns the monic polynomial having these roots, represented as the list of its
coefficients in decreasing order.

Example.
Input:
pcoef([1,2,0,0,3])
Oultput:
[1,-6,11,-6,0,0]

ie. (z—1)(z—2)(2®)(z —3) =25 — 62% + 1123 — 622
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5.27.24 Truncating to order n: truncate
The truncate command truncates a polynomial; i.e., it removes higher order terms.
e truncate takes two arguments:
— P, a polynomial.

— n, an integer.

e truncate(P,n) returns P truncated to order n; i.e., all terms of order greater or equal to n + 1
are removed.

truncate may be used to transform a series expansion into a polynomial or to compute a series expansion
step by step.

Examples.
o Input:
truncate ((1+x+x"2/2)"3,4)
Output:
9z* + 1623 4 1822 + 12z + 4
4
o Input:
truncate(series(sin(x)),4)
Output:
—x3 + 6x
6

Note that the returned polynomial is normalized.

5.27.25 Converting a series expansion into a polynomial: convert convertir

The convert command (see Section 5.23.26 p.277), with the option polynom, converts a series (see

Section 5.36.2 p.381) into a polynomial. It should be used for operations like drawing the graph of the
Taylor series of a function near a point.
For this purpose:

e convert takes two arguments:

— series, a series.

— polynom, the option.

e convert (series,polynom) returns series with the order_size function replaced by 0.

Examples.
o Input:
convert (taylor(sin(x)),polynom)
Output:
2P
- + -
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o Input:
convert(series(sin(x),x=0,6),polynom)
Qutput:
x3 n x?
r— 2 4=
6 120

5.27.26 Random polynomial: randpoly randPoly

The randpoly command finds random polynomials.
randPoly is a synonym for randpoly.

e randpoly takes two optional arguments:

— Optionally z, the name of a variable (by default x).
— Optionally n, an integer (by default 10).

The order of the arguments is not important.

e randpoly((z) (,n)) returns a monic polynomial in the variable x of degree n, having as coefficients
random integers evenly distributed on -99..+99.

Examples.
o Input:

randpoly(t,4)

Output (for example):
t*+ 86t° — 9712 — 82t + 7

o Input:

randpoly(4)

Output (for example):
zt — 2727 + 262 — 89z + 63

o Input:

randpoly(4,u)

Output (for example):
ut — 49u® — 86u* — 64u — 30

5.27.27 Changing the order of variables: reorder
The reorder command rewrites an expression, based on the priority of variables.
e reorder takes two arguments:

— expr, an expression.

— wars, a vector of variable names.

e reorder (expr,vars) expands erpr according to the order of variables given in wvars.
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Example.
Input:
reorder (x"2+2*x*a+a”2+z"2-x%z, [a,x,z])
Output:
2 2 2
a°+2axr +z° —xz+ 2
Warning.

The variables must be symbolic (if not, purge them (see Section 4.4.8 p.83) before calling reorder.

5.27.28 Random lists: ranm

The ranm command finds lists of random integers.

e ranm takes one argument:
n, an integer.

e ranm(n) returns a list of n random integers (between -99 and +99). This list can be seen as the
coefficients of an univariate polynomial of degree n — 1.

(See also Section 8.3.16 p.674)

Example.
Input:
ranm(3)
Output (for example):
(70,22, 42]

5.27.29 Lagrange polynomial: lagrange interp

The lagrange command finds the Lagrange polynomial which interpolates given data.
interp is a synonym for lagrange.

e lagrange takes two mandatory arguments and one optional argument:

— l1 and lg, two lists of the same size. These can be given as a matrix with two rows.
The first list (resp. row) corresponds to the abscissa values xp (kK = 1..n), and the second
list (resp. row) corresponds to ordinate values yi (k= 1..n).

— Optionally z, the name of a variable (by default x).

e lagrange(ly,ls (,x)) returns a polynomial expression P with respect to = of degree n-1, such that

Examples.

o Input:
lagrange([[1,31,[0,111)
or:

lagrange([1,31,[0,11)
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Qutput:
z—1

2

sincexT_l:()forac:landJ;T_l:lforx:?).

o Input:
lagrange([1,3],[0,11,y)
Qutput:
y—1
2
Warning.

An attempted function definition such as f:=lagrange([1,2],[3,4],y) does not return a function but
an expression with respect to y. To define f as a function, input:

f:=unapply(lagrange([1,2],[3,4],x),%)

Avoid £ (x) :=lagrange([1,2],[3,4],x) since then the Lagrange polynomial would be computed each
time f is called (indeed in a function definition, the second member of the assignment is not evaluated).
Note also that g(x) :=lagrange([1,2], [3,4]) would not work since the default argument of lagrange
would be global, hence not the same as the local variable used for the definition of g.

5.27.30 Natural splines: spline

Definition

Let oy, be a subdivision of a real interval [a, b]:
a=2xy, X1, ..., Tp=2>
The function s is a spline function of degree [ if s is a function from [a, b] to R such that:
e s has continuous derivatives up to the order [ — 1,

e on each interval of the subdivision oy, s is a polynomial of degree less or equal than [.

Theorem

The set of spline functions of degree [ on o, is an R-vector space of dimension n + [.
Proof.
Let s be a spline function of degree [ on o,,.

On [a,x1], s is a polynomial A of degree less or equal to [, hence on [a,x1], s = A(x) = ag + a1z +
...zt and A is a linear combination of 1,z, ... '

On [z, 2], s is a polynomial B of degree less or equal to I, hence on [z1,x3], s = B(z) = by +bix +
... bix!. Since s has continuous derivatives up to order [ — 1,

VO<j<li—1, BYW(x)— A9 (z) =0
therefore B(z) — A(x) = ai(z — x1)!, i.e. B(x) = A(z) + aa(x — 1)!, for some ;. Define the function:

{ 0 on [a,z1]

q(z) = (x —z1)! on [x1,b]

50:
Sl(a,ze] = @0 + a1 + . .. azt + o ()
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On [z2,z3], s is a polynomial C' of degree less or equal than [, hence on [z2,z3], s = C(z) =
co+crx + .. .clxl.
Since s has continuous derivatives up to order [ — 1:

VO<j<l—1, CY(xg)—BUW(z)=0

therefore C'(x) — B(x) = aa(x — x2)" or C(x) = B(x) + aa(x — x2)™.
Define the function:
0 on |[a,z2]

da(z) = { (x —290)! on [x9,0]

Hence: sljqz,) = a0 +a17 + ... izt + ar1q(x) + aoge(x)

Continuing, define the functions

V1§j§n_1’qj(x):{ (x —z;)' on [zj,b]

Then
8|[ap] = @0 + @17 + ... art + onqr(z) + ...+ ap_1gn_1(z)

and so s is a linear combination of n 4 [ independent functions 1, z, ..a%, q1, ..qn_1.
It follows that the set of all possible s is a real vector space of dimension n + (.
Types of spline functions

If you want to interpolate a function f on o, by a spline function s of degree [, then s must satisfy
s(zk) = yr = f(xg) for all 0 < k < n. This gives n+ 1 conditions, leaving [ — 1 degrees of freedom. You
can therefore add [ — 1 conditions, these conditions are on the derivatives of s at a and b.

Hermite interpolation, natural interpolation and periodic interpolation are three kinds of interpola-
tion obtained by specifying three kinds of constraints. The uniqueness of the solution of the interpolation
problem can be proved for each kind of constraints.

If [ is odd (I = 2m — 1), there are 2m — 2 degrees of freedom. The constraints are defined by:

e Hermite interpolation:

Vi<j<m—1, s9(a)=f9),sD0) =00

e Natural interpolation: ' ,
vm<j<2m-2, s9(a)=sDb)=0

e periodic interpolation: _ _
Vi<j<2m—2, s9(a)=s"()

If [ is even (I = 2m), there are 2m — 1 degrees of freedom. The constraints are defined by:
e Hermite interpolation:
vi<j<m—1, sY(a)=fP(a),sV () = fO(0)

and

e Natural interpolation:

and

e Periodic interpolation:
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5.27.31 Natural interpolation: spline

The spline command finds the natural spline.
e spline takes four arguments:

— L, a list of abscissas (in increasing order).

— Ly, alist of ordinates (the same length as L).

x, a variable name.

— [, an integer for the degree.

e spline(L,, Ly, x,1) returns the natural spline function s of degree I, where s(L, ;) = L, ; for
j = 0..length(L,), as a list of polynomials, each polynomial being valid on the corresponding
interval determined by L,.

Examples.

e Find the natural spline of degree 3, crossing through the points 29 = 0,y0 =1, x1 = 1,y; = 3 and

To = 2,y2 = 0.
Input:
spline([0,1,2],[1,3,0],x,3)
Oulput:
—gx?’—klzgx—kl,g(x—1)3—1745(1’—1)2—wgl +3

Where the first polynomial, —gxg + %x + 1, is defined on the interval [0, 1] (the first interval
defined by the list [0,1,2]) and the second polynomial 2 (z — 13— Bz — 12— 2=1 1 3 is defined

on the interval [1,2], the second interval defined by the list [0, 1, 2].

e Find the natural spline of degree 4, crossing through the points zog = 0,940 = 1, 1 = 1,91 = 3,
To =2,y =0 and z3 =3,y3 = —1.

Input:
spline([0,1,2,3],[1,3,0,-1],x,4)
Qutput:
—%ﬁ + %x—k 1,
D e e ) =S 1) 2 (o= 1)+ 3,
—%(gg—mu%@—z)%%@—2)2—%(x—z)

Output is a list of three polynomial functions of z, defined respectively on the intervals [0, 1], [1, 2]
and [2, 3].

e Find the natural spline interpolation of cos on [0,7/2,37/2].
Input:

spline([0,pi/2,3*pi/2],cos([0,pi/2,3%pi/2]),x,3)
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Qutput:
47353 _ 71‘ _|_ 1
33 3w ’
3 2
2o- 1) 265 4le-3)
33 2 37

5.27.32 Rational interpolation: thiele

The thiele command finds the rational interpolation.
e thiele takes two arguments:

— data, a matrix with two columns. The first column contains the z coordinates and the second
column contains the corresponding y coordinates.
Instead of a single matrix, the data can be given as a vector of x coordinates and a vector of
y coordinates (in which casethe call to thiele has three arguments).

— o, an identifier, number or symbolic expression (default: x).
e thiele(data,v) returns R(v) where R is the rational interpolant.

Instead of a single matrix data, two vectors x = (x1,x2,...,2,) and y = (y1,¥2,. - -, yn) This method
computes Thiele interpolated continued function based on the concept of reciprocal differences.

It is not guaranteed that R is continuous, i.e. it may have singularities in the shortest segment which
contains all components of the z coordinates.

Examples.
o Input:
Oulput:
1922 — 452 — 154
18z — 78
o Input:
thiele([1,2,a],[3,4,5],3)
Qutput:
13a — 29
3a—17

e In the following example, data is obtained by sampling the function f(x) = (1 — z%) el—*,

Input:

data_x:=[-1,-0.75,-0.5,-0.25,0,
0.25,0.5,0.75,1,1.25,1.5,1.75,2];
data_y:=[0.0,2.83341735599,2.88770329586,
2.75030303645,2.71828182846,2.66568510781,
2.24894558809,1.21863761951,0.0,-0.555711613283,
-0.377871362418,-0.107135851128,-0.0136782294833] ;
thiele(data_x,data_y,x)
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Qutput:

(—1.552861156592° + 5.872983875142° — 5.4439152812z" + 1.68655817708z°
—2.407848683172% — 7.55954205222z + 9.40462512097) /
(2% — 1.242957189652° — 1.335262686242" + 4.036292724252°
—0.8854193212% — 2.77913222418z + 3.45976823393)

5.27.33 Rational interpolation without poles: ratinterp

The ratinterp command computes a family of pole-free rational functions which interpolate given data.
Rational interpolation usually gives better results than the classic polynomial interpolation, which may
oscillate highly in some cases.

e ratinterp takes up to three arguments:

— Matrix date with 2 columns with rows corresponding to points (zg,yx), £ = 0,1,...,n, or
the sequence of lists data_z = [zo,x1,...,zy,) and data_y = [yo, Y1, ..., Yn], where a = o <
) < <xp =0,

— an identifier var, which may also be a number, symbolic expression or list of numbers a
(optional, by default z),

— an integer d such that 0 < d < n (optional, by default 0).

e ratinterp(data(,var,d)) or ratinterp(data_x,data_y(, var,d)) returns a rational interpolation
r(a) of the given points using the method of Floater and Hormann (2006). If a is a list of
numbers aj, a9, . . ., ay, then the list [r(a1)...,r(a;)] is returned. There are at most n+ 1 distinct
interpolants which can be specified by varying the parameter d.

Examples.
e Input:
ratinterp([1,3,5,8],[2,-1,3,4],x,1)
Output:
—1923 + 28822 — 1133z + 1200
622 — 487 + 210
e Input:
ratinterp([1,3,5,8],[2,-1,3,4],x,2)
Output:

168 7 168 * 7

29x3+17x2 1507z 61

5.27.34 Trigonometric interpolation: triginterp

The triginterp command computes a trigonometric polynomial which interpolates given data.
e triginterp takes four arguments:

— L, a list of numbers.
— a, a number (the beginning of an interval).
— b, a number (the end of the interval).

— x, the name of a variable.
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The last three arguments can also be given as z = a..b.

e triginterp(L,a,b,x) or triginterp(L,z = a..b) returns the trigonometric polynomial that
interpolates data given in the list L. It is assumed that the list L contains ordinate components
of the points with equidistant abscissa components between a and b such that the first element of
L corresponds to a and the last element to b.

Example.

For example, y may be a list of experimental measurements of some quantity taken in regular inter-

vals, with the first observation at time ¢ = a and the last observation at time ¢ = b. The resulting

trigonometric polynomial has period

n(b—a)
n—1

T:

)

where n is the number of observations (n=size(y)). As a specific example, assume that the following
data is obtained by measuring the temperature every three hours:

hour of theday | 0 | 3 | 6 | 9 [ 12|15 | 18| 21
temperature (°C) | 11 | 10 | 17 | 24 | 32 | 26 | 23 | 19

Furthermore, assume that an estimate of the temperature at 13:45 is required. To obtain a trigonometric
interpolation of the data:
Input:

tp:=triginterp([11,10,17,24,32,26,23,19] ,x=0..21)

Output:
81 1 1
Tts (—21\@ . 42) cos (1277:1:> +
1 3 1
_11V2 — 12) in [ — 2cos(-mz ) —
( V2 sin (127795) + 1 cos <67r:r>
1 1 1

sin (671'30) + 3 (21\/5 - 42> cos (47m> +

) 1
(—11\/5 + 12) sin <4m;) n cos (57)

Ol = oo+

2

Now a temperature at 13:45 hrs can be approximated with the value of tp for x = 13.75.
Input:

tp | x=13.75

Output:
29.4863181684

If one of the input parameters is inexact, the result will be inexact too. For example:
Input:

Digits:=3:;
triginterp([11,10,17,24,32,26,23,19],x=0..21.0)

Output:

20.2 — 8.96 cos (0.262) — 3.44 sin (0.262x) + 0.75 cos (0.524x) —
1.75sin (0.524x) — 1.54 cos (0.785x) — 0.445sin (0.785z) + 0.5 cos (1.05z)
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5.27.35 Least-squares polynomial approximation: fitpoly

The fitpoly command is used for replacing tabular data or a function by a polynomial of suit-
able/specified degree.

Smoothing data: polynomial regression
To find a polynomial that fits tabular data:

e fitpoly takes one mandatory argument and two optional arguments:

— data, a two-column matrix or a sequence of two lists, representing the x- and y-values of data
points (zo,%0), (£1,91), -, (T, Ym)-

— Optionally, z[=a..b] or a..b, which is a variable z and optionally its domain [a,b] or a
segment [a, b] (by default, unset).

— Optionally, a sequence of options, each of which may be one of:

* 1limit=N, a nonnegative integer, which is the maximal degree for the resulting polyno-
mial (by default, N = 15).

x degree=d, where d is a nonnegative integer, which is the desired degree of the resulting
polynomial (by default, unset).

x threshold=tol, a positive real number, which is used for finding an appropriate fitting
degree, as described below (by default, threshold=0.01, ignored when d is set).

* length=[, a positive integer, which is used for finding an appropriate fitting degree, as
described below (by default, length=5, ignored when d is set).

e If d is set, then fitpoly returns the polynomial of degree min{d, N} which best fits the data in
the least-squares sense.

e If d is not set, then a polynomial p,, of modest degree n < N but a good error suppression (thus
representing the trend of the data) is chosen using fol and [ such that raising the degree does not
make a significant improvement to the approximation. Precisely, n is the first nonnegative integer

such that 9 o 9
stddev]o,, 07 1,500 4]

< tol
2 2 2 — ’
mean[og, o7, . .. ,O’n+lil]

where o7 is the sum of squared residuals Y (y; — pr(;))? and py is the best-fitting polynomial
of degree k. Ideally, n is the smallest degree for which 02 ~ 02, ~ 02,, ~ ---, meaning that
higher-order polynomials would overfit on the noise.

e Lowering the parameter length, as well as increasing threshold, would make the algorithm more
greedy, effectively lowering the degree of the output polynomial. Note that when degree is set,
these two parameters are ignored.

e If no variable is specified, then fitpoly returns the list of polynomial coefficients.

e If a segment [a, ] is given, then only the data points (xg,yx) for which a <z < b are considered.

subsubsectio